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How to use this resource

Welcome to your Cambridge Elevate Worked Solutions Manual

This resource contains worked solutions to the questions in the Cambridge International AS & A Level Mathematics:
Pure Mathematics 2 & 3 Coursebook. This includes questions from the chapter exercises, end-of-chapter review
exercises, cross-topic review exercises and practice exam-style papers.

This resource covers both Pure Mathematics 2 and Pure Mathematics 3. Exercise 5E is only covered in Pure
Mathematics 2 and this exercise is marked with the icon (). Chapters 7-11 are only covered in Pure Mathematics 3
and these are marked with the icon @ The icons appear in the Contents list and in the relevant sections of the
resource.

Most of the chapter exercises include questions to help develop your fluency in solving a particular type of problem:
these questions have multiple sub-parts that require you to practise the same procedures. For these fluency questions,
we have included worked solutions for only some of the sub-parts. The solutions that are provided can be used for
guidance about the steps required for the other question sub-parts. The aim of this is to encourage you to develop as a
confident, independent thinker.

Each solution shows you step-by-step how to solve the question. You will be aware that often questions can be solved by
multiple different methods. In this book, we provide a single method for each solution. Do not be disheartened if the
working in a solution does not match your own working; you may not be wrong but simply using a different method. It
is good practice to challenge yourself to think about the methods you are using and whether there may be alternative
methods.

Additional guidance is included in Commentary boxes throughout the book. These boxes often clarify common
misconceptions or areas of difficulty.

The original equation in part f requires z to be positive, because 3z is equal to a modulus function.

This is why the false solution z = —% was not a correct solution.

Some questions in the coursebook go beyond the syllabus. We have indicated these solutions with a red line to the left
of the text:

G 1 e a=¢"ttv

Taking natural logs of both sides:
Ina=2z%+by

by =—z? +Ina
y= —%22 + %lna

Y=y

m = —3

X=2a?
c= %]n a

Note that this answer appears to be different to the answer given in the coursebook. This is
because in this worked solution it has been chosen to keep Y and y on the same axis, as has
been done with X and z. The coursebook version uses Y = z?, effectively swapping axes.

To navigate within the resource, select the relevant section from the Contents page and you will be taken to the page.

Please note that all worked solutions available for the Pure Mathematics 2 and 3 course can be found within this digital
resource. Select material can also be found within the print resource.

All worked solutions in this resource have been written by the author. In examinations, the way marks are awarded
may be different.



a 4x-3=7 or 4o — 3= -7

4z =10 4r = —4
:c:é r=-1
2
Check:
4x%—3=|7|:7/ 4 x (~1) 3| =|-7|=7 v
Solutions are:
z:% or z=-1
30:—2:4 or 3:1:—2:
5 5
3z —-2=20 3z —2=-20
3z =22 3z =—18
1—2 z=—6
3
Check:
22
IX——2
3 3x(—6)—2
5 14l v ’ 5

Solutions are:

22
z=? or x=—6
e+2 22 _, or
3 5

5(z + 2) — 3(2z) = 30
5z + 10 — 6z = 30

z=-20
Check:
~204+2 2 x(~20)
— =|-6+8=2/|=2 V
= 2| 6+ 8= 2
0+2 2x4
‘ ; - x50’=|14—16|=|—2]=2/

Solutions are:

z=-20 or xzz=40

2r+7=3x or 2r + 7= -3z

=T b = -7
T
*=7%

Check:

2x7+7=]21|=21,3x7=21 v

’=|—4|=4/

5(z +2) — 3(2z) = —30
5z + 10 — 6z = —30



7
2 X (—3)+7

The only solution is z = 7.

14 35 21 21 7 21 21
—"?*“? —(?—?’“(‘3)—7*? X

The original equation in part f requires « to be positive, because 3z is equal to a modulus

i - i 7 .
function. This is why the false solution z = —g Vs not a correct solution.

In the worked solution to part a two methods are shown. Unless instructed otherwise, you can
choose the method that you are most confident with.

Method 1
2z+1‘_
z—2|
2a:+1: oF 21:+1=_
x—2 z—2
2c+1=5(z—2) 2z + 1= —5(z — 2)
2z +1 =5z —10 2z +1= -5z + 10
3z =11 Te =9
L1 )
-3 T
Check:
2+ |(3)
9, 5 | 778 T
7 7
11 25
1, l/s\ | I3 5’_ -
3 3
Solutions are:
:z:—gor:r:—H
7 3
Method 2
2z + 1

— ‘:5:>|2z+1|:5|z—2|

(2z +1)? = 25(x — 2)?
4x? + 4z + 1 = 2522 — 100z + 100
21z% — 104z + 99 =0
(7z —9)(3z — 11) =0

T = orar:—11
T K
Solutions are:
at:—gor:r:—H
T K
T+ 2
2-— —
' z—3
20 —6—x — 2
z—3 ’_5
|z — 8| =5z — 3|

(z — 8)* =25(z — 3)*
z? — 16z + 64 = 252% — 150z + 225
24z% — 134z + 161 =0
(4 — T)(6z — 23) =0

Z_l r:z:—é
“1" "%



Check:

7 0 (15)
_+ —_—
4T, A4 _’ 15 ir_ _
2 1_3_2 L=+ x|=R+3=5
4 4
23, (35)
—+ -
6 _ 6 /| |9 35 8| _19_m—i_s—
2- S (=] (5) _P st)_p 7| =|-5|=5 v
=23 2
6 5

Solutions are:

A
23—401'33— 6

In part c the use of the common denominator allows you to multiply through and solve, as in part

a.
z+|z+4 =8
|z +4) =8 —=
r4+4=8—=z or z+4=x-8
2¢ =4 No solutions.
=2

Check:
2+[2+4[=2+6=8 Vv
The only solution is:

=2

If you arrive at an equation that doesn’t make sense then this will mean that there are no
solutions, unless you have made a mistake in your working. You should check everything carefully
if this happens.

In the worked solution to part a two methods are shown. Unless instructed otherwise, you can
choose the method that you are most confident with.

Method 1
22 + 1| = ||
2+ 1=z or 2 +1=—xz
z=-1 3z=-1
g=—1
T3
Check:

1 2 1 1 1 1
p(-3) +1l=F5+=ll=3]3]-3 <
2(-1) + 1] = -2+ 1] = |- =1, |-1[ =1 v

Solutions are:

= —E orx =-—1
Method 2
[2z + 1] = |z|
2z +1)* = z?

42° + 4o + 1 = 22
322 +4x+1=0
Bz+1)(z+1)=0

1
= —— =-1
T 301'1’



Solutions are:
r=—=o0rz=-1
3

13z + 5| = |1 + 2z|
3c+5=1+ 2z or 3z +5=—(1+2z)

r=—4 3x+5=-1—2z
5c = —6
__.6
5
Check:

6 18 7
() Thea( B

[3(—4) +5| = |-12+ 5[ = |-7| =7,[1+ 2(-4)| = [1 - 8| = |-7| =

Solutions are:

6

x=—gor:c=—4

32z —1| = %z—3

Multiplying both sides by 2:
62z — 1| = |z — 6|
36(2z — 1) = (z — 6)°
36(42% — 4z + 1) = 2 — 12z + 36
1442 — 144z + 36 = 2? — 12z + 36
1432? — 1322 =0
z(143z — 132) =

132 12
z=0o0rx=—m=—

143 13
Check:

312(0) — 1| = 3|—1| = 3 x 1=3,%(0)-3‘=|—3|=3 v

12 11 33 |1
2(13) 1‘ 3|53 = 13’( ) ’ ’

Solutions are:
132 12

z=0orz=—m=—

143 13

3

Always clear fractions where possible when solving equations.

22 —-2="7 or 22 —2=-T7
2 =9 2 =-5
r=+3 No real solutions.
Check:

32 —2|=19-2/=7 v,|(-3)*—2|=]9-2| =
Solutions are:

r==3

|:L'2—7z+6|=6—z

22— Tz +6=6—=x or 22 —Tr+6=x—6
22 —6x=0 22 -8z +12=0
z(z—6)=0 (z—6)(z—2)=0

z=0orz=6 r=6orxz=2



Check:

|0 —7(0) +6|=6|=6,6 —0=6 v
|6 — 7(6) +6/=[0[=0,6-6=0 v
22 —7(2) +6|=|-4=46-2=4V

Solutions are:

r=0orx=6o0orx=2

z+2=6—y or z+2=y—6
Substituting [1] into these separately:

8—2y+2=6—-y 8—2y+2=y—6
y=4 _16

Y73
Substituting the values of y back into [1]:

16 32 24 32 8
=8-2(4) = —8_—2(=)=g_Z_2=-_=__"Z2
=38 (4)=0 =238 (3) 8 3 3 3 3
Solutions are:

8 16
z=0andy=4orz=——andy=—
3 3
Jz+y=0=>y=-3z.......... 1]
y = [22> — 5|
222 — 5=y or 2z -5=—y
Substituting [1] into these separately:
22 — 5= -3z 22 — 5 =3z
222 +3z - 5=0 222 — 3z —5=0
2z +5)(z—1)=0 2z —-5)(z+1)=0
5
z:fgormzl :czaora::fl

Substituting these values back into [1] and remembering that y > 0 because it is equal to the modulus:
15

15
Y= 5> or y = —3(not a solution) y=— - (not a solution) or y = 3

Solutions are:
15

T=-3 andyz;

orz=—-landy=3
Sle—17 =2—-9z— 1]

5z —1)°=2-9z 1
9z —1]=2—5(z — 1)

9z —9=2—5(x —1)° or 9z —9=>5(z—1)" -2
9z —9=2-5(z> -2z +1) 9z —9=5(z> -2z +1) — 2
522 —z—6=0 5z? — 19z + 12 =0
5z —6)(z+1)=0 5z —4)(z —3)=0
m:gorfl m:gor?,

Substitution shows that neither —1 nor 3 are legitimate solutions.



6 2 12 5 1 6 1 9 1
5'5 5|5 25 5’ 9‘5 ’ 9‘5' 5 5(
4 o 12 5 1 4 1 9 1
5’5 5| 5 5 5’ 9‘5 ’ 9‘ 5 5 5/
Solutions are:

a:—60r4

5 5

Always check that your solutions work in the original equation. Squaring methods can sometimes
generate false solutions that are not actually solutions at all.

a z2—5lz|+6=0

22 —5z+6=0 or 22 +52+6=0
(z—=2)(z—3)=0 (z+2)(x+3)=0
r=2o0rz=3 r=—-2o0orx=-3
Check:

22 —5|2/+6=4—-10+6=0 v
32 -5[3|+6=9-15+6=0 v
(-2 —5|-2|+6=4—-10+6=0 v
(-3 —5|-3|+6=9—-15+6=0 v

Solutions are:

r=2orz=3o0orx=—-2o0rx=-3
b y
6
N ) =t >
-3 2 2 3 X

¢ yaxis orz =0

2z + 1|+ |2z — 1| =3
[2z + 1] =3 — |2z — 1]

20 +1=3— 2z — 1] ....... [1] or 2z+1=2z—-1| -3 ... [2]
Considering [1] first:

2c+1=3— |2z —1|

2z —1|=3—-2z—1

22 —1|=2 -2z

20 —1=2— 2z or 2c —1=2x—2

4r =3 No solution.
g3
T4

Considering [2] next:
2e+1=[2z—-1| -3
|2z — 1| =2z + 4 or 2z —1=-2z -4

20 —1=2x+4 4r = -3
No solutions. _ 3
r=——
4

Check:

3 3 10 2 10 2 12
2(3) <+ o (3) =R A= T E= =3 ¢



3 3 2 10 2 10 12
() () g

Solutions are:

.'z:—iora:——E
T4 T4

3z — 2y — 11| = —2,/31 — 8z + by

Given that the square root is always positive, the right-hand side is negative, unless it is zero. Given also that the
modulus is positive or zero, this equation is only possible if both sides are zero at the same time.

3z —2y=11= 15z — 10y =55 ........ (1]
8z — 5y=31= 16z — 10y =62 ........ 2]
2] - [1]: z="17
Substituting = 7 into 3z — 2y = 11:
21 -2y=11

2y =10

y=>5

Check:

I3x7—2x5—11|=[21—10— 11| =0
23T 8Xx7T+5x5=-2/31-56+25=0 v

The solution is:

z=Tandy=5

The square root symbol always means the positive square root. A common error, here, is to apply the

‘+” symbol, but that is only used when ‘undoing’ squares. For example, z* = 9 gives z = +3, whereas
the square root of 9 is just 3.



a y=lz+2|
z=0=>y=[2|=2
y=0= z+4+2=0

Tz =-2
_ z+2 z>—2
Tl -(z+2)z< -2
>
-2 x
b y=|3-z
z=0= y=|3/=3
y=0= 33—z =0
r =3
_[3—z =<3
= r—3 23
YA
3
>
(0] 3 X
1
4 y=’5—5x

2=0= y=5| =5

y=0= 5—%:1::0

1
3x=5
z =10
S—lx <10
_ 2
¥=11
—xz—5 210

2



YA

In these solutions for Question 1, the point at which the graph crosses the z-axis has been found
by seeing where y = 0. The point at which the graph crosses the y-axis has been found by seeing
where z = 0.

z=1= y=[1-3|+2=2+2=4
z=3=> y=3-3/+2=2
z=4= y=4-3/+2=3
z=5= y=5-3/+2=4
z=6=> y=6-3+2=5

So the completed table is:

x 0 1 2 3 4 5 6
y 5 4 3 2 3 4 5

YA

N

Y32
: >
(0] 3 X
y=|z|
. 3
d translation ( 0)
y=lz -3
. 0
Ik translation < 2)
y=|z—3|+2

So the overall transformation is a translation ( g) .

Sometimes it is easy to see what combination of transformations has taken place, but more
complicated cases need to be built step by step. These worked solutions show one possible way of
doing this.

y=|z|

. -1
J translatlon( 0 )
y=lz+1

. 0
1 translation 9
y=|z+1]+2

.. . -1
So the overall transformation is a translation ( 2 )



e y=|z|

-2
+ translation< 0 )

y=|z+2|

1 reflectioniny =0
y=—lz +2|

1 translation (2)
y=1—|z+2|

S . . -2 o
So the overall sequence of transformations is a translation with vector ( 0 > followed by a reflection in the

0
line y = 0 followed by a translation with vector ( 1 ) .

a yA/
3
-1,2)
0 >
e YA

2.1

9 /

X

fz)=15—2z|+3

The minimum value is when 5 — 2z = 0 because a modulus can't be negative.
So the minimum is when z = 2.5.

f(0)=5+3=38

So the graph crosses the y-axis at 8.

Draw the graph:



fF(x)A

-l
N Fm———————-

W

OO0 i o

Q
N
=Y

f(2)=1+3=4
£(8) =11+3=14
so3 < f(z) <14

Remember that the range of a function is the set of all possible output values. Given that f(z) is the
notation used for the output, given an input z, you need to state the range using f(z) and not just z.

a,b

IA

¢ The solutions are the z-coordinates of the intersections of the graph of y = 2|z — 2| 4+ 1 and the graph of
y =z + 2. The graphs intersect at the points A and B.

At point A: At point B:



z+2:—2(z—2)+1 :1:+2=2(:L‘—2)+1

z+2=-2zx+4+1 r+2=2r—-4+1
3z=3 r=25
rz=1

Solutionsare:z =1lorz =25

Take care to only change the sign of the term contained within the modulus, as opposed to the
whole function.

YA

y=11-2x|

0 (%,o) 2,0) %

¢ The solutions are the z-coordinates of the intersections of the graph of y = |z — 2| and the graph of
y = |1 — 2z|. The graphs intersect at the points A and B.

At point A: At point B:
1-2z=—(z—2) -1-2z)=—(z—2)
1-2z=—-x+2 —-14+2x=—-xz+2
z=-1 3x=3
rz=1
Solutions are: z =1 orxz = —1

a z21,sox—120andz+12>0

y=z+1+z-1

=2z
—-1<z<l,soxz+1=20butz—-1<0
y=z+1—(z-1)

=2
r<—-1,sor—1<0andz+1<0
y=—(+1)—(z-1)

=—z—-1-z+1

= -2z

The boundaries, 1 and —1, were chosen because these are the points at which the two terms
contained within modulus symbols change from positive to negative or negative to positive.



[ 3 S
[SNIU S

b At point A: At point B:
2z =4 —2xr=14

Solutions are: x = 2 or x = —2

=Y



Look for where the graph of y = |z — 1] sits above the graph of y = 2|z — 4|. This is where the blue graph is
above the red graph,ie. 3 <z <T.

A number of solutions refer to ‘higher’, ‘above’, etc. For any given value of z, the two graphs that you
need to compare will pass through points with (usually) different y-coordinates. The graph with the
larger y-coordinate at that point is the ‘higher’ graph.

"\

y=4—|x-1|

>
1 1
3 o 11 5%
2
b Graphs meet where
2t —1=4—-(z—1) or 1-2z=4+(x—-1)
2t —1=4—-z2+1 1-2z=4+=z2—-1
3z=6 3z =-2
z=2 ,,;:_Z
3

2
|2'.v+1|>4—|w—1|whenz>2orz<—§.

a Algebraic method

42 + 40 -8 <0

42> +2-2) <0
4(x+2)(z—-1) <0
Critical values are —2 and 1.

YA

=Y

Hence -2<z<1

Although this is an ‘algebraic’ method, you still need to use a method to decide whether your
solution set sits between or outside of the critical values. If you are considering a quadratic, the



simplest way is to sketch its graph and look for the parts of the graph that sit above or below the -
axis.

b Algebraic method
[2-=z| <4
(2-z)* <16
4—4z+2* <16
22 —4x—12<0
(zx—6)(z+2)<0
Critical values are 6 and —2.

\ YA

) o

N
=Y

Hence -2 <z < 6.

For contrast, a graphical method is shown in this worked solution. Unless specifically instructed,
you should choose whichever method you are most confident with.

Graphical method
YA

(U0 —fb -

>
ol » -
3
3z —2=7 or —(Bz—-2)="7
3z = -3z +2="7
=3 __3
=73
These are the critical values. Now consider where the graph of y = |3z — 2| lies above the line y = 7.
rz=23orzx < —g

a Graphical method
2z — 5| <z —2



YA

20 —5=xz —2 or —(2z-5)=z—-2
=3 —2rx+5=x—2

3z =17

7

T=—

3

These are the critical values. Now consider where the graph of y = |22 — 5] lies underneath the line
y=z — 2.

7

- <T<3
3 T

b Graphical method
34z >4 -2z

A 4

The graphs only meet once and that is where

3+r=4—-2x
3z=1
1
T=—=
3

1
The graph of y = |3 + | lies above the line y = 4 — 2z when z > 3

¢ Graphical method



e =7 —2x<4

|z -7 <2z +4

—(z—-T7)=2x+4

—z+T7=2x+4
3z =3
z=1

So the graph of y = |z — 7| lies below the line y = 2z + 4 when z > 1.

Here you will notice that y = 2z + 4 only intersects with the ‘reflected’ part of y = | — 7|, which is
why the negative is introduced at the point of removing the modulus.

b Algebraic solution
[2z — 5] > |3 — z|
(22 - 5)* > (3 — z)°
4z — 20z + 25 > 9 — 6z +
3z — 14z + 16 > 0
Bz —8)(z—2)>0

Critical values are 2 and %

Y A

wloo
=y

Hencez<20rz>%.

e Algebraic solution



313—z| > |2z — 1]
93 —z) > (2z —1)°
9(9 — 6z + 2?) >4a? — 4z + 1
81 — 54z + 9x% > 42® — 4z + 1
5z% — 50z 4+ 80 > 0
z? — 10z + 16 >0
(z—-8)(x—2)=0
Critical values are 2 and 8.
YA

0M§

Hencez <2orz > 8.

A common error, when squaring products like the left-hand side of this inequality, is to leave the
constant coefficient unchanged. You need to square everything.

Draw the graph of y = |2z + 1| + |2z — 1| by considering the points at which 2z + 1 and 2z — 1 change from

. - - 1
being positive to negative, i.e. at x = :{:5.

1
r>==y=2x+1+2x—-1=4z

2
1 1
—ngsE:y:2x+1—(2x—1):2z+1—2x+1:2

1
x<—5=>y=—(2:c+1)—(2x—1)=—2:c—2—2:c+2=—4x
The graph of y = |2z + 1| + |2z — 1| is:

YA

SEELSEETEELEES ——

T T >
-1 O 1 X
2 2
.. 5 5
Critical values are — and ——.
4 4
So either
4r>50r—4x>5

z>§orz<—§
4 4



2’ + 3z — 1
a z+2)a®+ 522 +5z 2

z® 4 2x?
32? + 5z
3z + 6z
-—xz—2
—x—2
0

So
(@®* +52? +52—2)+ (z+2)=22+ 3z — 1

—52% + 3z — 4
e 2—z)52° — 1322 + 10z — 8
5% — 10z?
—32% + 10z
—3z% + 6z
4r — 8
4z — 8

0

So
(5z% — 13z? + 10z — 8) + (2 — z) = —52% + 3z — 4

Note that the z term in the divisor is negative in part e. You will find it helpful to think of —z + 2
instead of 2 — x.

5 1
42% + = —
T +2x+4
c 21:—1)8m3+:132—2:z:+1
8z — 4a?
522 — 2z
5
522 — —
x 2:c
1
5m+1
i1
2 4
3
4
So
. 3 9 1
Quotient = 4z* 4+ —x + —
2 4
. 5
Remamderzz

When dealing with algebraic division it is always best to avoid using decimals instead of fractions.

522 — 7
f 2?40z +1)52% + 0z® — 222 — 13z + 8




52 + 0x° + 52?

— 72> — 13z + 8
—Tx?4+0-17
— 13z + 15

So

Quotient = 5z% — 7

Remainder = —13z + 15

In part f both the linear and quartic expressions have a ‘missing’ term. It is very important to keep

the various sections of algebra lined up correctly, so use zeros as place holders for the missing
terms.

For both parts a and b of Question 3 treat x as the variable and y as a constant.

z? + zy + y?
a z-— yj 28—
z® — 2%y
2y — o
22y — ay?
xy® —y°
zy? — ¢
0
So
3.3
r_—Yy _ 2 2
ey “+xzy+y
-y = (z—y)(2* + 2y +9?)
z? — zy + y*
b m+yj 23 + 93
z® + 22y
v -2y
—ay? — 22y
v + zy?
v+ zy?
0
So
3, .3
u — ;1;2 —_ zy-{.— yz
r+y
2t +y* = (z +y)(2® — 2y +¢?)
222 4+ 11z — 21
a z-—2)2° + T2 — 43z + 42
2% — 4a?
11z% — 43z
11z% — 22z
— 21z + 42
—21zx + 42
0

The remainder is zero, so z — 2 is a factor of 2z® + Tx? — 43z + 42.

223 + T2 — 43z + 42 = (z — 2)(22? + 11z — 21)
=(z—-2)(2z-3)(z+7)



6z% + 5z — 4
a 2z+1)122° + 162 — 3z — 4

122% + 62
10z? — 3z
10z* + 5z
— 8z —4
—8x —4
0

The remainder is zero, so 2z + 1 is a factor of 12z® + 16z% — 3z — 4.
b 12z% + 162% — 3z — 4 = (2z + 1)(62? + 5z — 4)
=2z +1)(3z +4)(2z — 1)
So if
122° +162% — 32 —4=0
then
(2z+1)(3z +4)(2z —1) =0

So the solutions are:

1 4 1
T=-gz=-32=5
z? — 2z + 4
a z+1)zd —22 +2z2+4
z® + z?
— 222 4 2z
—2z% — 2z
4x + 4
tz + 4
0

The remainder is zero, so = + 1 is a factor of 2° — z? + 2z + 4.
b 2 -224+22+4=0

(z+1)(=z* —22+4)=0

z=—-lorz? -2z +4=0

For this last quadratic:

B —dac=(-2)" —4x1x4=4—-16<0

The quadratic has no real solutions, so z = —1 is the only real root of z* — z? + 2z +4 = 0.

Remember that the discriminant of the quadratic expression, b* — 4ac, reveals what type of roots
the equation has.

. If the discriminant is positive, the quadratic has two distinct real roots.
. If the discriminant is zero, the quadratic has a repeated real root.
. If the discriminant is negative, the quadratic has no real roots.

There are many sources for this information and the equation is often presented in different ways.
One example is shown in this worked solution.

If ax® + bz?® + cx + d = 0, then:

r={arie+ oY +fam@ v o) o

where
b _3+(bc—3ad) r_c
p_ 3arq_p 602 > _3a



In this specific case:
2% — 522 — 28 +15=0
So

Check that your calculator gives the answer 5 when you substitute this into [1].
By the factor theorem this tells you that z — 5 is a factor of 2% — bx? — 28z + 15.

Dividing 22 — 5z% — 28z + 15 by z — 5:

2z% + 5z — 3
T — 5)213 — bz — 28z + 15
2z% — 102>
5¢% — 282
5z — 25z
-3z +15
—3z + 15
0

223 — 52% — 282 + 15 = (z — 5)(22% + 5z — 3)
=(z—-5)(2z —1)(z+3)

If

223 — 5z% — 28z + 15 =0 then (z — 5)(2z — 1)(z + 3) =0

Solutions are:

=5z==,2=-3
x T 2 T



Let f(z) = a* — 32® — 42? + 5z + 5.
If f(—1) = 0, then z + 1 is a factor of f(x).
f(—1) = (-1)* = 3(-1)* — 4(-1)* +5(-1) + 5
=1+3-4-5+5
=0

Hence z + 1 is a factor of * — 3z® — 42? + 5z + 5 by the factor theorem.

It’s always helpful to call the original polynomial something like f(z) or g(z) because this saves you
having to write it out repeatedly. Always state this clearly at the start of your solution.

Let f(z) = 2z° — 72? + 9z — 10.

Iff(%) =0, then 2z — 5 is a factor of f(z).
5 5\° 5\° 5
(3)-2(3) -1(3) +o(3) -
125 25 5
=2(T) —7(7) +9(5) - 10

250 350 180 80

8 8 78 B
—0

Hence 2z — 5 is a factor of 22® — 7z? + 9z — 10 by the factor theorem.
z + 4 is a factor of f(z) = 2 + az? — 29z + 12.
So, by the factor theorem, f(—4) = 0.

(—4)* + a(—4)> —29(-4) +12 =0
—64 +16a + 116 + 12 =0

16a + 64 =0
16a = —64
a__l_ﬁ__

z — 3 is a factor of f(x) = 23 + az? + bz — 30.
So, by the factor theorem, f(3) = 0.

(3)° + a(3)* +b(3) —30 =0
27+9a+3b—30=0

9a+3b-3=0
9a=3—3b
3—-3 1-b
a= = —

9 3
Letf(z) = 2z° — 2® + az + b.
Factorising 22 + z — 1:
222 +z—1=2z—1)(z+1)

So, if 22% + x — 1 is a factor of f(z), then 2z — 1 and z + 1 are also factors of f(z).

1
If 2z — 1 is a factor of f(z), then, by the factor theorem, f <§> =0.



1 1\* 1\2 1
((3)=2(3) ~(3) +o(3) +o=0
1 1 a
z—z+5+b—0
a
3+b—0
a=-2b....... 1]

Similarly, if ¢ + 1 is a factor of f(z), then f(—1) = 0.

f(-1) =2(-1)* = (-1’ + a(-1) + b =0
—2—-1-a+b=0

b=a+3...... 2]
Substituting [1] into [2]:
b=(-2b)+3
3b=3
b=1

Then equation [1] gives a = —2(1) = —2.

When dealing with two different cases, make sure that you separate them clearly. If both result in
equations that you need later, number the equations clearly, so that you can refer to them. Here the
equations have been numbered [1] and [2].

Let f(z) = 2z° + pa? + (2¢ — 1)z + q.

a Ifz — 3isa factor of f(z) then, by the factor theorem, £(3) = 0.
£(3) =0
2(3)° +2(3)° + (24— 1)(3) +¢=0
54+9p+6g—3+qg=0

1
Similarly, if 2z + 1 is a factor of f(z) then, by the factor theorem, f (—E) =0.

“gtyoaty a0
p 1
4+4_0

p=-1.... 2]

Substituting [2] into [1]:
9(—1) + 7¢g = -51
Tq = —42
g=—6
b Substituting the values for p and g from part a into f(z):
f(z) =22° +p2® + (2¢— 1)z +¢
=22 -2 — 13z — 6
£(—2) =2(—-2)* — (-2)* — 13(-2) — 6
=-16-4+26-6
=0

f(—2) =0, so « + 2 is also a factor of the expression, by the factor theorem.

When you are asked to ‘verify’ that an expression is a factor of f(z) it is fine to use the factor
theorem. You do not need to use long division unless you need to go on to factorise the entire
expression.



7 Let f(z) = 2 + 42 + Taz + 4a.

If z 4 a is a factor of f(z) then, by the factor theorem, f (—a) = 0.

f(—a) =0

(—a)’ + 4(—a)’ + Ta(—a) + 4a = 0

—a® +4a> —7a’ +4a =0

a®+3a* —4a =0

a(@® +3a—-4)=0

a=0o0ra’ +3a—-4=0

a=0or(a+4)(a—1)=0

a=0,—4orl

8 Let f(z) = 2® + pz + gand g(z) = 2 + (1 — p)a? + 19z — 2q.

a Ifz+ 1isafactor of f(z) then, by the factor theorem, f(—1) = 0.

f(-1)=0
(-1 +p(-1) +¢=0
—1-p+qg=0
g=p+1 i [1]
Similarly, if  + 1 is a factor of g(z) then, by the factor theorem, g(—1) =0

g(-1) =0
(-1 + (1 = p)(=1)* +19(~1) —2¢ =0
—-141-p—19—-2¢=0

Substituting [1] into [2]:
p+2(p+1)=-19

p+2p+2=-19

3p=-21
p=—7
Substituting p = —7into [1]: q= -7+ 1= —6
b Substituting the values for p and ¢ from part a into f(z) and g(x):

f(z) = 2* — Tz — 6 and g(z) = 2° + 82% + 19z + 12
Using long division to divide f(z) by « + 1:

22—z —6

a:+1)a:3+0m277m76

z + 2?
-z Tz
—z? — =z
—6x —6
—6z — 6
0
So

f(z) = (z + 1)(z* — = — 6)
=(x+1)(z—3)(z+2)
Using long division to divide g(z) by z + 1:

22 + Tz + 12

z+1)ad + 82? + 19z + 12
z3 + 2?
7z% + 19z
Tz® + Tz
12z 4 12
122 + 12
0




So

g(x) = (z +1)(2% + Tz + 12)
=(z+1)(z + 3)(z +4)

You might need to divide polynomials very quickly. There are several methods, but make sure that
you are very comfortable with at least one. Long division is the most commonly seen method in
textbooks and sample solutions.

9 Letf(x) =2 — 2 + p2? — 11z +q.

a Ifz — 1isa factor of f(z) then, by the factor theorem, f(1) = 0.

£(1) =0
1-14+p—-11+44g¢=0
DA Q=11 oo 1]
Similarly, if z + 2 is a factor of f(z) then, by the factor theorem, f(—2) = 0.

f(-2)=0
(-2)" = (-2)° +p(-2)" ~11(-2) + ¢ =0
16+8+4p+22+¢=0
dp+q=—46 ....... 2]
Considering the pair of simultaneous equations:
dp+q=—46 ...... [2]

p+q= 11 ......... [1]
[2] - [1]
3p = —57
p=-19

g=11-p=11-(-19) =30
b Substituting the values for p and g from part a into f(z):
f(z) = z* — z® — 1922 — 11z + 30
Since f(z) is divisible by z — 1, using long division to divide f(z) by z — 1:
z* 4 0z® — 19z — 30
z—1)z* — 2% — 1922 — 11z + 30

zt — o8
0z® — 1922
0z® + 0z?
—192% — 11z
—1922 + 19z
— 30z + 30
—30z + 30

0
So f(z) = (z — 1)(z® — 192 — 30)
f(z) is also divisible by z + 2, but z — 1 is not divisible by z + 2, so z* — 19z — 30 must be divisible by z + 2.
Using long division to divide 2® — 19z — 30 by z + 2:
@ — 2z — 15
+2)z% + 02> — 19z — 30
a + 2a?
—2z% — 19z
—2z% — 4z
— 15z — 30
—15z — 30
0

So



10

f(z) = (z — 1)(z® — 19z — 30)
=(z — 1)(z + 2)(z* — 2z — 15)
=(z — 1)(z + 2)(z — 5)(z + 3)

If the degree of the term you are dividing by is more than one fewer than the polynomial, you are
likely to need to complete more than one division in your solution.

In all of the parts in Question 10 you need to ‘spot’ a root, so that you can find the first factor. Unless
the polynomial is particularly complicated, you should expect that at least one factor of the constant
term will work. You can see why this works if you multiply any number of brackets together — the
constant term of the polynomial will turn out to be the product of the constant terms in each bracket
(unless all of the brackets contain more than one z). Remember to try both positive and negative
numbers. In each solution shown here different numbers and, hence, different factors could have
been used as the starting point.

Letf(z) = 2® — 5a® — 4z + 20.
The positive and negative factors of 20 are +1, £2, +4, £5, 10 and +20.
f(z) = 3 — 52 — 4z + 20
£(2) = (2)° — 5(2)" — 4(2) + 20
=8-20—-8+20=0
£(2) =0, so z — 2 is a factor of f(z) by the factor theorem.

Using long division to divide f(z) by  — 2:

z? — 3z — 10
z—2)2® — 52% — 4x + 20
z® — 222
—32% — 4z
—32? + 6z
— 10z + 20
—10z + 20
0

f(x) = 2® — 522 — 4z + 20
= (z — 2)(2? — 3z — 10)
=(z—2)(z—5)(z+2)

Setting f(z) = 0:

(z—2)(x—5)(z+2)=0

r=2,50r -2

Letf(z) = 2* + 52® — 17z — 21.
The positive and negative factors of —21 are £1, +3, £7 and +21.
f(z) = 2® + 527 — 17z — 21
f(-1) = (-1)* +5(-1) = 17(-1) — 21
=-14+5+17-21=0
f(—1) =0, so = + 1 is a factor of f(z) by the factor theorem.
Using long division to divide f(z) by z + 1:
a? + 4z — 21
z+1)z* + 5z? — 17z — 21
z® + z?
42 — 17z
42% + 4z
— 21z - 21
=21z —21
0




z? +5z% — 17z — 21
(x4 1)(z? + 42 — 21)
=(x+1)(z+7)(z—3)
Setting f(z) = 0:
(z+1)(z+7)(z—3)=0
z=-1,—-Tor3

f(z)

Let f(a:) =2z% — 5z? — 13z + 30.
The positive and negative factors of 30 are £1, +2, +3, £5, £6, 10, £15 and £30.
f(z) = 223 — 52% — 13z + 30
£(2) =2(2)° — 5(2)* — 13(2) + 30
=16—-20—-26+30=0
£(2) =0, so x — 2 is a factor of f(z) by the factor theorem.

Using long division to divide f(z) by  — 2:

222 — ¢ — 15
z —2)22% — 52% — 13z + 30
2% — 4z°
—z? — 13z
—2? + 2z
— 15z + 30
—15z 4 30
0

f(z) = 22® — 5z® — 13z + 30
=(x —2)(22® — z — 15)
=(z—2)(2z + 5)(z — 3)

Setting f(z) = 0:

(zx—2)2z +5)(z—3)=0

5
=2,——or3
x =5 OF

Letf(z) = 32® + 172° + 18z — 8.
The positive and negative factors of —8 are 1, +2, 4 and +8.
f(z) =32 + 172% + 18z — 8
f(—2) = 3(—2)> + 17(-2)* + 18(-2) — 8
=-24+68-36—-8=0
f(—=2) =0, so z + 2 is a factor of f(x) by the factor theorem.
Using long division to divide f(z) by z + 2:
327 + 11z — 4
z+2)32% + 172 + 18z — 8
3z® + 62
112? + 18z
112% + 22z
—4x -8
—4x — 8
0
f(x) =32% 4+ 1722 + 18z — 8
=(z +2)(32 + 11z — 4)
=(z+2)3z—-1)(z+4)
Setting f(z) = 0:
(z+2)Bz—1)(z+4)=0

1
=-2,—or—4
x ,3or



e Letf(ac) =zt +22° — T2? — 8z + 12.
The positive and negative factors of 12 are £1, +2, £3, £4, +6 and £12.
f(z) = 2t + 22 — 72? — 8z + 12
£(1) = (1) +2(1)° — 7(1)> — 8(1) + 12
=1+2-7-8+12=0
f(1) =0, so z — 1 is a factor of f(z) by the factor theorem.
Using long division to divide f(z) by  — 1:
z® + 322 — 4z — 12
z—1)at +22% — T2? — 8z + 12

zt — o8
3% — 72?
3% — 3z
—42° — 8z
—4z% + 4z
— 12z + 12
—12x + 12

0

f(z) = z* + 22 — 72 — 8z + 12

=(z —1)(=* + 32* — 4z — 12)
Let g(:c) =% + 32?2 — 42 — 12
The positive and negative factors of —12 are 1, +2, £3, £4, £6 and +12.
g(z) = 2® + 32% — 4z — 12
8(2) = (2)" +3(2)" —4(2) — 12

=8+12-8-12=0
g(2) =0, so ¢ — 2 is a factor of g(x) by the factor theorem.

Using long division to divide g(z) by z — 2:

22 + 5z +6
1772)2133733327433712
z3 — 222
522 — 4z
5z — 10z
6x — 12
6x — 12
0

g(z) = 23 + 322 — 4z — 12
= (z — 2)(z? + 5z + 6)
=(z—2)(z+3)(z+ 2)
So
f(z) = (z — 1)(z* + 32* — 4z — 12)
=(z—1)(z — 2)(z+ 3)(z + 2)
Setting f(z) = 0:
(z—1)(z—2)(z+3)(z+2)=0
z=1,2,-3or—2

f Letf(z) =2z — 112° + 122% + = — 4.
The positive and negative factors of —4 are &1, £2 and +4.
f(z) =2z — 1123 + 122 + z — 4
f(1) =2(1)" —11(1)* + 12(1)* + (1) — 4
=2-114+12+1-4=0
f(1) =0, so z — 1 is a factor of f(z) by the factor theorem.

Using long division to divide f(z) by z — 1:



2x3 — 922 + 3z 4+ 4
@ —1)2zt —112° + 1222 + z — 4

2z — 22°
— 923 + 1222
—9z° + 92
322 4z
3z2? — 3z
4z — 4
4z — 4

0

f(z) =2z — 112® + 1222 + = — 4

=(z —1)(22® — 922 + 3z + 4)
Let g(:c) =2z° — 92% + 3z + 4.
g(z) =22% —92% + 3z + 4
g(1) =2(1)° —9(1)* +3(1) + 4

=2-9+3+4=0
g(1) =0, so z — 1 is a factor of g(z) by the factor theorem.

Using long division to divide g(z) by  — 1:

22 — Tx — 4
z—1)22° —92% + 3¢ +4
2z° — 227
—Tz% + 3z
—72? 4 Tx
—4z + 4
—4z + 4
0

g(z) =2a% — 92% + 3z + 4
= (z — 1)(22% — Tz — 4)
=(z—-1)(2z + 1)(z —4)
So
f(z) = (z — 1)(22® — 92% + 3z + 4)
=(x-1)(z—-1)(2z + 1)(z — 4)
Setting f(x) = 0:
(z—1)(z—-1)2z+1)(z—4)=0

1
:c=1,—5, or4

11
In the worked solution shown here, ‘ f* has been used as the common difference instead of ‘d’. You
can use any letter, as long as you are consistent and as long as each letter has a distinct purpose.

Given that the roots are consecutive terms in an arithmetic progression, the roots can be written ase — f, e, and
e + f. Because these are roots, by the factor theorem, the three factors of the polynomial will be
z—(e—f)y,z—eandz — (e+ f),ic.z —e+ f,x —e,andz — e — f.

So

2 tar +br+c=(x—e+ fl(z—e)(z—e—f)
=(x—e€)(2® —ex— fr—ex+ & +ef + fx —ef — f?)
=(z —e)(z? — 2ex + € — f?)

=a® — 2ex? + x — f2x — ex? + 2%z — & + ef?
=%+ (=3e)z? + (3 — fh)z — € +ef?

and

a=—3e

b=3 — f2=>eb=3e’ —ef?

c=—e +ef?
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eb+ ¢ =26

and a® = —27€°
ad 27
0 =——
eb+c 2

2a® = —27(eb +c)
2a® + 27c = —27eb = 9(—3e)b = 9ab

Consider the graph with equation y = 3z* + 4z® — 1222 + k. If the equation has four real roots, then the graph
will cross the z-axis four separate times. This means that the shape of the graph must look like this:

y=3x*+4x3- 122 + k

/~ . o
~— >

<

The y-coordinates of the two outer turning points, therefore, must be negative and the y-coordinate of the
middle turning point must be positive.

d
Finding the turning points by setting d—y =0:
x

% =122% + 122> — 24z =0
2+ —2c=0
z(z? +2-2)=0

z(z—1)(z+2)=0

z=1,00r -2

When z = -2,y =k — 32

Whenz=0,y=k

Whenz=1,y=k—-5

So you need the outer two y-coordinates to be negative and the middle one positive,

ie.

k>0

and

k—5 < 0givingk < 5

and

k — 32 < 0giving k < 32

So the set of values is

0<k<5b



a Letf(z) =62® + 32% — 5z + 2.
Substituting z = 1:
Remainder = f(1)
=6(1)° +3(1)* — 5(1) +2
=6+3—-5+2=6
d Letf(z) =42® — 2 — 18z + 1.

1
Substituting z = 3

) 1\? 1\? 1
Remainder —4(5) — (5) — 18 (5> +1

41 18+1
T8 4 2

_4-2-724+8 62 31
- 8 T8 4

a Letf(z)=2° -3z’ +taz—T.
When f(z) is divided by z + 2 the remainder is -37.
Hence, by the remainder theorem, f(—2) = —37.
f(—2) = —37
(=2)* = 3(-2)* + a(-2) — 7 =-37
—8—-12—-2a—-7=-37
2a =10
a=>5
b Letf(z) =92% + bz — 5.
When f(z) is divided by 3z + 2 the remainder is —13.

2
Hence, by the remainder theorem, f (_§> = -13.

(4)-»

9x8 2b
Ty 3 0B
8 2
—— = —5=-13
3 3
—8—2b—15=—39
2b = 16
b=8

z — 1 is a factor of f(z), so f(1) = 0 by the factor theorem.

1)* +a(1)* +b(1) —5=0
l+a+b-5=0

When f(z) is divided by = + 1 the remainder is —6.
Hence, by the remainder theorem, f(—1) = —6.
f(-1) = -6
(-1)* + a(-1)> + b(-1) =5 = —6
-1+a—-b-5=-6

[1] + [2]:



2a =4
a=2
Substituting into [1]:
24+b=14
b=2
z + 2 is a factor of f(z), so f(—2) = 0 by the factor theorem.
3(-2)° +a(-2)> +b(-2) +8=0
—3x8+4+4a—-2b+8=0
4a —2b=24—-8=16

When f(z) is divided by  — 1 the remainder is 15.
Hence, by the remainder theorem, (1) = 15.
f(1) =15
3(1)° 4+ a(1)’ +b(1) + 8 =15
3+a+b+8=15

A+b=4 e 2]
[1] +[2]:
3a =12
a=4
Substituting into [2]:
44+b=4
b=0

1
a 2z + 1lisafactor of f(z), so f<75> = 0 by the factor theorem.

() () () oo

a 7 b
st1 Tz 87
—a+14—4b—-64=0

a+4b=-50.... 1]

When f(z) is divided by z + 1 the remainder is 7
Hence, by the remainder theorem, f(—1) = 7.
f(-1) =7
a(—1)* +7(-1)% + b<71) —8=7
—-a+7-0-8=T7

(1] —[2]:
3b =—-42
b=-14
Substituting into [2]:
a—14=-8
a=6

b 2z + 1isa factor of f(z), so using long division to divide f(z) by 2z + 1:

3z2 +22 -8
2z + 1)62° + 72? — 14z — 8
6z + 322
4z? — 14z
4x? + 2z
— 16 — 8
—162 — 8

0



So
62° + 72 — 14z — 8 = (2z + 1)(32% + 2z — 8)
=2z +1)(3z —4)(z +2)
6 Letf(z)=13+6xz+pz—3.
a When f(z) is divided by = + 1 the remainder is R.
Hence, by the remainder theorem, f(—1) = R.
f(-1) =R
(—1)* + 6(—1)? +p(—1) ~3=R
-1+6—-p—-3=R

When f(z) is divided by  — 3 the remainder is —10R.
Hence, by the remainder theorem, f(3) = —10R.
f(3) = —10R
(3)* +6(3)° + p(3) —~3=-10R
27+ 54+ 3p— 3 = —10R
3p=—10R—78...... 2]
Substituting [1] into [2]:
3(2— R) = —10R - 78
6 —-3R=—-10R—-T78

TR =-84
R=-12
Substituting into [1]:
p=2—-R

p=2-(-12)=14

For simultaneous equations in two unknowns, you can always rearrange one equation to make
either variable the subject and substitute the result into the second equation. This method works
for all linear simultaneous equations, although mostly elimination by addition has been used in
these worked solutions.

b f(z)=2®+6a® + 14z — 3
By the remainder theorem, the remainder when f(z) is divided by « — 2 is £(2).
£(2) = (2)* + 6(2)° +14(2) - 3
=8+24+28-3
=57
7 a « — 2isafactor of f(z), so £(2) = 0 by the factor theorem.

27 +a@2)’ +b2)+2=0
8+4a+2b+2=0
4a + 2b = —10
2a+b=—-5 s 1]
When f(x) is divided by « + 1 the remainder is 21.

Hence, by the remainder theorem, f(—1) = 21.
f(-1) =21
(-1)* +a(-1)* +b(-1) +2 =21
-l+a-b+2=21

a—b=20........ (2]
[1] + [2]:
3a=15
a=5

Substituting into [2]:



5-b=20
b=-15

Substituting the values from part a for a@ and b:
f(z) = 2* + 52 — 15z + 2

z — 2 is a factor of f(z), so using long division to divide f(z) by z — 2:

z? + 7z —1
z —2)23 + 5z — 15z + 2
z3 — 22°
7z — 152
7z? — 14z
—x+2
-z + 2
0
So

2% + 522 — 15z + 2 = (z — 2)(2? + Tz — 1)
(x—2)(z?+72-1) =0
z=2

T+ VT —4x1x-1

2x1
74+ AT 4

orxr =

2
_ —T++/53
o 2

An alternative to using the quadratic formula is to complete the square by hand. Both methods
are valid.

Since —1, 2 and k are all roots of f(x), by the factor theorem f(—1) = f(2) = f(k) = 0.
Substituting « = —1:
f(-1)=0
2(-1)° + a(-1)* +b(-1) +c =0
—2+a—-b+c=0

Substituting ¢ = 2 :
f(2) =0
2(2)* +a(2)’ +b(2) + ¢ =0
16 +4a+2b+c=0
da+2b+c=—16........... 2]
When f(z) is divided by z — 1 the remainder is 6.
Hence, by the remainder theorem, f(1) = 6.
f(1)=6
2(1)* + a(1)* + b(1) + c =6
24+a+b+c=6

a+b+c=4.n. (3]
[2] —[1]:
3a +3b=-18
Q+D= 6 o 4]
[2] —[3]:
3a+b=—20 i 5]
[5] - [4]:
2a =-14

a=-T



Substituting into [4]:
-T+b=-6
b=1
Substituting into [3]:
~T+14c=4
c=10

There are several possible approaches to finding k from this point. The method first shown here
uses a straightforward but longer approach. After that, a shorter, different method is shown.

z = —1and z = 2 are roots of f(z).
Soz + 1and x — 2 are both factors of f(z).
Using long division to divide f(z) by 22 —z — 2:
2¢ — 5
z? —2:—2)2:1:3 — Tzt + 2410
223 — 22% — 4z
— 5z% + 5z + 10
—5z% + 5z + 10
0
223 — 722 + 2 4+ 10 = (22 — z — 2)(2z — 5)
=(z - 2)(z + 1)(2z - 5)
Roots of 2z* — 7z? + z + 10 are:

3
2

r=2,-1,

5
Sok = 5
Alternative method
You know that f(z) = 2z — 72? + z + 10, so f(z) = 0 is equivalent to

2¢% — T2’ +2+10=0

ie z8 — ;zz + %z +5=0....[1]

If the roots of this are z = 2, —1, k, then (z — 2)(z + 1)(z — k) = 0.
This is equivalent to [1].

Expansion of this triple bracket gives a constant term of —2k.

So

—2k=5

5
k==3

b The remainder when f(z) is divided by z + 2 is f(—2) by the remainder theorem.
f(—2) = 2(-2)* — 7(-2)* + (-2) + 10
=-16-28-2+10
=36

The remainder when P(z) is divided by z — 1 is P(1) by the remainder theorem.

P(1) = 2(1) + 4(1)* + 6(1)* + ... + 100(1)®
=24+4+6+..+100
Arithmetic progression with

a=2
d=2
n =50

P(1) = sum to 50 terms of the arithmetic progression



=%{2x2+(50—1)x2}

= 25(4 + 98)
=25 x 102
= 2550

Remember that the sum to n terms of an arithmetic progression with first term a and common
difference d is %{Za + (n — 1)d}.

When P(z) is divided by = + 1 the remainder is —2.

Hence, by the remainder theorem, P(—1) = —2.

P(-1) = -2
0+0+0+c=-2
c=-2

When P(z) is divided by z + 2 the remainder is 2.
Hence, by the remainder theorem, P(—2) = 2.

P(-2) =2
04+0-b+c=2
Substituting ¢ = —2:
—b-2=2

b=—-4
When P(z) is divided by « + 3 the remainder is 10.
Hence, by the remainder theorem, P(—3) = 10.
P(-3)=10
0+a(—2)(-1)+b(-2)+c=10
Substituting c = —2and b= —4:
20— 2 x (—4)—2=10
2a=12-8=14
a=2



END-OF-CHAPTER REVIEW EXERCISE 1

1 |2z — 3| = |5z + 1|
(22 — 3)* = (5z + 1)°
4z — 12z + 9 = 252% + 10z + 1
2122 + 222 - 8=0
(7z —2)(3z +4) =0

T = T = 4
- T3

7 >
Check:

2 17 17 2 17 17
!2(7)—31—‘— 7= 5(?)“H7 =77

4 17 17 4 17 17
’2(—3)‘31—"3 =3 H*?)““)‘s =37

Solutions are:

5z +4)(z—2) =0
Critical values are:

4
= - =2
xT 5 xX

YA

y=5x2—6x-8

wlh
A
(3]
=Y

4
Hencexs—gorz>2

3 Sketch the graphs of y = |2z — 3| and y = |2 — z|.
Graphs intersect where:
|2z — 3| = |2 — z|
2z —3)* = (2 — 2)’°
4z? — 122 + 9 =4 — 4z + z°

322 — 8z +5=0
Bz—-5)(z—1)=0
Critical values are:

5
:L'=§,:L'=1

Even if you feel that you could write down the final solution to an inequality without drawing any
kind of diagram, you are not advised to do this. Not only would there be an increased risk to
accuracy, but every mathematical argument should be complete. The diagram is part of the

argument.



The graph of y = |2z — 3| lies below the graph of y = |2 — z| when:

5

<< —

=3
|z — 14| =11
22 —14=11 or z®> —14=-11
22 =25 22 =3
z==5 z =23
Check:

5> — 14| = |25 — 14| =11V
|(=5)" — 14| =25 — 14| =11V
(v3)" — 14| = [3 — 14| = |-11] =11/
|(-v3)" — 14| =3 - 14 = |-11] =11 v
Solutions are:
z=4borz =243
a x —4isafactor of p(z), so p (4) = 0 by the factor theorem.
a(4)® —13(4)° —41(4) — 22 =0
64a — 208 — 164 —2a =0
62a = 372

372
_ 2% _ 56
62
b Substituting a = 6 into p(z):

p(z) = 623 — 132 — 41z — 12

x — 4 is a factor of p(z), so using long division to divide p(z) by  — 4:

6x? 4+ 11z + 3
T —4)62% — 132? — 41z — 12
6z — 242°
11z? — 41z
11z® — 44z
3x — 12
3z — 12
0

62° — 1322 — 41z — 12 = (x — 4)(622 + 11z + 3)
= (z —4)(3z+ 1)(2z + 3)



6 a f(z)= 62— 232> — 38z + 15
£(5) = 6(5)* — 23(5)” — 38(5) + 15
=6x125—-23 x 25— 38 x 5+ 15
=0
Hence z — 5 is a factor of f(z) by the factor theorem.

Using long division to divide f(z) by z — 5:

622 + 7z — 3
z —5)62° — 2322 — 38z + 15
6z — 3022
Tz? — 38z
Ta? — 35z
—3z+15
—3z+15
0

6z® — 2322 — 38z + 15 = (z — 5)(62 + Tz — 3)
= (z —5)(3z — 1)(2z + 3)

b f(||) simply means the function f(z) but with z replaced by |z| throughout.

f(lz]) =0
So
(=] = 5)(3|x| — 1)(2|z| + 3) =0
1 3
|z| =5, 39773
1
T = ﬂ:5, :tg

There are no further solutions because it is not possible for |z| to be equal to a negative number.

7 f(x)=2-522+ax+b
z + 2 is a factor of f(z), so f (—2) = 0 by the factor theorem.
f(-2)=0
(-2)° - 5(-2)" +a(-2) +b=0
-8-20-2a+b=0
2 —b=-28.....[1]
When f(z) is divided by  — 1 the remainder is —6.
Hence, by the remainder theorem, (1) = —6.
f(1) = -6
(1 —=51)* +a(1) + b= —6
1-5+a+b=-6

a+b=—-2. . (2

[1] +[2]:
3a = —-30

a=—10
Substituting @ = —10 into [2]:
—10+b=-2

b=28
z—3

a 2?2—22—1)2% — 52>+ 7z —3
s — 22 — 2
— 322 + 8z -3
—3z% + 6z + 3
2z — 6



10

11

Quotient =z — 3

Remainder =2z — 6

p(z) = a* —52? + Tz — 3
p(3) = (3)° - 5(3)° +7(3) - 3
=27-45+21-3=0
p(3) =0, so, by the factor theorem, = — 3 is a factor of p(z).

p(x) =4z + 42® — 72® — 4z + 8
4z + 42 — 3
2? + 0z — 1)4a® + 42% — T2? — 4z + 8
4z* 4 0x® — 422
4z® — 3% — 4z
4z + 02% — 4z
— 322+ 0z +8
—32” + 0z +3
5

Quotient = 4z% + 4z — 3

Remainder = 5

(z* —1)(42® + 42— 3) +5=4z* + 42® — 72’ — 4z + 8
42 4 4a2® — T2’ — 4z + 3 = (2® — 1)(42® + 4z — 3)
=(z—1)(z+1)(2z + 3)(2z — 1)

(z—1)(z+1)(2x+3)(2z—-1)=0
Solutions are:
31

272
f(z) = 2t — 4822 — 21z — 2
(z? + kz + 2)(z? — kx — 1)
=zt — ka® — 2% + kx® — K*2? — kx + 22% — 2kz — 2
=2t + (~k+ k)z® + (-1 — k¥? + 2)z? + (—k — 2k)z — 2
Comparing the coefficients of z, which must match:
-3k = —21

k=17

z =1,-1,

Substituting the value for k from part a:
' — 4822 — 21z —2=(2> + Tz +2)(z? — Tz —1)=0
2 +T72+2=0 or 2 -Tz—-1=0

L CTEVT —dxix2 ~(-1) £ /(=1 —4x1x(-1)

2x1 ‘ Zx 1
_—rEval 7+ /53
2 :T

Avoid reaching for your calculator unless specifically asked to give a decimal. Exact solutions are

appropriate for algebraic equations.

p(x)=2a*+3z> — 1222 — Tz +a

1
2z — 1is a factor of p(z), so p (5) = 0 by the factor theorem.

(3) () (3) 1 (3) oo



2+6-48-56 96

=—=6

16 16

b Substituting a = 6 into p(x):
p(z) = 2z* + 32® — 122> — Tz + 6
p(—3) = 2(-3)* +3(=3)* — 12(-3)2 = 7(-3) + 6
=162—-81—-108+21+6=0
p (—3) =0, so, by the factor theorem, = + 3 is also a factor of p(z).
z + 3 and 2z — 1 are factors of p(z), so (z + 3) (2z — 1) is a factor of p(z).
Using long division to divide p(z) by (z + 3) (2z — 1) = 2z? + 5z — 3:

2?2 —x —2

22% + 5z — 3)22% + 32% — 1222 — Tz + 6
2z% 4 5z — 322
—2z% — 922 — Tz
—2a% — 522 + 3z

— 42 — 10z + 6
— 422 — 10z + 6
0

2z + 32 — 1222 — Tz + 6 = (22% + 5z — 3)(2? — = — 2)
=2z —1)(z+3)(z—2)(z+1)

Remember that if any two expressions are factors of another, larger, expression then so is their

product.

12 a p(z) =3z + az? — 36z + 20
x — 2 is a factor of p(z), so p(2) = 0 by the factor theorem.
3(2)* + a(2)* —36(2) +20 =0
24+4a—-T72+20=0
4a =28
a="7
b Substituting the value for a from part a:
p(z) = 323 + Tx? — 36z + 20
Using long division to divide p(z) by z — 2:
3a% + 13z — 10
z —2)323 + Ta? — 36z + 20
3z® — 6z?
132? — 36z
132? — 26z
— 10z + 20

—10z + 20
0

3z® + Ta? — 36z + 20 = (z — 2)(3z? + 13z — 10)
= (z — 2)(3z — 2)(z + 5)
(x—2)B3z—2)(z+5)=0

2
2::2,3,—5

13 a The remainder when f(z) is divided by = — 2 is f(2) by the remainder theorem.

£(2) = 2(2)° +5(2)° - 7(2) + 11
=16+20—-14+11
=33

The remainder is 33.

b Using long division to divide f(z) by ? — 4z + 2:



2z + 13

2? — 4z + 2)22% + 5a? — Tz + 11
223 — 822 4+ 4

1322 — 11z + 11

1322 — 52z + 26

41z — 15

Quotient = 2z + 13
Remainder = 41z — 15

14 a z — 3andz + 1 are both factors of p(z), so p(3) = p(—1) = 0 by the factor theorem.

a3 +b(3)* - (3)+12=0
27a +9b = -9

a(=1)* +b(-1)> = (-1)+12 =0
—a+b+1412=0

a—b=13 ... 2]
[1] + [2]:
4da =12
a=3
Substituting a = 3 into [2]:
3-b=13
b=-10

b z — 3 and z + 1 are both factors of p(z), so (z — 3) (z + 1) = 2? — 2 — 3 is also a factor of p(z).
Substituting the values for a and b from part a and using long division to divide p(z) by z* — 2z — 3:
3z —4
2? — 2z — 3)32% — 1022 — z + 12
3z® — 622 — 9z
— 42?4 8z + 12
—4z% + 8z + 12
0
3z® — 1022 —z 4+ 12 = (2 — 2z — 3)(3z — 4)
=(z—3)(z+1)(3z —4)

3z — 4 is the remaining linear factor of p(z).

15 a When P(z)is divided by z + 2 the remainder is —12.
Hence, by the remainder theorem, P (—2) = —12.
P(-2) = —12
6(—2)° + (—2)> + a(—2) — 10 = —12
—48+4 —2a —10 = —12
2a = —42
a=—-21

1 1\* 1\2 1
Pl-=) =6(—= =) —2|-=]-1
6 1 21 —6+2+84—-80

=——+-+=-10=

8 ' 4 ' 2 ) 0

1
P <7§> =0, so 2z + 1 is a factor of P(z) by the factor theorem.

b Substituting the value for a from part a and using long division to divide P(z) by 2z + 1:
3z —z—10
2z + 1)62° + 2% — 21z — 10




6z° + 32
— 22 — 21z
—222 —x
— 20z — 10
— 20z — 10
0
623 + 2> — 21z — 10 =0
(2z +1)(32> —z —10) =0
2z +1)3z+5)(z—2)=0
1 5
T=-9,"3 2
16 a z+ 2andx — 3 are factors of p(z), so p (—2) = p (3) = 0 by the factor theorem.

2(—2)® + a(—2)> + b(-2) +6 =0
~16+4a —2b+6=0
4a —2b =10

2(3)° + a(3)° +b(3) +6 =0
54+9a+3b+6=0

9a + 3b = —60
3a+b=-20....... 2]
[1] +[2]:
5a = —15
a= -3

Substituting a = —3 into [2]:
—-9+b=-20

b=-11

b Substituting the values for a and b from part a and using long division to divide p (z) by
(z+2)(z—3)=2*—z—6:

2¢ — 1

2 — 1z —6)22° — 322 — 11z + 6
223 — 222 — 12z
-2+ z+6
—z2+z+6
0
223 — 32% — 11z + 6 = (22 — z — 6)(2z — 1)
=(z—3)(z+2)(2zx - 1)
17 a z — 2isafactor of P(z), so P(2) = 0 by the factor theorem.

@2° +a2?+b=0
da+b=—8 ... 1]
When Q(z) is divided by z + 1 the remainder is —15.
Hence, by the remainder theorem, Q(—1) = —15.

(=1)® +b(-1)° + a = —15

at+b=-14..... 2]
[1] -[2]:
3a=6
a=2
Substituting a = 2 into [2]:
24+b=-14
b=-16

b Substituting the values for a and b from part a:



18

19

P(z) — Q(z) = 2® + 222 — 16 — (2® — 162? + 2)
=a® 4+ 22? — 16 — z® + 162 — 2
=18z — 18

Minimum value when z =0

Minimum = —18

Remember that, provided z is a real number, any squared expression in z has a minimum value of
zZero.

Using long division to divide p (z) by z — 1:

52 — 8z + 9
€ —1)52% — 1322 + 172 — 7
5¢° — 5z?
—8x% + 17z
—82?% 4 8z
9z — 7
9z — 9
2

Quotient = 502 — 8z +9

Remainder = 2

Using the result from part a:
52° — 1322 + 17z — 7= (z — 1)(52% — 8z +9) + 2
So
523 — 1322 + 172z — 9 = (z — 1)(52% — 8z + 9)
5¢° — 132> + 172 —9 =0
So
(z—1)(52> — 8z +9) =0
z=1 or 522 —8z+9=0
b —4ac= (-8’ —4x5x9
=64—-180<0
The quadratic, therefore, has no real roots. The cubic equation has only one real root, z = 1.

z + 2 is a factor of f(z), so, by the factor theorem, f(—2) = 0.

4(—2)* + k(—2)* — 65(—2) + 18 =0
4k — 32 +130 + 18 = 0

4k = —-116
k=-29
Substituting the value for k from part a and using long division to divide f(z) by x + 2:
4z? — 37z +9
 + 2)4a® — 2927 — 65z + 18
4z + 82?
— 37z% — 65z
—37a* — T4z
9z + 18
9z + 18
0

4z® — 292% — 65z + 18 = (x + 2)(4a? — 37z + 9)
=(z+2)(4z —1)(z - 9)
(x+2)4z—1)(z—9)=0

1
z=-2, %9

2> = —2  No real solutions.



2= == 1 :il
4 4 2
The roots of f (z?) = 0 are:
=23 :i:l
T2

When f(z) is divided by z + 2 the remainder is 8.
Hence, by the remainder theorem, f(—2) = 8.
2(-2)* - 5(-2)* + a(-2) + b=8
—16—-20—2a+b=38
2 —b=—44 ... 1]
When f(z) is divided by  — 1 the remainder is 50.
Hence, by the remainder theorem, f(1) = 50.
2(1)° — 5(1)* + a(1) + b =50
2—-5+a+b=50
a+b=>53..... 2]
[1] +[2]:
3a=9
a=3
Substituting @ = 3 into [2]:
3+b=053
b =50
Substituting the values for a and b from part a and using long division to divide f(z) by z* — z + 2:

2 — 3

2 — z + 2)22® — 5a® + 3z + 50
2z° — 22% 4 4z

— 322 —z+50
—322+3z—6
— 4z + 56

Quotient = 2z — 3
Remainder = —4x + 56

x + 2 is a factor of f(z), so, by the factor theorem, f(—2) = 0.
2(-2)° = 9(-2)* +a(-2) +b=0
—16—-36—2a+b=0
2 —b=—52... 1]
When f (z) is divided by « + 1 the remainder is 30.
Hence, by the remainder theorem, f(—1) = 30.
2(-1)* = 9(-1)* +a(~1) + b =30
—2—-9—-a+b=30

(1] - [2]:
a=—11
Substituting a = —11 into [2]:
-11-b=-41
b =30
Substituting the values for a and b from part a and using long division to divide f(z) by z + 2:
272 — 13z + 15
z +2)223 — 92? — 11z + 30




23 + 422
— 1322 — 11z
— 13z* — 262
15z + 30
15z + 30
0
2% — 92? — 11z + 30 = (z + 2)(22% — 13z + 15)
=(z+2)(2z — 3)(z — 5)
(z+2)2z—3)(z—5)=0

3
=-2,-,5
v 2
22 i Using long division to divide f(z) by 22 + z — 1:

T+ 2

z? +w71)z3 +3z% + 4z + 2
2 422 — 2
2¢% + 5z 4 2
2z% + 2z — 2
3z +4
Quotient =z + 2
Remainder = 3z + 4

i f(z) =2+ 32% + 4z + 2
f(—1) = (=1)° +3(=1)" + 4(-1) +2
= 1+3-4+2=0
f(—1) =0, so z + 1 is a factor of f(z) by the factor theorem.

23 i When p(z)is divided by 2z — 1 the remainder is 10.

1
Hence, by the remainder theorem, p <§> =10.

8 o2 of2) o

4 a 9
g+z+5+9=10
4+2a+36:1
8
2a+40=8
2a = —32
a= —16

Substituting a = —16 into p(z):
p(z) = 4a® — 162* + 92 + 9
p(3) = 4(3)* — 16(3)* +9(3) + 9
=108 —144+274+9=0
p (3) =0, s0 z — 3 is a factor of p(z) by the factor theorem.

ii Substituting the value for a from part i and using long division to divide p(z) by z — 3:

4z — 4z — 3
z—3)4z® — 162% + 9z + 9
43 — 12>
—4z% + 9z
— 42 4 122
—-3z+9
—3x+9

0



24

4z3 — 1622 + 9z + 9 = (z — 3)(42® — 4z — 3)
=(z—3)(2z +1)(2z - 3)
(z-3)2z+1)(2z—-3)=0
13
=Ty

i 2z + 3isafactor of p(z), so, by the factor theorem, p <f —) =0.

3\* 3\2 3
a<*§> *5(*5) er(E)Jrg—
27 45 3

2 Zh49—0
s° T 3°F

—27a — 90 — 12b = —72
27a 4+ 12b = —18
9a +4b= —6 ...cccc....... [1]
When p(z) is divided by z + 1 the remainder is 8.
Hence, by the remainder theorem, p(—1) = 8.
a(-1)* —=5(=1)* + b(—-1) +9 =8
—a—5-b+9=38

a+b=—4. e 2]
4 x [2]:
4a +4b= —16 ............. (3]
[1]-[3]:
5a = 10
a=2

Substituting a = 2 into [2]:
2+b=-4

b=-6

ii Substituting the values for a and b from part i and using long division to divide p(z) by 2z + 3:
2’ — 4z +3
2z + 3)22% — 5z? — 6z + 9
223 + 32
— 822 — 6z
—82° — 12z
6z + 9
62 +9
0
223 — 522 — 6z + 9 = (22 + 3)(2? — 4z + 3)
=22+ 3)(z—-3)(z—1)




Logarithmic and exponential functions

You can think of each logarithm as a ‘question’. a = log;, ¢ is the same as saying that a is the
answer to the question “What power of b gives the answer c?’.

1 a Method 1

base =10
index = 2
2 = log;, 100
Method 2

In the second method shown here, first you take logs to base 10 of both sides and then you use the
fact that log;, 10 = z. You can try this alternative method in the other parts of Question 1.

102 = 100
log;, 10* = log,, 100
2 = log;, 100
b  base=10
index =z
z = log;, 200
¢ base=10
index =z
z = log;, 0.05

2 a base = 10
index =z
z = log;y 52 = 1.72

b base=10
index =z
z = log;, 250 = 2.40

C base = 10
index =z
z = logy, 0.48 = —0.319

3 a Method 1

base = 10
index =4
10000 = 10*

Method 2

In the second method shown here, first you take 10 to the power of both sides and then you use
the fact that 10'%9* = z. You can try this alternative method in the other parts of Question 3.

log;, 10000 = 4
101051010000 — 104

10000 = 10*



b base =10

index = 1.2
z =102
C base = 10
index = —0.6
z =106
a base=10
index = 1.88
z =10 =759
b  base =10
index = 2.76
z = 102" =575
C base = 10
index = —1.4

z =107 =0.0398

¢ logy, (104/10)

= log;, (101 X 107)

3
= log,, 107

o w

100
F logw { 75555
~log 100
10 /-——103
102
= logy, —
107
93
=logy, (10 ?)

1
= logy, 107

1
T2

Note that this question relies on the laws of indices. In worked solution 5 f the denominator of the

1 n
fraction was simplified using the fact that /z" = (z")? =z .

f(x) =10 - 3
For simplicity, writing y instead of f(z):
y=10" -3
10° =y +3
base = 10
index =z

x = log;y(y + 3)
So the inverse function is:

£ (z) = logyy (z + 3)

When finding the inverse of a function, you need to swap the inputs and the outputs. This is why
and y were swapped in worked solution 6.

Let z = log;op and y = log;,q.
4’ +2y* =9



Both z? and y? are always positive.
p will be at its greatest when z is at its greatest.

This happens when y is as small as possible.

When y = 0:
422 =9
9
2 _ =
Ty
9 3
=4,/ =42
v 1772
So
! :I:3
o =+=
€10 P )
3
p=10? =31.6

3

orp=10 2 =0.0316

3 1
So, the greatest value of p is p = 10z = 10! x 102 = 10+/10



1 d Method 1

-10 1

T 1024
base = 2
index = —10

1
— 10 = log, (—1024)
Method 2

You can take logs to base 2 of both sides, as shown in the second method here.

g a =c
base = a
index = b

b=log, c
2 b Method 1
log; 81 =4
base = 3
index =4
3t =81
Method 2
log; 81 =4
3log3 81 _ 34
81 =3*
¢ log, 5=y
base =z

index =y
¥=5

3 a logyz=3

base = 2

index = 3
z=22=8

b log;z =2

base = 3

index = 2

z=23%=

a log(x+5)=2
base =3
index = 2
z+5=3
z+5=9

rz=4



b log,(3z—1)=5

base = 2
index =5
3z —1=2°
3z —1=232

3z =33
z=11

¢ log,(7-2z)=0

base =y
index =0
7—2x=19°
7T—-2z=1
2x =6
=3
d log, 0.125
1
= —
g, (8)
= log, (2'3)

=-3

Remember that the logarithm of any number less than 1 will always be negative whatever the base
of the logarithm.

b s, ()
= logs (Sé_l)

1
=log; 3 7
1

2
¢ log, (¢*y/7)

= log, (:::2+ ?)

9
2
f(z) =1+ log, (x — 3)

For simplicity, writing y instead of f(z):

y =1+ log,(c — 3)
log,(z —3)=y—1

base =2
index =y —1
z—3=2v1

z=3+2v1



Swapping « and y:

y=3+2=1
f 1 (z)=3+2""!

When finding inverse functions, you need to swap the role of ‘inputs’ and ‘outputs’. This is why = and
y are swapped during the process of finding the inverse in worked solution 7.

a log,(log; z) = —1

base = 2
index = —1
logs 2= 27"

base =3
index = 271

z=30") =37 = 3

b log, 2375 = z?

base = 4
index = z2
23—52 — 413
23—5: — (22)2’
93-5z _ 2222

Equating the indices:
2¢* =3 - 5z

2% +52 —3=0

2z —-1)(z+3)=0

1
T=—orz=-3

2
logy 9 = logy 3% =2
log, 8 =log, 2° =3
logs 9 < logz 20 < logz 27 so 2 <logz 20 < 3
so logz 9 < log; 20 < log, 8
logy 3 <logz4 <logz9 so 1<logz4<2
so 1 <logs4 < logz 9 < logy 20 < log, 8
log;2=1
so log, 2 < log; 4 < logs 9 < logs 20 < log, 8
logy 3 <logy4 so logg3<1
so log, 3 < log, 2 < log; 4 < logz 9 < log; 20 < log, 8
log, 2 < log, 3 <log,4 so 1<log,3 <2
So you now just need to compare log, 3 and log; 4, both of which lie between 1 and 2.
You can see the answer by looking at the sequence of integer powers of 2 and 3:
Sequence of powers of 2: 1,2,4,8,16....
Sequence of powers of 3: 1, 3,9,27 ...

Powers of 3 clearly increase much more quickly, so the power of 3 required to get 4 is going to be less than the
power of 2 required to get 3.

So log; 4 < log, 3
The order is:

log, 3 < log, 2 < logz 4 < log, 3 < logz 9 < logz 20 < log, 8



1 b log; 20 — log; 4

(%)
= logg 7

= logg 5

e 1+2log,3
= log, 2 + log, 32
= log,(2 x 3?)
=log,(2 x 9)
= log, 18

If you find that a question asks for a number to be added to a logarithm, as in part e of Question
1, try to write the number in logarithmic form before continuing.

2 a log, 40 — log, 5

40
~os (3)

= log, 8
= log, 2°
=3
b logg 20 + logg 5
= log(20 x 5)
= logg 100
= logg 10?
= 2logg 10

¢ log, 60 — log, 5

60
= log, 5

= log, 12

= log,(3 x 4)

= log, 3 + log, 4
= log, 3 + log, 22
=2+log, 3

1
3 a 3logs2+ 510g5 36 — logg 12
1
= log; 2* + log; 362 — log; 12
23
~ log ( X \/36)

12
8x6
= logg D

= log; 4

= log 2*
= 2log; 2

Many questions, like these, rely on you spotting a number of powers or roots of numbers. The
more of these you have committed to memory, the easier you will find it to complete these
questions.



1 1
b 510g3 8 + Elog3 18-1

1 1
= Elog3 8+ 5103;3 18 — log; 3

1 1 1
Elogg 8+ 510g3 18 — Elogg 32

1 8 x 18
Elog3 9

1
510g3 16

= log; 16%
= log; v/16
=log; 4
= log, 2?
=2log; 2
8§ =23
0.25 = 1 = L
4 92
log; 8 logg 23
log; 0.25 log; 272

-2

3 log; 2
~ T2log, 2
3
T2
log; 128
log; 16
log, 27
a log, 24
7 logs 2
"1 log; 2
7
"1
log; 25 log, 5°
log; 0.04 og < T >
3\ 25
2log; 5
B log, (5_2)
2logy 5
~ T2log, 5

=-1

logg y = logg(x — 2) — 2logg =
logg y = logg(z — 2) — logg x*

T —2
logg y = logg < ) >

T —2
2

Y=
T



7 logg(z — 1) —logz z=1+ 3logz y

-1
log, (zT) = log, 3 + log, ¥°

-1
log, (ZT) = logs (3y°)

z—1

:3y3
z
z—1=3y3z
z—-3y%z=1
2(1-3y%) =1
1
2 = e—
1-—3y3

8 b log;(25z) = logs 25 + log; =
= log; 52 + logy =
= 2logs 5 + logs =

Substituting y = log; x:
=2+y

d Letz=log, 125
z¥ =125
logs * = log; 125
zlog; = = log; 5°
zlogs x = 3logg 5
Substituting y = logy :

zy=3

3

Z = wm

Y

3

log, 125 = —
& Y

If you need to change bases, you can change the equation to exponential form and then use
logarithms of a different base, as in worked solution 8 d.

2
9 b lo -—
(%)

=log, 2 — log, ¢
Substituting y = log, ¢:

1
=log, 47 —y
1
:510g44—y
_1_

d log, p* — log (4,/3)
=2log,p — (log44 + log, q%)
Substituting = = log, p:
=2z —1- %log4 q
Substituting y = log, q:
=2z —-1-— %y

10 b log, (ﬁ:‘)
y

= log, v/Z — log, y°
1
=log, 2 —2log, y



Substituting log, y = 4:

1
:glogaac—2><4

Substituting log, x = 7:

1
== xT7-8
2><
716

2 2
9

2

¢ log, (m2 \/17)
= log, «* + log, /J

1

=2log, z + log, y*

Substituting log, z = 7:

1
:2><7+Elogay

Substituting log, y = 4:

1
=144+ = x4
+2><
=16
z+y=—10gy 5 .o [1]
y+z=2logy,5—3logg2........... [2]
x+z=1logz2 —logy 5 ..ccceurnnnnn. [3]

[2] = [11:

y+z— (z+y)=2log, 5 — 3logs 2 + log, 5

z—x=3logy5—3logz 2 ............. [4]

[3] + [4]:

x4+ 2z+2z—x =logg2—log, 5+ 3log, 5 — 3log; 2
2z = —2logy 2 + 2log, 5

z=10gy, 5 —1ogs 2 ccoovvriiiiinns [5]

Substituting [5] into [3]:

z + (log, 5 — log; 2) = log; 2 — log, 5

x = logz 2 — log, 5 — log, 5 + log; 2

z =2log; 2 — 2log, 5

Substituting [5] into [2]:

y+ z=2log, 5 — 3log; 2

y + log, 5 — logs 2 = 2log, 5 — 3logs 2

y=2log, 5 — 3logs 2 + log; 2 — log, 5

y = log, 5 — 2logy 2



1

b

d

logz 4z — logy 2 = logg 7

4
logs (Tz) =logy 7

In this worked solution, as in the worked examples in the coursebook, a check is included. You
should carry out a check yourself for any problem including the solutions of equations. Sometimes
the values that you obtain can cause one side or both sides of the equation to be undefined. This
is particularly true with logarithms, where you might produce solutions that would require a
logarithm of a negative number.

Check:
7
When z = 7

log; 4 (%) — logz 2
= logz 14 — logz 2
—log, (14

=logz 7

This is a defined solution.

7
z=g is a solution because both sides of the equation are defined and equal for this value.

log,, (x — 4) = 2log,, 5 + logy 2
log;, (z — 4) = log,y 5% + logy, 2
log,g (z — 4) = log;(25 x 2)
z—4=50
=054

A common error when handling logarithms is to assume that log(a + b) = log a + log b. Be very
careful to avoid this. Remember that the multiplication law for logarithms is
log(ab) = log a + log b.

log, (2z + 9) — log;, 5 =1

2z +9
logyg (T) =1

Writing each side as an exponent of 10:

2z +9
=10!
5 0
2x 4+ 9 =50
2z =41
41
Z—?—20.5

log, (5 — 2z) = 3 + logy(z + 1)
logy (5 — 2z) — logy(z +1) =3

5— 2z
1082(w+1)=3

Writing each side as an exponent of 2:




5

5—2zx

z+1 =2=8
5—2x =8(x+1)
5—2r=8z+38
10z = -3
r =
10
log, x + logy (z — 1) = log, 20
log, [z(z — 1)] = log, 20
z(zx—1) =20
2P —z2—-20=0
(z—5)(x+4)=0
r=50rz=—4

You can only take the logarithm of a positive number, so log, (—4) is not defined and z cannot be —4.

Hence z = 5 is the only solution.

Logarithmic equations often produce solutions that appear to be fine algebraically but then do
not work if you substitute them back into the original equation. In particular, you must remember
that you can only take logarithms of positive numbers. It is always best to check any solutions by
substituting them back into the original equation.

3 + 2log, = = log, (3 — 10z)
log, (3 — 10z) — 2logy =z = 3
log, (3 — 10z) — log, 22 =3

3-10
logz( 1:2 x>=3

Writing each side as an exponent of 2:

3 — 10z
2

=22=8

T

3 — 10z = 8z
822 +10z —3=0
(4z - 1)(2z +3)=0

.13—101':1:— 3
T4 )

3
You can only take the logarithm of a positive number, so log, (— E) is not defined.

1
Hence z = 1 is the only solution.

log, 36 +log, 4 =2
log, (36 x 4) =2
log,(144) =2
z? =144
z = +/144 = 12
Logarithms only exist for positive bases, so © = 12 is the only solution.

2log, 32 =3+ 2log, 4
log, 32> —log, 4 =3

1024
1 — =
ogz ( 16 ) 3

28 =64
z=+64=4

(log, z)* — 8log,  + 15 =0
(logy z — 5)(logy z — 3) =0
logz=5 or log, =3

2=25=32 or z=2=8



c (logs z)* + logs (2*) = 10
(logs z)* + 3logy © — 10 =0
(logy z + 5)(logsz —2) =0

logs ¢ = —5 or logy ¢ =2
x ’5:L or z=5"=25
3125
b 47 =2
@)y =2
2% = v
Y=2T ccoueneen. 1]

3log;y y = log;y = + logy, 2
logy, Y = logyo(2z)

2z =93 ... 2]
Substituting [1] into [2]:
2z = (2z)°
2z = 828
8z — 2z =0

2z(4z> — 1) =0
2¢(2c —1)(2z+1) =0
1 1
372
z > 0 because you can only take the logarithm of a positive number.

1
T==

2
y=2zr=1

z =0,

¢ logy(z—y)=2log,z
log(z — y) = log,

logy(z +y+9) =0
T+y+9=4"=1

Equating [1] and [2]:

r—al=—z—38
22 -2 —8=0
(z—4)(z+2)=0
r=4orx=-2

z > 0 because you can only take the logarithm of a positive number.
r=4

Then from [2]:

y=—-4—-8=-12

logy, (2%y) = 4
log;, % + log;y y =4
2 loglo T+ loglo Yy = 4o, [1}

4
log;, <$—3> =18
Y

log; z* — logyy y* =18

4logyx — 3logy =18 ......... [2]
311 + [2]:
101log;, = = 30

log;y =3

Substituting into [1]:



2(3) +1logyy =4
logy,y=4—-6=-2



In the coursebook there is a Tip box that explains that ‘log 6’ means the same as ‘log;,6’. If you see a
logarithm written as log without a base, then it generally means that it is a logarithm with base 10.
However, you might see examples in some textbooks, or perhaps online, where ‘log ’ can mean the
logarithm of any base relevant to the question. The important thing to remember is that you need to
use the same base throughout the solution. Try some of these questions using a different base
throughout. You will find that the answers are the same.

f 3% = 2z+1
Taking logs to base 10 of both sides:
log 3* = log 2**!
zlog3 = (z + 1) log2
zlog3 =zlog2 + log2
zlog3 — xlog2 =log2
z(log 3 — log2) =log2
log 2

x=m=1.71

k 27+l — 3(5%)
Taking logs to base 10 of both sides and using the laws of logarithms:
(z + 1) log 2 = log 3 + log 5*
zlog2 +log2 =log3 + xzlog5
z(log2 — log5) =log 3 — log 2
_log3—log2

= =-0.44
’ log2 — log 5 0-443

a 2741 4 6(2571) =12
21

2% x 2! +6(—) =12
21

2(2%) + %(2’) =12
2(27) +3(2%) =12
b Using the result from part a:
2(2%) + 3(2%) =12

5(27) =12
12

2 = —

5

Taking logs to base 10 of both sides:

12
log 2* = log (?)

zlog2 =log12 — log5

_ log 12 — log 5 —1.26
log 2
b 3z+l:31—l+32
z _.32
3(3) =5 +9
1
3-=)3=9
(-3)
8 z —
338 =9
Ix9 2
31: I —
8 8

Taking logs to base 10 of both sides:



- 8/ _1n
v log 3 '
e 4o =47 _ 43
4I
— =47 64
4
1
(__1)4w: 64
4
3
— 2 (4%) = —64
7 (47) =-6
o 84x4 256
-3 3

Taking logs to base 10 of both sides and using the laws of logarithms:

256
zlog4 =log =5

( 256>
log { =5~

Tog 4 =3.21
227 + 32 = 12(27)
(27)" + 32 = 12(2%)
Substituting y = 2%:
y? +32 =12y
y? —12y+32=0
(y—8)(y—4) =0
y=2_8 or y=4
2" =8 2" =4
log 2® =log8 log 2* =log4
zlog2 =log8 xlog2 =log4
m:log8:3 m:10g4:
log2 log 2
b 22 + 5 =6 x 2°

(2°)* 4+ 5 = 6(2%)
(27 —6(2*) +5=0
Lety = 2%:
y? —6y+5=0
(y—5)(y—1)=0

y:5 or Yy = 1
2% =5 27 =1
log(2*) =logh log(2*) =log1

xlog2 =logh zlog2 =0
log 5 =0

= =2.32

v log 2 3

d 427 4 27 = 12(4°)

(47) + 27 = 12(4%)
(47 —12(4°) +27=0
Lety = 4":
y? —12y+27=0
(y—9(@y—3)=0

or



y=9

4" =9
log 4 =log9
zlog4 =log9
log9
= =1.
log 4 58

2% _ 5(2°1) 424 =0
(27)° —5(2x2%) +24=0

(2 -

10(2°) +24 =0

Substituting u = 2%:

u? —10u+24=0

(u—6)(u—4)=0
u==06
2" =6
log 2* =log6
zlog2 =1log6
1
o= 288 95
log 2
3% — 371 =10

(3%) —3(3°) = 10
Letu = 3*:

u? —3u—10=0
(u—5)(u+2)=0

u=2>5
3* =5
log(3*) =log5h
zlog3 =logh
log b
- log 3
=1.46
Or
U= —2
3 =-2

or

y=3
4 =3

log4* =log3
zlog4 =log3

log 3
Tr =
log

u=4

2" =4
log(2*) =log4
zlog2 =log4

=0.792
4079

_logd

= log 2

No real solutions, because 3* > 0 for any z.

421 = 17(4%) — 15
4(4%) —17(4*) +15=0
4(47) —17(4*) +15=0

Letu = 4*:

42 —17u+15=0
(4u — 5)(u— 3) =0

)
YT
5
gz = 2
4
5
log(4*) = log <Z>
5
log4 =1 -
z log og<4)
5
1 z
% (3)
r=——">

or

u=3

4" =3
log(4*) =log 3
zlog4 =log3




45 +2° —12=0
(24" +2* -12=0
2% +27 —12=0
(2 +2* —12=0
Letu = 2%:
w +u—-12=0
(u+4)(u—3)=0

u= —4
2" = —4
No real solutions because 2% > 0.
Oru=3
2 =3
log (2*) =log 3
zlog2 =log3
log 3
~ g2 1.58

When an equation includes different bases raised to the power of z, it is useful to consider whether
or not those bases are powers of the same number. In Question 8 a both 4 and 2 are powers of 2
and this leads to the solution.

2(9%) = 37+ 4+ 27
2(3?)" =3 + 27
2(3%) — 3"t —27=0
2(3%)? — 3(3*) —27=0
Letu = 3*.
2u? —3u—27=0
(2u—9)(u+3)=0

u_9
2
.9
¥=3
log(3*) = log %)

8

5}

5]

w

Il

—

)

0"
(%] K=}
~—

9
].Og (E)
= log 3
=1.37
Or
u= -3
3*F=-3

No real solutions because 3% > 0.
="
Taking logs to base 10 to both sides:

log(37) = log(7)
zlog3 =ylog7

z log7
-= =1.77
y log3

™ =(2.7)Y

Taking logs to base 10 of both sides:



log 7* = log (2.7)"
zlog7 =ylog2.7

z log2.7
- ——— ().510
y log 7

c 42: — 35y

Taking logs to base 10 of both sides:
log 4%* = log 3%
2z log4 = 5ylog 3
z(2log4) = y(5log 3)

5log3
228" _ 198
y 2log4
10 z%% = 20212
2% — 2022 =0
$1'25 (ml.25 _ 20) =0
125 _ 5
7 =0 o z7 =20
z=0 5

logyy 7 = logy, 20

5
Zlog20 z=1

1 2
0820 T 5

Remember that, when solving equations, you must not divide through by anything that can be zero

If you do you will often lose a solution. Instead, it is important that you factorise, as in worked
solution 10.

11 ¢ 3[2°—5|=2°

3(2* —5) =27 or 3(5—2°) = 2°
3(2%) — 15 = 2° 15 — 3(2%) = 2¢
2(27) =15 4(27) =15
. 15 .15
2T = - 2" = 1
1 15
log 2* = log L log(2%) = log [ ==
2 4
1 15
zlog2 =log (—5) zlog2 =log (—)
2 4
15 _ log(-l:-)
log 7) ==
= — =291
g g%l =6 (371) + 16
3’ — 6(3%) —16 =0
Letu = 31!:
u? —6u—16=0
(u—8)(u+2)=0
u=2_
3l =8
log 31l =1log 8
|z|log 3 =1log 8
log 8
S s
z—+88 _ 1149

log 3



Or
u=-2
3zl = 9
No real solutions as 3%/ > 0.

12 a 20+l x g2 — g7 x 35
242+1 35—22

8% - 32—:
24:+1 — 35—22—2+z
(2°)°

24z+1—3z — 33—::

2z+1 — 33—:

z+1
2 -1
33—z

2(27)(3*3) =1
NG
2(2 )7 =1
27
9z zy — 2
(%)) = =
.21
6" = ) =13.5

b Using the result from part a:
6* =13.5
Taking logs to base 10 of both sides:
log(6*) = log(13.5)
zlog6 =log13.5
_ log13.5
" log6

=1.45

13
Not all questions require the use of logs. If you can find a solution using a method that you are more

comfortable with then there is no problem in doing so. In Question 13 logarithms are difficult to use
until the very end because the equation involves sums and differences of terms; log rules do not
include log (A + B) or log (A — B).

8 (8z—l _ ) —7 (42 _ 2z+1)

8(2°)° " -8 ="7(2%)" -7(2x 2%)

8(2%%) — 8 =7(2%) —14(2%)
8(23:)

-8 =7(2°)" — 14(2%)

23
(2°)* -8 =7(2*)" — 14(2*)
(2°)* - 7(2°)" +14(2*) -8 =0
Letting u = 2%:
ud —Tu? +14u—8=0
(2°-72)°" +14(2) -8=0
So u — 2 is a factor of u® — Tu? + 14u — 8 by the factor theorem.

Dividing:
u? —5u+4
u—2)ud — Tu? + 14u — 8
u® — 2u?

— 5u? + 14u

—5u% 4 10u
qu — 8
4u — 8

0



v —Tu? + 14u—8 = (u—2) (v’ —5u+4)=0
(u—2)(u—4)(u—1)=0
u=2 or u=4 or u=1
2" =2o0r2* =4o0r2° =

r=lorx=2o0rx=0



a 2°<5
Taking logs to base 10 of both sides:

log 2* < log5
zlog2 <logh
log 5

r< log 2

2 z
C (E) >3

Taking logs to base 10 of both sides:

2 x
log (E) >log3
2
z log 3 >log3

2 2
Dividing through by log (§> and reversing the inequality symbol because log <§) <0:

!
< og 3
l()
3

Remember that the logarithm of any number less than 1 will be negative. If you divide both sides
by a negative number you need to reverse the direction of the inequality.

b 3% > 20
Taking logs to base 10 of both sides and then using the laws of logarithms:

log 3%*% > log 20
(2z + 5) log 3 > log 20
log 20
log 3
log 20
log 3

1 [ log 20
> 5( log 3 5)
5 3-z
d - 4
7 x ( 6) >
E 3z - i
6 7
Taking logs to base 10 of both sides and then using the laws of logarithms:
5\ 4
log (E) > log 7
5 4
(3—=z)log (E) > log;

5 5
Dividing through by log (E) and reversing the inequality symbol because log <E) <0:

2z +5 >

T >

-5

4
log 7

3—z <
log =
og6

4
log 7
>3-

log =
0g6



5% > 27
Taking logs to base 10 of both sides:
log 57 > log 2*
z?log 5 > zlog 2
z?log 5—xlog 2 >0
z(zlog 5 —log 2) >0

log 2
log 5

Critical values are z = 0 and z =

2
z<00rz>%

32::—1 % 21—3: > 5
Taking logs to base 10 of both sides and using the laws of logarithms:
log 3%*~! +log 2'% >log 5
(2¢ —1)log 3+ (1 — 3x)log 2 > log 5
2zlog 3 —log 3 +1log 2 — 3xzlog 2 > log 5
z(2log 3 — 3log 2) >log 5+ log 3 — log 2

z(log—) log L

e
=

L 2 e—

)

log

N |

log

oo ©

a  log, 4=0.60206

log;, 4'%° = 100 log;, 4 = 60.206
4100 — 1060.206 — 1060 X 100.206

Using the fact that 100206 < 2.
41 <2 x 10%

The number 2 x 10% consists of the digit 2 followed by 60 zeros.
It has 61 digits.

b Given that in standard form 4! < 2 x 10% from part a, this must mean that 4'” = 1.a x 10%, where aisa
decimal number less than 1.

Therefore, the first digit is 1.



Calculators do not all use the same symbols for ‘to the power of . Amongst others, the symbols
commonly used are: *, z¥ and z". For €® you may even find e".

In the worked solutions shown here, z¥ is used as an example. Make sure you know how to use
the equivalent key on your calculator.

b [e][=r] 2] ][] [=]res
¢« AEEE s
b @DEE o
¢« MRODEE -1
b e%mg
e
n(s%)
=e
— nV@
— ¢ln3
=3
d ™7
=eln (%)_1
-(3)
2
Bn e® =15
=15
d e_ln:r =3
ehs' =3
z ! =3
1.,
z
1
T3
b e* =25
Taking natural logs of both sides:
In ¥ =1n25
2z =1n25
= % =161
d =3 =16
Taking natural logs of both sides:
In 3 =1In 16
2z —3 =In 16
2c=In 16 + 3
= %(ln 16 + 3) = 2.89
b =17

Taking natural logs of both sides:



Ine¥* =In7
3z=In"7

x=%ln7

Recall that In z and e” are inverses of one another. Although the logarithm has been written on
both sides in each of these worked solutions, you can simply write ‘z’. You don’t need to include
the step involving the expression ‘In e*’.

1
e;$+3 =14

Taking natural logs of both sides:

In e -z+3 —In4
%z+3=ln4

1

5$=1n4—3

z=2(n4-3)
e >10

Taking natural logs of both sides:
In e >1n 10
z>In 10
e 2 <35
Taking natural logs of both sides:

In €72 <In 35
50 —2<In 35
5z<1n35+2

:z:<g(ln35+2)

5 x et <1

e2z+3 < i

5
Taking natural logs of both sides:

lne2’+3<ln( )
2x+3<ln( )
(5)

(

e

Writing each side as an exponential of e:

il = o= o

5
o] =

<

(]

Inz=5

eln:r — e5

z =e% =148
In(z — 2) =
Writing each side as an exponential of e:
eln(@-2) _ g6
z—2=¢eb
z=2+¢e =405



9 b 2ln(z+2)—Ilnz=In(2z-1)
In(z+2)° —lnz=In(2z — 1)

22
mgzm(zz_n
2
M:Zz—l
T

(x+2° =222 -2z
2 +dr+4=22*—2
22 -5z —4=0

(-5 V(=5 —4x 1x (-9)

2x1
=5.T0or — 0.702

But neither z + 2 or 2z — 1 can be negative,

T

so z = 5.70 is the only solution.

Before you start each question, look at the equations involved. Are they valid for all values of x?
Are you likely to need to choose between solutions, particularly those that are positive or negative?

f In(2+2?)=1+2hnz
Writing each side as an exponential of e:
e]n(2+z’) — elt2lnz
2+z% =ex e?0?
2+2% =exer®
2+ 2? =ex?
2+2? =ex?
(e—1)z? =2
2
2 —
’ e—1

z > 0 because the original equation involves a logarithm of .

2
There, the only solution is = = ”e—_l = 1.08.

10 a 2ln(y+1)—Iny=In(z+y)
In(y+1)* —Iny =In(z + v)

lnﬂ=ln(z+y)
Wt .,

y+1)° =zy+y°
V¥ 4+2y+1l=xy+y?

zy—2y=1
y(z—2) =1
1
y_a:—2

b In(y+2)—lny=1+2nz
lnyT-l-2=1+ln:z:2

Writing each side as an exponential of e:



y+ 2 — e1+ln::2

Y
VT2 _ e
&2=eazz
y
y+2=ex’y
ex’y —y =2
ylez? —1) =2
_ 2
=

11 a  e®+2" -15=0
(e*)? +2* —15=0
Letu = e*.
u? +2u—15=0
(u+5)(u—3)=0
u=-5
e’ =—5
No real solutions because e* > 0.
oru=3
e =3

So z = In 3 is the only solution.

Remember that any power of a positive number will always be positive. A common error is to
assume that a negative power will produce a negative value.

c 6eX* —13e* —5=0
6(e*)’ —13e* —5=0
Letu = €.

6u? —13u—5=0
(Bu+1)(2u—5)=0

u=—

wl—= wl—

er = —

No real solutions because e* > 0.
oru=

e =

N ot | on

sox=1In (%) is the only solution.

12 For simplicity, writing y instead of f (z):

y=5e" +2
5e* =y —2
- _y_2
5

Taking natural logs of both sides:

-n(13)

Swapping « and y:

Fl(x)=ln<x;2)




13 2In(3—e*)=1
1

In(3 — 2\ —
(B-e*) ==

Writing both sides as an exponential of e:

P

e =3—e
Taking natural logs of both sides:

1
2z =In (3 —eT)
z = %ln(S —e7) =0.151

14 a 2lhz+hy=1+In5...... [1]
In10z —Iny=2+1In2...... [2]
[1] + [2]:

2lnz+In10z=3+mIn2+Inb
Inz? +1n 10z =3 +1n 10
In(102®) —In 10 =3

102®
In 0 =3
Inz® =3
3lnz=3
Inz=1
z=el=e

Substituting into [1]:

2lne+lny=1+4+Inb
Iny=1+In5—2lne
Iny=14+In5-2

Iny=In5-1
In5-Iny=1
2 =1
y
5
—:elze
Yy
5
v=

As an exercise, check that these solutions work in both of the original equations in parts a and b of
Question 14.

b ¥ty =2e¥ v ... (1]
e2:+y — 8ez+ﬂy
Dividing through by €**~¥ in [1].
e3z+4y—2x+y =2

ez+5y =2
Taking natural logs of both sides:
z+5y=In2 ... [3]
Dividing through by "% in [2].
e2z+y—z—6y =8
s =8
Taking natural logs of both sides:

[3] + [4]:



15

2 =In2+1In 8
1 L
T = Eln 16 =In162 =In+/16 =1n 4
Substituting into [3]:

In4+5y=1In2
5y=In2—-In4

1 (1
:—n —
y=35"\2

In(2z + 1) < In(z + 4)

2c+1<z+4

z<3

But this is not the end of the solution.

Remember that you can only take the logarithm of a positive number.

So 2z + 1 and z + 4 must also be positive.

2c+1>0
2% > —1 z+4>0
T >—4
r>—=

2

1
Giving = > -3
So, the solution is:

1< <3
<z
2



1 b y=10%"
Taking logs to base 10 of both sides:

logy = log 109~%
logy = (az — b) log 10

logy =az —b
Y=mX+c
Y =logy
m=a
X=z
c=-b

It is always important to compare your equation with Y = mX + cand write down what Y, m, X

and c represent.

G e a=e" "W

Taking natural logs of both sides:
Ina =2? + by
by = —x* +Ina
1, 1
y=-3% + blna
Y=y

me=_1
T b

X =z

c=%lna

Note that this answer appears to be different to the answer given in the coursebook. This is
because in this worked solution we have chosen to keep Y and y on the same axis. Also X and «

are on the same axis. The coursebook version uses Y = 22, effectively swapping axes.

2 y=azx"
Taking natural logs of both sides:

Iny =Ina+ Inz"
Iny=nlnz+Ilna

Y =Iny
m=n
X=Inz
c=Ina
From the diagram:
_4.02 —3.22

m=03l_183  09d=m

Y =-0.526.... X +c
4.02 = —-0.526.... x0.31 + ¢
c=4.02+0.526.... x0.31 =4.183 ....
Ina =4.183 ....
a = M8 — 66

3 Y= k x e"(“-z)
Taking natural logs of both sides:



Iny =lnk+1In =2

Iny=Ink+n(z—2)
Iny=nz+Ink—2n

Y =Iny
m=n
X=z
c=Ink—2n
From the diagram:
Gradient = w =0.415
7T—1
n = 0.42(to 2 significant figures)
Y=mX+c

1.84 = 0.415X + ¢
1.84 =0.415 x 1+ ¢
c=1.84 —0.415=1.425
c=Ink—2n
1.425 =1Ink — 2 x 0.415
Ink =1.425 + 2 x 0.415 = 2.255

k=e* =95
a logy=mz+c
_11-5 6 3
S 6-2 4 2

3
log;gy = 3L te

3
5=§><2+C
5=3+c
c=2

3
log)py = -z + 2
2
b Using the result from part a:

3
logyy =5z +2
Writing both sides as an exponential of 10:

3
y= 10;z+2

3
y=10% x 103"

3
y =100 x 103"

a Iny=mlhz+ec

13-4
m = ) =3
Iny=3lnz+c
4=3x2+c
c=—-2

Iny=3nz -2
b Using the result from part a:
Iny=3lnz —2
Writing both sides as an exponential of e:

3_
— elnz 2

52y — 32$+1

Taking natural logs of both sides:



In 5% = In 3%+!
2yln5=(2z+1)In 3
2yln 5=(2In 3)z +1n 3

_ In3 n In 3
Y=\ ms5/)* " 2ms

In 3
Gradient = ——
radlien 11’1 5
C isat [ 0 In 3
IroOSsses y—aXlsa ’21115 .
a Inm A
4
[ )
[ J
( ]
34 ¢ °
24
14
o 10 20 30 40 50 !

b m=mge ™

Taking natural logs of both sides:

Inm=Ilnmg+1ln e

Inm =Inmg — kt

Inm = —kt +1lnmyg
Y=Inm
m=—k
X=t
c=1Ilnmyg

From the graph is part a:

291 -3.71
— k = gradient ~ S0—10 —0.02
k =0.02
c~3.91
Inmgy = 3.91

mo = e>91 = 49.9

¢ m=mpe ™

Substituting in the values found in part b:

m = 49.9¢0-02¢

Original mass = 49.9¢” = 49.9

Half mass = % =24.95

24.95 = 49.9¢ 002

1
—0.02t _ =
¢ 2
Taking natural logs of both sides:
0.02t =1 !
02t =In 5
t= ! 1 1*347d ~35d
=gzt g =34 Tdays~ ays
a T =25+ke™
T —25=ke™

Taking natural logs of both sides:



In(T — 25) =Ink +In e ™
In(T — 25) = —nt + Ink

Y =In(T - 25)
m=-n
X=t
c=Ink

In part a you need to subtract 25 from both sides first because you cannot take a logarithm across
the sum of two terms. This is not possible because log (a + b) is not the same as log a + log b.

b In(T—25)A

N

1 T 1 T 1 )
0 2 4 6 8 10 °
From the graph:
. 3.01 —3.65
Gradlent =~ W = —0.08
—n=-0.08
n = 0.08
y — intercept ~ 3.81
Ink = 3.81

k~e*® =451~45
¢ Substituting in the values from part b:
T = 25 + 45¢ "%

i T(0) =25+ 45¢" =70°C

i 28 = 25 + 45e %%
45¢0%% =3

~0.08t _ 3

45
Taking natural logs of both sides:

3
—0.08t =In (E)

1 3 .
t= —mln (E) =~ 34 min

e

ii As t gets larger and larger, e %% =

008t gets smaller and smaller, tending to zero.

Room temperature is, therefore, 25 4+ 0 = 25"C.

To write, ‘e "% tends to zero as ¢ tends to infinity’ mathematically, you write:

e 0% _ 0ast — oo.



END-OF-CHAPTER REVIEW EXERCISE 2

1 28 >7
Taking logs to base 10 of both sides:
log2® > log 7
zlog2 > log7
1
S og7
log 2

2 Inp=2Ing—In(3 + q)
Inp=Ing?—In(3 +q)

q2
Inp=1In
P <3+q)

q2

- 3+¢

p

3 x 2%+ <8
3x22 x(2))" <8
3x8 <2

2
8" < =
3

Taking logs to base 10 of both sides:

2
z 1 z
log 8% < og(3)
2
zlog8 < log (—)
3
2
1 Z
°g(3>
<—

log 8

Note that the answer to Question 3 given in the coursebook uses the fact that
2 2\!
log| = | =1 -
% ( 3 ) % ( 3)
3
= —log (5) 3

Taking logs to base 10 of both sides:
log 5°** = log 7*1
(x+3)logh = (x—1)log7
zlogh+ 3logh = xlog7 —log7
z(log 7 — log5) = 3log 5 + log 7
3log5 + log 7
- log 7 — log 5

5x+3 _ 7:—1

=20.1

6(4%) —11(2°) +4=0
6x (2% —11(2°)+4=0
6(2%) — 11(2*) +4 =0
6(2°) —11(2*) +4=0
Letu = 2°.
6u? —1lu+4=0
(Bu—4)2u—1)=0



4 1
U= = or u==—
3 2
4 1
27 = = 2T — o
3 2
4 -1
log2® =log 3 2" =2
4
zlog2:10g<§> z=-1
(4>
log( — )
B 3) log2® —log3
o log2 log 2

2log2 — log 3
r=———"
log 2
The solutions are:
_ 2log2 —log3

=-1
log2 orx

In(5z +4) =2Inz +1n6
In(5z +4) =Inz?> +1n6
In(5z + 4) = In(62?)
5z + 4 = 6z°
6z — 5z —4=0
Bz—4)(2z+1)=0
4 1

.'E:g or :B:_E

But you cannot take the logarithm of a negative number, so z > 0.
4. .
z=gIs the only solution.

y=Kz™
Taking natural logs of both sides:

Iny=InK +Inz™
Iny=mlnz+1InK

Y=mX+c
Y =Iny
m=m
X=Inz
c=InK

From the diagram:

10.2 - 2.0 8.2 82 41
N t = = —_— — — = — = — = 1.366666 ..... :1
Gradient = m 50 5 50— 30 366666 37
y—intercept = 2 =c¢
InK =2
K=¢ =139
i y=2"
27 4 3(277) =4
27 +3(2°) " =4
y+3y =4
3
y+=—-4=0
Y
Yy’ —4y+3=0

ii Using the result from part i:
y?—4y+3=0
(y=3)y—-1)=0

or



y=1 y=3

27 =1 27 =3
z=0 In2® =In3
rln2=1n3
In3
= — =1.58
:c In2

The solutions are:

z=0o0rz=1.58

9 (1.2)" = 6¥
Taking natural logs of both sides:
In(1.2)" =In6Y

10 i

zlnl.2 =yln6
1
z_ 8 g3
y In1.2

f(z) = 122% + 252% — 4z — 12
f(—2) =12(—2)° + 25(—2)° — 4(-2) — 12
=12 x (~8) +25x4+8—12
=-96+100—-4=0
(z + 2) is a factor of f(x) by the factor theorem.
Dividing the cubic by z + 2 using long division:
122 + 2 — 6
T +2)1243 4 2527 — 4z — 12
122° + 2427
z? — 4z
z? + 2z
— 6x — 12
—6z — 12
0
f(z) = (z +2)(122° + = — 6) = (z + 2)(3z — 2)(4z + 3)

1227V +25x 9V —4x 3V —12=0
12 x (3%)Y +25 x (32)Y —4x3Y —12=0
12(3¥)° + 25(3Y)* —4(3¥) —12 =10
3¥ isarootof f(z) = 0.
=0if (z + 2)(3z — 2)(4z + 3) = 0.
3

orer — ——

4

~

From part i, f(z

r=-2o0rx=

w| o

So

3y:—20r3y:30r3y:—§
3 4

But 3Y > 0 for all values of y.

2
So 3¥ = 3 is the only possibility.
Taking logs to base 10 of both sides:

2
log 3Y = log —
og 08 3

2
ylog3 = logg

2
log —
og3

log 3

y= = —0.369

11 |4-27=10

4-2° =10
27 = 6



No real solution because 2% > 0.
Or

4-2° =-10

2" =14

Taking logs to base 10 of both sides:

log2® =log 14

zlog2 =log14

_logl4

= =3.81
v log 2

12 el = 31—2
Taking natural logs of both sides:

Ine* = In 32
z=(z—2)In3
z=xzln3 —2In3

zln3 —x=2In3
z(In3 —1)=2In3
2In3
T Tms-1

=22.281

13 3"+ 3% =38
37+ (37) = (3°)°
Letu = 3°.

u+u? =ud
wW—u—u=0

w(u? —u—1)=0

u=0oru —u—1=0

(-1 + \/(_1)2 —4x1x(-1) 1455

u=0oru= -
2x1 2
1++/5 1-4/5
3* =0or or
2 2
3% > 0, so the only solution is:
g 1+
T2
Taking logs to base 10 of both sides:
1 5
log3® = log< + \/_>
2
1 5
xlog3 = 10g< +2\/_>
( 1+ \/3>
log
r = ——— —0.438

log 3

14 a 5y — 32:0—4

Taking natural logs of both sides:



In5Y = In 3%~
yln5=(2z —4)In3
yln5=2zIn3 -4In3

<21n3> 4In3
y= z —

Inb5 Inb5
Y=mX+c¢
Y=y
2In3
™= s
X==x
41n3
TE
gradient = 2In3
Inb
b y— (21n3>x_ 4In3
Inb Inb5
When z = 0:
4In3
YT s
When y = 0:
21n3 41n3
( Inb >w " Ins
=2

Point Pis (2, 0).

4In3
Poi is — .
oint @ is (0, 5 )

41n3
240 - Inb
2’ 2

0+
Midpoint is

So the midpoint s at [ 1, — 2123
o the midpoint is a " )
15 y=K(b")
Taking natural logs of both sides:

Iny=InK + Ind”
Iny=(lnb)z + In K
Y=mX+c
Y=Iny
m=1Inb
X==x
c=InK
From the diagram:

) 21-17 04 1
Gradient = m——3.172'3 =03 °-3
1
Inb=—=
SR

1

b=-e> =1.65
Line passes through (2.3, 1.7):

Y=mX+c¢
1
1.7= 5(2.3) +c

c=17-115=0.55
In K = 0.55
K=2¢e"% =173




Trigonometry

You should learn the standard trigonometric ratios for 0, 30, 45, 60 and 90°. You will be able to
use these more quickly, when needed, if you know them well.

1 b cosec45”
1
sin45°

7

I

E
:
vz

f cot330°
1
" tan330°
B 1
" tan30°

S e A

330°

=Y

30°




SN

Sometimes your calculation will end in a surd that looks different to the answer in the coursebook.
Try rationalising the denominator. This will help you to check that your answer is, in fact, the
same as the one shown in the coursebook.

b cotz=0.8
1
tanz

1
t = = =1.25
MT= 08
z = 51.3" (calculator)
orz =>51.3" + 180" =231.3°

YA y = tanx

<Y

-90 313 99 180231 360

You should always show how you arrived at an answer, either by drawing an appropriate quadrants
(ASTC) diagram or a graph.

d 3secz—4=0

3secx =4
4

secx = 3
1 4
cosz 3
coszT = 2
4

z = 41.4" (calculator)
orz=360" —41.4° =318.6°



AL —
S
)
]
—le---7 <
'l
(e}
)
't
]
)
)
)
)
]
)
)
)
]
'
)
)
)
]
)
)
1
)
]
< - -\
)
)
'

: —
414 9q 180 70 318.6 360 X

cosecr = 2

1
- =2
sin
X 1
sinx = —
2
z = % (calculator)
ks 5
orr=m— —- =—
6 6
YA .
y =sinx
14
B N,
2 1 )
] ]
— . - : >
T b RO 3n n
6 2 6 b2
1A
cotx =2
1
=2
tan x
1
tanz = —
2
x = 0.464

orz=0.464 + 7w = 3.61

YA y =tanx

N —
<€

0.464

SIS

sec2r =4
1

cos 2x

=4

9 1
cos2x = —
4

2 = 75.522...  or 2z = 360° — 75.522...° =284.477...°
z=237.8" orx = 142.2°




YA

4
180 70284.48 360 X

-

Y =cosx

In each question on this page there is a moment when the trigonometric function disappears and
several angles are given. There are multiple solutions at this point, each time, because the graphs
of those functions repeat. In 5b you will see that all of the necessary solutions have been found
before we divide by 2.

¢ cot2zx=1
1
tan 2z
tan2zx =1

2z = 45" (calculator) or 2z = 45 + 180" = 225~
z=225"orz=112.5"

YA

y=tanx

' T ' T
45 90 /180 22270 /5360

b sec(2z+60°) =—1.5
1 3
cos(2z +60°) T2
2

3

cos(2z + 60°) = —
2z +60° =131.810... " or 2z + 60" = 360" — 131.810... " =228.190..."
2z =71.810...° or 2z = 168.189... "
=359 orz=2841"

YA
»=cosx
0\ 131.81 228.19 /_‘
A T A T ’x
90\ ¢ 180 1 270 360
20 TN o [ A
3




1
z+ %=0.463647...0rz+ T o 0.463647... + 7 =3.6052...
xr=2.820rx=>5.96
YA y = tanx
1—.... L X B B N B & L X L B N N N 4 C X E B N N K & § X K N 3
2

sin? ¢ =4

sin? z = =
. 1 ) 1
sinz = - or sinz =—2
z=230" z=-30"
or or

z=180" — 30" =150" z=180" — (—30") — 360" = —150"

.\"---------------L-
—302

YA
1_

y =sinx

Note that the symmetry of the graph is the most important thing. Remember that the graphs
repeat every 360° (for sine and cosine) or 180" (for tangent). If you find that you have a solution
that is out of range, you can make use of this repeating pattern.

cosecxr = secT

1 1
sinx cosx
sinx

=1
cos
tanz =1

z=45" or 45" 4+ 180" = 225"
225° is out of the range, so use 225" — 360" = —135°

So

z=45" or x = —135" only



y =tanx

T >
90 180 X
e tan’0+3 secf=0
Now, using the fact that 1 + tan? 6 = sec?:
sec?0 —1+3secd =0
sec?0 +3secf—1=0
Letting u = sec 0:
wW+3u—1=0
. -3+ /8 —4x1x(-) 3. 13
N 2x1 N 2
-3+ 413 -3 —4/13
sech= — orsecf = ———
2 2
0 2 0 2
cos = — orcos= ——
-3+ V13 -3 —4/13
2 2
cos § = ————— has no solutions since ——— > 1.
3+ ./13 -3+ 413
2
cos ) = —————— has solutions § = 107.6" or 0 = 360° — 107.6° = 252.4°.
-3 —-4/13
YA
14
2 .9
(-3-413)
14
y =cosf

/3 sec? = cosec
V3 1

cos?0  sinf
V/3sinf = cos? 6
V3sinf =1 —sin? 6
sin? 6 4 4/3sinfd —1 =0
Letting u = sin 6:

u? ++/3u—-1=0

L VEEVE XX (D BT
= 1 -

2 X 2
sin § = # has no solutions since # < —1.
—/3 7
sin f = # has solutions 8 = 27.2° (calculator).

or §=180° — 27.2° =152.8°



1] y=sinf

(3 +17)

27.2 9'0 152.818 270 60'9

-1

When questions contain more than one trigonometric function, you can often find ways of
rewriting one or more terms to get something more useful.

secl = 3 cosf — tanf

sin @
cosf =3cosf — cosf

3cos? @ —sinf=1
Using the fact that cos? § + sin® § = 1:
3(1—sin?f) —sinf—-1=0
3—3sin?0 —sinf—-1=0
3sin? 0 +sinf —2=0
Letting u = sin 6

3 +u—2=0
Bu—2)(u+1)=0

2
u=§oru=—1

2
sin @ = Eorsin9=—1

0=41.8" or § = —90",270° (both out of range)
or 0=180" —41.8" =138.2"

YA

) = sin O
14 )

3

For many questions like this it is useful to keep more decimal places than required until you reach
your final answer(s). If you round too soon, you might find that your answers are slightly
inaccurate.

2 cot? @ + 7 cosec 20 = 2
Using 1 + cot? § = cosec? 6:

2 (cosec” 6 — 1) + 7 cosec 20 = 2
2cosec?20 — 2 + Tcosec20 —2 =0

2 cosec?20 + 7cosec20 — 4 =0

Letting u = cosec 26:

20 + Tu—4=0
(2u—1) (u+4) =0

1
u=50ru=—4



10

1
cosec 20 = 3 or cosec 20 = —4

1 1 1

sin 26 2 ot sin 260 -

—4

1
sin 260 = 2 or sin 20 = 1

sin 260 = 2 has no solutions.

sin 260 = —% has solutions 26 = —14.4775 ..... ° (calculator).
or 260 = 180" — (—14.4775 ..... ) =194.4775 ... )

or 20 = —14.4775 ..... ° 4+ 360° = 345.522 ..... :

0 = —7.3"(out of range)

0=972"

0=172.8"
), .
1 fk y=sinf

o 0 I8\ ___ 210 A0
4

14

tan® @ + 3secd +3 =0
Using tan® 6 = sec?§ — 1:
sec’d — 1+ 3secf+3=0
sec?0 +3secfd+2=0
Letting u = sec 6:
u? +3u+2=0
(u+1)(u+2)=0

u=—-loru=-2

secld = —1 orsec = —2
1

cosf@ = —1orcosf = ~3

2
0 = 7 (calculator) or 8 = ?ﬂ-

0r9:27r72—7r:4—7r
3 3

3cot?§+ 5cosecd +1=0

Using cot? § = cosec? § — 1:

3 (cosec? — 1) + 5 cosecf +1 =10
3cosec? — 3+ 5 cosecd +1=0

3cosec’0 + 5 cosecd —2=0
Letting u = cosec 6:



3u +5u—2=0
(Bu—1)(u+2) =0

1
= —2 = —
u oru 3
1
cosec @ = —2 or cosec § = 3
sinf = —% or sin @ = 3 (no solutions)
T
6=— 3 (calculator)
™ s
oro=n-(-3)=F
117
= 4 = —
oré 5 + 27 5
Only the last two solutions are in the required range, although the first solution is used to find the other two.
YA
y =sin@
1-
_T In In
6 6 6 >
! A A ! A
1 ﬁ\ 3n ' /Sn 6

n 3n
=2 .

11 a,biThis is the graph of y = sec z translated with column

()
vector .
1

TA i i y=1+secx
) [}
1 1
) [}
2 ' '
[} ]
) )
) ]
: H >
] T ] T
o m /o \ 3n 22~
2 1 2
) []
|} )
) 1
1 1
) [}

. . 3
The asymptotes lie at the same places as for y = secx, i.e.atx = % andz = 7“

1
ii This is the graph of y = cot = , stretched factor 3 parallel to the z-axis.

y=cot2x
Y
1 ) 1 1
1 ) 1 1
1 ] 1 1
1 ] 1 1
2 i i i '
1 1 1 1
1 1 1 1
1 ) 1 1
1 ] 1 1
1 ] 1 1
1 1 1 1
0 i i { "
S WA = N
1 2 ] 1 2 1
1 1 1 1
1 1 1 1
1 1 1 1

s 3r
The asymptotes lic at x = E,z =mxr= ?,m =27

In the solutions to Question 12 it is common to take the more complicated side of the
identity first. You must avoid manipulating BOTH sides of the identity at the same time.



12

13

14

a Taking the left-hand side:

sinx + cos z cot x

. 0S T
=sinx + cosx X
in T
2
. cos” T
=sinx + —
sin x

sin? z + cos? z

B sin
1
sin x
= cosec T

= Right-hand side (as required)

Taking the left-hand side:

(1 + secz)(cosec z — cot )
= cosec x — cot & 4 sec x cosec T — sec x cot =
1 cos T 1 cos T

sin x sin x cos x sin x cos x sin x
cos T 1

sinz cosxsinx
cos’ 1

sin x cos x cos x sinx
_1—cos’z
" sinzcosz

sin® z

sin x cos x
sin

cos
=tanz
= Right-hand side (as required)

Taking the left-hand side:
2

_1—cos“z
~ secz — 1
. sin? z
" tan’z
. sin? z
T [sin?z
< cos’ >
- sin? z cos® z
N sin® z
=cos’z
=1-sin’z

= Right-hand side (as required)

Taking the left-hand side:

1 n 1
1+ cosx 1—cosx
1—cosz 1+ coszx

= (1 4+ cosz)(1 — cosz) * (1+ cosz)(1 — cosz)

_1l—cosz+1-+cosz
= 2

1—cos’*z

2

sin® z

= 2 cosec’z

= Right-hand side (as required)

6sec®d — 5sec’d — 8 secd +3 =0

Let u = sec#.



6u® —5u? —8u+3=0
6(—1)* —5(—1)> —8(~=1) +3=0
u + 1 is a factor of 6u® — 5u® — 8u + 3 by the factor theorem.
Dividing:
6u? — 11u + 3
u—i—1)6u3 —5u? —8u+3
6u® 4 6u?
—11u? — 8u
— 11 — 11u
3u+3
3u+3
0
(u+1) (6u® —1lu+3) =0
(v+1)Bu—1)(2u—3) =0.

1 3

u=-—1 U= 3 U= 3
1 3
secl = —1 sec = 3 secl = 3
2
cosf=—1 cosf@ =3 cosf = 3
6 =180° No solutions 0 =48.2°

YA
y =cos6

SN 4

2cot® 6 + 3 cosec’ — 8cot§ =0
2cot® @ + 3(1 + cot? §) — 8cot§ =0
2cot’ +3 +3cot?d —8cotf =0
2cot® @+ 3cot?0 —8cotf+3 =0
Letu = cot 6.

2ud +3u? —8u+3=0
2(1)* +3(1)° —8(1) +3=0

u — 1is a factor of 2u® + 3u? — 8u + 3 by the factor theorem.

Dividing:
2u? 4+ 5u — 3
U — 1)2u3 +3u? —8u+3
20U — 242
5u? — 8u
5u* — bu
—3u+3
—3u+ 3
0

(u—1)(2u* +5u—3) =0
(u—1DRu—-1)(u+3)=0



1
u=1 u=§ u=-3

1
cotf =1 cot@za cotf@ =-3
1
tanf =1 tanf =2 tan@z—g
0 =45 6=63.4" 0= —-18.4" + 180 = 161.6°

y =tanf




Questions such as those in this exercise are often easier if you have memorised the formula.

1 Using cos (A + B) = cos A cos B — sin A sin B:

cos(z + 307)

=coszcos30° — sinzsin30°
V3 .

= 5 cosz — osin

2 a Using sin (A + B) = sin A cos B + cos Asin B:

sin20° cos 70° + cos 20° sin 70"
=sin(20" + 70")
=sin90°
=1
. tan 4 + tan B
e Usmg ta.n(A + B) = m:
tan25” 4 tan20”
1 —tan25° tan20°
=tan(25° +20°)
=tan4b”’
=1

3 ¢ cosl05°
=cos(60° +457)
=c0s 60" cos45° — sin60° sin 45"

1 V2 B _V2
272 T2 *T%
VI B
T4 4
_VI-B
4
d tan(-15)

=tan(30° — 45°)
_ tan30" — tan45”
" 1+tan30° tan45°

(-
T (V3+1)1-VI
1-2/3+3

T 1-3
_4-23

-2

4 cos:::—4
5



o] w

sinx =

cos(z — 60°)

=cosz cos 60" + sin zsin 60°

Ecos T+ gsinz

1) (5)+ (7 (3)
_4+3V3

10

Use brackets next to each other to indicate multiplication, rather than the multiplication symbol x.
This will then help you to avoid confusion.

4 5
5 SinA=g sin B = 1—3
S YA A S YA A
1
i
13 B
I
|
x 9] 12 X
C C
3 12
cos A= 3 cos B= &

sin(A + B) =sin Acos B + cos Asin B

-GG

5x 13
63

" 65

12 3
inA=— inB=—
6 sin 13 sin 5



13
12

e
%
=Y

=Y

5
cos A =— EFl cos B =

t:amA:—l?2 tan B =

N RS TN

a sin(A+ B)
= sin A cos B + cos Asin B

-BO-D0

b cos(A — B)
= cos A cos B + sin Asin B
[ 5\ (4 12\ /3
(%)) (%) )
_ —20+36
N 65

16
65
¢ tan(A+ B)

_ tanA+tan B

" 1—tanAtanB
_12 3

ey
()

(3)
5

7 Both A and B are in the same quadrant and their respective cosine and sines are both negative. A and B must
both lie in the third quadrant:




YA YA

\

_/

\7
A

|
¥

N U

=
(o]
N

For questions with multiple parts (like Question 7 here), it is always good to work out of all of the
standard trigonometric ratios first.

. 3 4 3
smA——g cosA——g tan A = 1
. 8 15 8
s.mB——17 cos B= 7 tan B = G

a sin(A + B) =sin A cos B + cos Asin B

YD

b cos(A+ B)
= cos A cos B — sin Asin B

(-

¢ tan(A — B)
_ tanA —tan B

" 1+tanAtanB
3 8

[o o}
>

tan(A — B) =2
tan A — tan B _9
1+tanAtanB



Substituting tan A = t:
t—tanB
T+ttanB
t—tanB =2+ 2ttan B
2ttanB+tanB =t — 2
(2t+1)tanB =t —2
t—2

cos(A — B) =3cos(A + B)
cos Acos B + sin Asin B = 3cos Acos B — 3sin Asin B
2cos Acos B =4sin Asin B

sinAsinB 2
cosAcosB 4
1
tanAtanBzE
a 8 + cosec? @ = 6 cot 0

Using cosec?8 =1 + cot? 6:
8 + (1 + cot? §) =6 cot O
cot? —6cotd+9=0
Letting u = cot 6:

u? —6u+9=0

(u—3)>=0
u=3
cotd =3
1
tanf = =
amr=3
b tan(6+457)
_ tan@ +tan45’
" 1-—tanftand5’
__tanf+1
~ 1—tané
1
—+1
1_

/
wl
— w|~=

wl
N——

N ool o~

Il

Quadratic equations often arise naturally in trigonometric problems, largely because the
relationships between functions usually rely on the squared expression.

a 2sec’r + 7Ttanx =17
Using sec’z = 1 + tan® z:
2(1+tan’z) + Ttanz — 17 =0
2tan?z + Ttanz — 15 =0
Letting u = tan z:
2u? 4+ Tu —15=0
(2u—3)(u+5)=0

3
uzgoru:—S



3
tanz = Eortanx:—5

x is acute, so tanx > 0
3

tanx = —

b tan(225° —z)
_ tan225° —tanx
T 1+tan225" tanz
_ tan45” —tanz
" 1+ tan45 tanz
(Using: tan 225° = tan(225° — 180°) = tan45")
_l1—tanz
= TTtanz
3

2

1+

1) ot

12 a sin(z + 30°) = 5 cos(z — 60°)
sinz cos30° + coszsin30° = 5cosx cos60° + 5sinzsin60°
sinz (cos30° — 5sin60°) =cosz (5¢cos60° — sin30°)
cosz  cos30° — 5sin60°
sinz  5cos60° —sin30°

VB
cotx = 2 2
5 1
2 2
—4
cotx = 4"/3 =—3
b Using the result from part a:
cotz = —+/3
1
tanz = — =—

z=-30"orz=-30"+ 180" = 150"

13 a cos(x +30°) =2sinz
coszcos30” —sinzsin30° =2sinz

V3

1. .
—_—COoS T — Esm:c =2sinz

2
—cosxzisinx
2 2
sinz \/3
cosx _?
tanz = ﬁ

=191 orz=19.1" + 180" =199.1°

b x=-30" (out of required range) or z = —30" + 180" = 150" or z = 150" + 180" = 330".

Trigonometric ratios — particularly those using tangents — often force you to use double or triple-
decker fractions, as in worked solution 14 c. Keep calm and work carefully.



14 b 2tan(45" — z) = 3tanxz
tan45° — tanx
<1 + tan45° tanz
2 (Hﬂ> =3tanx
1+ tanz
2 —2tanz = 3tanz + 3tan’ z

3tan?z + HStanz —2 =0
Letting u = tan x:

> =3tanx

3u? +5u—2=0
Bu—-1)(u+2)=0

L 2
U= —oru=—
3

tanx = 5 ortanz = —2

r=18.4" orx = —63.4° +180° = 116.6"

d sin(z 4+ 60°) = 2cos(z + 457)
sinz cos60° + cosxsin60° = 2 cosx cos45° — 2sinz sin45°
sin z(cos 60" + 2sin45°) = cos z(2cos45° —sin60°)
sinz  2cos45’ —sin60°

cosz  cos60° + 2sin45°

2 V3

tanx = u
1, V2
PRI
2v2- V3
tanz =
1422
z=16.0°
15 tan(z — 45°) + cotz = 2
tanz — tan45° 1
1+ tanztan45’ + tanz
tanz — 1 1

tanz +1 tanz
tanz(tanz — 1) + 1 + tanz

tanz(tanz + 1)

tan?z —tanz + 1 +tanz =2tan’z + 2tanx
tan’z + 2tanz —1 =0
Letting u = tan z:

w+2u—1=0

2
242 —dx1x(-1) 5, 5
)

u = =
2x1

tanz =—1+4++2ortanz = —1 — /2
r=225"orz=—67.5"+180° =112.5°

16 cos6x = cos(bz + x) = cosbz cosz — sinbzsinz ....... [1]
cos 4z = cos(bz — ) = cos bz cosz + sinbzsinz ....... [2]
[1] +[2]:

cos 6x + cos4x = 2 cos bx cos ¢ + sin Hx sin ¢ — sin bz sin x

=2cosbxrcosz
17 cos(z —y) =coszcosy+ sinzsiny

Note that p> + ¢> = (sinz + siny)” + (cos z + cos )



=sin? z + 2sinz siny + sin® y + cos® £ + 2 cos z cosy + cos’ y
=sin? z + cos? z + sin? y + cos® y + 2(cos z cos y + sin z sin y)
=1+ 1+ 2(coszcosy + sin z sin y)

p? +q? =2+ 2cos(z — y)

PP+ -2

cos(z — y) 5



a Using sin24 = 2sin Acos A:
25sin 28" cos 28" =sin(2 x 28°) =sin 56"

b Using cos24 =2cos’ A — 1:
2cos?> 34" — 1 =cos(2 x 34°) = cos 68°

4 Usingta.n2A=M:
1 —tanZ A
_2tanl? tan(2 x 17°) = tan 34"
1—tan217°
S YA A

=Y

SN

tanz—i cosar:—i sinz =
=3 =3 =

a sin2x = 2sinxcoszx

()

_u
T 25

b tan3z = tan(2z + z)
_ tan 2z + tanx
" 1—tan2ztanz

2t
Buttan2z=ﬂ
1—tan’?z




3

tan 2z + tanz
So tan 3x = tanz ftanz
1 —tan2xtanz

24 4
=+

96
14 —
* 21
28172
© 21496
M
-o1r
625% — 5277 = 3367
S YA A
]
]
]
]
|
336 : 625
] 2x
]
]
]
. >
527 O x
C
a From the diagram:
sin 2z = 336
625
b From the diagram:
tan 2z = 338
527
YA
S A
X
N
— :
4
I
! 5
]
]
]
C
. 4
sinz = —
@ 5

sin2x = 2sinxz cos

(0

24

25



sin 2z
¢ tan2z =

cos 2x
2sinx cosx

" 2cos?z — 1

2(5) (5)

3cos2x 4+ 17sinz = 8
3(1 —2sin’z) + 17sinz = 8
3 —6sin’z 4+ 17sinz =8
6sin’z — 17sinz + 5= 0
Letting u = sin z:
6u’ — 17u+5=0
Bu—-1)(2u—-5)=0

U= _—-oru—=——_

3 2

. 1 . 5 . 5
sinz = — or sinz = — [ not possible as— > 1
3 2 2

a 2sin 20 = cos 6

2(2sin 6 cos ) = cos b

4sinfcosf = cosb
cosf(4sinf —1)=0
cosf =0

giving 6 = 90° or § = 270"

orsinf = —
giving § =14.5" or 0 = 180° — 14.5°

b 2c0s20 + 3 =4cosf
2(2c05297 1) +3=4cosf
4cos’ —2+3=4cosf

4cos? —4cosf+1=0

Letting u = cos 6:

40> —4u+1=0

(2u—1)>=0
1

U = =

2

1

9= =

COos D)

0=60" or=2360" —60° =300"

c 2c0s20+1=sinf
2(1—2sin?6) + 1 =sin6
2 —4sin? 0 + 1= sind
4sin®> 0 +sinf —3 =10
Letting u = sin 6:

=165.5"



4> +u—-3=0
(du —3)(u+1) =0

u=%oru=—1
3
sin 1

giving 6 = 48.6" or § = 180" — 48.6° = 131.4"
orsinf = —1

giving 6 = 270°

When there are multiple calculations to make in a question, you might find that you don’t want to
think about how to factorise. You can always use the quadratic formula instead. If you are not asked
to factorise, you don’t have to. However, if you can factorise, it is always a faster method. You are also
less likely to make mistakes.

b 3cos20 + cosf =2
3(2c0320— 1) +cosf@—2=0
6cos’0 —3+cosf—2=0
6cos? 0 +cosf—5=0
Letting u = cos 6
6u? +u—5=0
(6u—5)(u+1)=0

5
u=goru=—1
5
cos@ = = or cosf = —1

0=33.6" or 0 =180"

e tan 26 = 4 cot 6
2tanf 4
1—tan?f tan6
2tan? 6 = 4(1 — tan® 6)
2tan’ =4 —4tan’6

6tan’ 0 =4
tan20=z-
3

2 2
tan0=\/;ortan0=— 3

0=39.2"or=-39.2" + 180" = 140.8"

Note that § = 90° is also a solution.

Whenever you are working on a question that involves cos 2z, you need to remember that there
are three possible identities to use. Two of these identities contain only one of sin « or cos z. This
is usually the key point to help you decide which to use. If you need to convert to cosines, use the
identity with cosines in it. Follow a similar process for sines, too.

cos2A=2cos? A—1
cosdx = 2cos’? 2z — 1
2cos? 2z = 1 + cos 4z
1+ cosdx

22 —
cos® 2z )




10

11

a cos3z
= cos(2z + z)
= cos2x cosx — sin 2z sinx
= (2cos’z — 1) cosz — (2sinz cosz)sinz
=2cos’z — cosz — 2sin® zcosz
=2cos’z —cosz — 2 (1 — cos? m) cos T
=2cos®z —cosz — 2cosz + 2cos®

=4cos®z —3cosz

b sin3z

=sin(2z + z)
=sin 2z cos z + cos 2z sin x
= (2sinz cosz)cosx + (1 — 2sin’ z) sinz
=2sinzcos’ z +sinz — 2sin’ z
=2sinz (1 — sin? :c) +sinz — 2sin® z
=2sinz — 2sin® 2 +sinz — 2sin’z
=3sinz — 4sin’ 2

tan 260 4+ 2tan 6 = 3 cot 0

2tan 0

—— + 2tanf =

1 —tan? 6 At tan 6
2tan0+2tan9—2tan307 3

1 —tan? @ ~ tané

tanf(4tand — 2tan® §) = 3 — 3 tan? 0
4tan? @ — 2tan* = 3 — 3tan®6
2tan* @ — 7Ttan?6 4+ 3 =0
Letting u = tan?
20> —Tu+3=0
2u—1)(u—3)=0

uzioru:?)

1
tan26’=§ortan29:3

1
tanf = £ — ortanf = £+/3
V2 V3

6 = £35.3" or 6 = £60°

Negative solutions are out of the required range, so adding 180° to both negative results:
6 =35.3"

or = —35.3" + 180" = 144.7°

orf = 60°

orf=—60" 4 180" =120°

a tanf + cotf
sin 6 cos 6

cos 6 sin 0
sin? 6 + cos® 6
sin @ cos 6

1

sin 0 cos 6
2

2sin @ cos 0
2

sin 26

b Using the result from part a:



tan — + cot —
a.n12 CO 12

B 2

sin 2 (l>
12

2 cosec 26 tan 6
2tan @
sin 26

_ 2tanéf
~ 2sinfcosf
sin 6
_ <cos0>
~ sinfcosf
sin 0

sin 0 cos?

Using the result from part a:

Eseczez 2
sec’9=4
secd = +2
1
==
cos >
giving 6 = % orf = —%
1
orcosf = ——
2 2
giving 6 = ?ﬂ' orf = —?ﬂ'

cos4x + 4 cos 2z

= cos(2 x 2z) + 4 cos 2z

=2cos?(2z) — 1 + 4cos 2z

=2(2cos’ z — 1)2 —1+4(2cos’z — 1)
=2(4cos*z —4cos’z+1) —1+8cos’z — 4
=8cos'z —8cos’z+2—1+8cos’z — 4
=8costz — 3

Using the result from part a:

2 cos4x + 8 cos 2z

= 2(cos 4z + 4 cos 2z)

:2(8cos4ac—3) =3



14

3
800s4x—3=g-
8cos“:::=59
(:os“:z=1—6

9 3

cos’x ==+ E=iZ
cos’z >0
3
coszzzz-

V3

=:i:—
cosx 2

bl 5
x 6 orx 6

Always remember that squared functions will be at least zero in value. This fact often helps you to
exclude some impossible solutions.

Letting 6 = 18":
sin 30 = sin 54°
=sin(90" — 36°)
=cos 36"
= cos 260
So 6 = 18" is a solution of sin 36 = cos 26.

sin 30
=sin(20 + 6)
= sin 26 cos 6 + cos 20 sin
=2sinfcosfcosf + (1 — 2sin’ §) sin
= 2sin 6 cos? § + sin § — 2sin® @
=2sin6 (1 — sin® ) + sin 6 — 2sin® 6
=2sin0 — 2sin® @ + sinf — 2sin® 9
=3sinf — 4sin 6
cos 20
=1-—2sin?4
sin 36 = cos 26
is equivalent to
3sinf —4sin®0=1—2sin? 0
4sin® 6 — 2sin? @ — 3sinf+1=0
Letting = sin 6:
4z — 22 -3z +1=0
0 = 18" is a solution of 4sin® @ — 2sin? @ — 3sinf+ 1 =0
So sin 18° is a solution of 4z — 22% — 3z + 1 =0.
Let f(z) = 42® — 22 — 3z + 1.
£(1) =4(1)* —2(1)* -31) +1=0
So z — 1 is a factor of f (z) by the factor theorem.

Dividing f (z) by z — 1 using long division:



4z + 22 — 1

a:—l)4:c3—2:c2—3:v+1

423 — 42°
2x% — 3z
2% — 2z

—xz+1
—z+1
0

(z—1) (42> +22-1) =0

2 x 4 N 8 N 4
sin 18° is one of these solutions and sin 18° > 0.
sin18° # 1

-1
sin18° = +\/3

r=1lorzxz=

15 cos 20 > cos 0
2cos?f — 1> cosb
2cos’ —cosf—1>0
(2cos@+ 1)(cosd —1) >0

1
cosf < -3 orcosf > 1.

The second inequality has no solutions.

1

0<——

cos 2
Critical values are:

1

[/ J—

cos 3

2w 47

2Z <

3 3
16 cos20 —3sinf—2>0
1—2sin?0 —3sinf —2>0
2sin20+ 3sinf+1<0
(2sinf + 1)(sinf + 1) < 0

1
~1<sinf< —=
Sin 2

Y .
1 fk y=sin6

Critical values are:



17

18

19

sinf = —1

0 =270°
X 1
sinf = -3

0=210° or 6 =330°
210° <6< 330°

A=180" —z — 3z =180" — 4z
Using the sine rule:

sinz  sin(180° — 4z)
b a
asinz = bsin(180° — 4z)

asinz = b(sin 180" cos 4 — cos 180° sin 4x)

asinez =0 — (—1)bsindz
asinz = bsin4x

asinz = b(2 sin 2z cos 2z)
asinz = 2b(2sin z cos ) cos 2z
asinz = 4bsin z cos x cos 2z
Dividing by sin x:

a = 4bcos 2z cos ¢

a cos3z =cos(2z +z) =cos2zcosz —sin2zsinz ...... [1]
cosz =cos(2z — z) =cos2zcosz + sin2zsinz ...... [2]
[1] +[2]:

cos3x + cosx = 2cos2x cosT

b Using cos 3z + cosx = 2 cos 2z cos x:

cos3x + cos2x + cosx > 0
(cos 3z + cosx) + cos 2z > 0
2 cos2x cos + cos2x > 0
cos2z (2cosz +1)> 0

1
cos 2z > 0 and cosa:>—5 ...... [1]
or

1
cos2z < 0 and cosz < —g [2]

1
cosx > -3 when z < 120° or = > 240°

1
cosT < -3 when 120° < z < 240°

cos 2z > 0 when 0° < 2z < 90° or 270° < 2z < 360°
i.e. when 0° < z < 45° or 135° < x < 180°

cos 2z < 0 when 45° < x < 135°

[1] requires < 120° and 0° < = < 45°

s0 0° <z < 45°

[2] requires 120° < 2 < 240° and 45° < = < 135°
so0 120° <z < 135°

cos40 + 3cos20+1<0

cos(2 x 20) + 3cos20+1< 0

2cos?20 — 14 3(2cos’ 0 —1) +1<0
2(2c0s?0 — 1)° = 1+ 6cos2f—3+1<0
2(4cos?@ —4cos’@+1) —1+6cos?0—-2<0
8costf —2cos?H—1<0
(4cos’0+1)(2cos’0 — 1)< 0

The first bracket is always positive, so



(2c05297 1) <0

20 < =
COS B

Critical values are:

1 1
cosf = — cosf) = ——
V2 V2
0 =45", 315° 6=135", 225°

From the diagram:

45° <0< 135° or 225° < 0 < 315°



When proving identities, you will often find that one side includes more separate terms than
the other. It is usually best to start with this side, because you can then work to simplify. If you
start with the simpler side, you will often need to find ‘tricks’ to help you rewrite the
expressions in a helpful way.

b 1-tan’A
sin? A
cos? A
cos? A sin®A
cos2 A cos? A
cos? A —sin® A
cos? A
cos 24
cos? A
=cos2Asec’ A

f cosec2A + cot 24
1 cos 24
~ sin24 ' sin24
_1+4+cos24
= sin24
_1+2cos’A—1
- sin 24
_ 2cos’ A
~ 2sinAcos A

cos A

sin A
=cot A
1—tan’ A
1+tan? A
sin? A
~ cos? A
sin? A
cos? A
_ cos’ A —sin” A
" cos? A+sin? A
cos2A

1
=cos24

1+

g cos2A+9cosA+5
4+cosA

_2cos’ A—1+9cosA+5
- 4+ cosA
_ 2cos’ A+9cos A+ 4
- 4+cosA
~ (2cos A+ 1)(cos A +4)
- 4+cosA
=2cosA+1

a Using the fact that 44 = 2 x 24:



sin 44
sin A
_ 2sin2Acos2A

sin A
_ 2(2sin Acos A)(2cos® A — 1)
- sin A
=4cosA(2cos’ A — 1)
=8cos® A —4cos A

b Using the fact that 44 =2 x 2A:
cos4A
=2cos?(24) — 1
=2(2cos? A —1)> -1
=2(4cos' A —4cos® A+1) -1
=8cos’A—8cos?A+2—-1
=8cos’A—8cos? A +1

Again, using the fact that 44 = 2 x 2A4:
4cos2A

34(26052147 1)

=8cos’A—4

cos4A +4cos2A=8cos* A —8cos?>’ A+1+8cos> A — 4

=8cos*A—3

2z =2(2sinz cosz)’ = 2sin? 2z

8sin? z cos
But cos 4z = 1 — 2sin? 2z
So 2sin?2z =1 — cos4x
Giving:

2

8sin® zcos? £ =1 — cosdz

(2sin A + cos A)*
=4sin? A+ 4sin Acos A + cos® A
= 3sin? A + 2(2sin A cos A) + sin® A + cos® A

1 1
=3 <5 — 5c052A> +2sin24 +1

3 5
=2sin24 — —cos 24 + —
2 2

1
= 5(4sin2A—3cos2A+5)

cos 2z = cos(3z — ) = cos 3z cosz +sin3zsinz ........ [1]

cos4x = cos(3z + ) =cos3zcosz —sin3zsinz ........ [2]

[1] —[2]:

cos 2z — cos 4z = cos 3z cos ¢ + sin 3z sin x — (cos 3z cos ¢ — sin 3z sin z)

cos2x — cosdr = 2sin3zsinz



15sin@ — 8 cos@ = Rsinfcosa — R cos @ sin

Equating coefficients of sinf : Rcosa =15 ........ 1]
Equating coefficients of cos§: Rsina =38 .......... 2]
[2] + [1]:

8 .
tana = 1—5 = a=28.07

R? =15 + 8
R= 289 =17

15sin@ — 8 cos @ = 17sin(f — 28.07")

15sin@ — 8 cosf = 10
17sin(6 — 28.07°) = 10

. . 10
sin(f — 28.07") = T
0 — 28.07° =36.0 or 6 —28.07° =180" — 36.0°
=144.0"
0=64.1" 0=172°

2cosf — 3sinf = Rcosfcosa — Rsinfsina
Equating coefficients of cos 6 : Rcosa =2 ........ (1]
Equating coefficients of sinf : Rsina =3 ......... (2]
[2] =[1]:

tano = % = a=56.31"

RP=2"+3=13

R=13
2cos6 — 3sin @ = /13 cos(# + 56.31°)

v/13 cos(f + 56.31°) = 1.3

. 1.3
cos(f + 56.31°) = ﬁ
0+ 56.31° = 68.8657...."
or 0+ 56.31" = 360" — 68.8657...."
=291.134...°

0=2348"or §=12.6"

15sin6 — 8cosf = Rsinfcosa — Rcosfsina
Equating coefficients of sin @ : Rcosa =15 ........ (1]

Equating coefficients of cos 6 : Rsina =8 .......... 2]

[2] = [1]:
tana—iﬁaa—2807°
=75 = 28.

R? = 15% + 82 =289
R= /289 =17
15sin 6 — 8 cos @ = 17sin(f — 28.07")
17sin(6 — 28.07°) =3
3
17
6 —28.07" =10.1642... " or

6 — 28.07° =169.8357..."
6=382"or=1979"

sin(f — 28.07°) =



¢ 15sinf —8cosf = 17sin(0 — 28.07")
30sin @ — 16 cos § = 34 sin(6 — 28.07")
Greatest value when sin(6 — 28.07°) =1

Greatest value = 34

a 4sinf —6cosf = Rsinfcosa — Rcosfsina
Equating coefficients of sinf : Rcosa =4 ........ 1]
Equating coefficients of cos 0 : Rsina =6 ........ (2]

[2] =[1]:

tana = 2 = a=56.31"

4
R?=4*+6=52
R=./52=2/13

4sin@ — 6cos @ = 2/13 sin(6 — 56.317)

b 2/13sin(f —56.31°) =3

3
in(6 — 56.31") = ——am
sin( )=

0 —56.31° = 24.583 ..... ° or 60-—56.31"=155.416 ..... :
0 =280.9" or § = 211.7" (out of the required range)

€ (4sinf —6cosh)’ — 3
= {213 sin (6 — 56.31°)}* — 3
=52 sin?( — 56.31°) — 3
0 < sin?(6 — 56.31°) < 1
—3 < 52sin?(f — 56.31°) — 3 < 49
Maximum = 49
Minimum = —3
a 3sinf+4cosf = Rsinfcosa + Rcosfsina
Equating coefficients of sinf : Rcosa =3 ........ 1]
Equating coefficients of cos 0 : Rsina =4 ........ 2]
[2] = [1]:
tana = % = a=53.13°
RP=3+4=125
R=5
3sinf + 4 cos @ = 5sin(f + 53.13")

b 5sin(6+53.13") =2
sin(6 + 53.137) = %

0+ 53.13° =23.578...°
or 6 +53.13" =180" —23.578...°

=156.4218..."°
or 6+ 53.13° =23.578" ... + 360"
=383.578...°
6= —29.6" (out of the required range)
0 =103.3"
0 =3304"

Questions using this particular trigonometric method usually require you to add an angle at the
very end, as has been the case in almost every question so far. When you add this angle, it will
sometimes give you a solution out of the required range. If this happens, another solution will
appear at the opposite extreme.



b

3sinf + 4 cos 6 = 5sin(0 + 53.13")
3sinf + 4cosf + 3 = 5sin(0 + 53.13") + 3
Minimum value = -5 + 3 = -2

cos@ + 4/3sin@ = Rcosfcosa + Rsinfsina

Equating coefficients of cos: Rcosa =1 .......... 1]
Equating coefficients of sinf: Rsina = /3 ........ 2]
[2] + [1]:

™
tana=+/3=>a= 3
R=1+ (/3" =4
R=2

cos @ + /3sinf = 2 cos (9 - %)

. T
cos + /3sinf = 2 cos (0— E)
1 1

(cosG—i-\/gsinﬁ)2 - 22 cos? (0— g_)
= %sec2 (0 - %)

8 sin 20 + 4 cos 260 = R sin 20 cos a + R cos 20 sin o

Equating coefficients of sin 26 : Rcosa =8 ........ (1]
Equating coefficients of cos 26 : Rsina =4 ........ [2]
[2] = [1]:

tana = % = a=26.57"
R*=8+4*=80
R=.80=4,5
8sin 20 + 4 cos 20 = 4+/5sin(20 + 26.57")
4./5sin(20 + 26.57°) =3
3
sin(260 + 26.57") = =——
( ) i

260 +26.57° =19.597...° = 8 = —3.5" (out of the required range)
or  20+26.57° =180" —19.597..." =160.40251..." =6 =66.9"
or  20+26.57" =19.597..." + 360" =379.597... " = 0 =176.5"
or  20+426.57" =160.40251... " + 360" = 520.40251..." = 0 = 246.9"
or  20+26.57° =379.597..." + 360" =739.597..." = 6 = 356.5"

85in 20 + 4 cos 20 = 4+/5sin(20 + 26.57")

10 B 10
(8sin20 + 4cos20)”  (44/5sin(20 + 26.57"))"
B 10
80 sin?(20 + 26.57°)

Least value when the denominator is largest.

10 1
Least value = 0°-3

Although the sine and cosine functions are restricted to outputs between 1 and —1, you will find
that the range is even narrower if there are any squared functions. Always watch out for this.

cos@ — v/2sinf = Rcosfcosa — Rsinfsin o
Equating coefficients of cos§: Rcosa =1 .......... 1]

Equating coefficients of sinf: Rsina =2 ........ 2]



10

[2] = [1]:

tana = v2 = a = 54.74°

R =1+ (v2)*=3

R=3

cos§ — +/2sin @ = /3 cos(f + 54.747)

V3cos(0 +54.74°) = —1

1
cos(f + 54.74°) = ——

V3
0+54.74° =125.264..." =0 ="170.5"
or 0+ 54.74° =360° —125.264...°

=234.735...° =180°
1
(\/5c0s072sin0)2
1
; (\/i)z(cose— \/Esine)2
1
 2(yFcos(6 + 54.74°))
_ 1
6 cos?(6 + 54.74")

Lease value when the denominator is largest.

1
Least value = 5

cosf —sinf = Rcosfcosa — Rsinfsina
Equating coefficients of cos§ : Rcosa=1 ....... 1]
Equating coefficients of sin@ : Rsina =1 ........ 2]
[2] = [1]:
t l=a=12

ano = oa=—

4

R=1+1"=2
R=12
cos — sin 6 = /2 cos (¢9+ %)

Using the result from part a, the given equation is equivalent to:

s (043) =38

cos(@—&—g) *% ?
0+ % —%:>9= % — % —flﬂ—z(outofthe required range)
or0+%—27rf%:117ﬂ-:>9:117ﬂf%:119—;
or0—|—%: +27T:£6W:>0:1377r—§:213—;

sinf — 3cosd = Rsinfcosa — Rcosfsina
Equating coefficients of sinf: Rcosa =1 ........ 1]

Equating coefficients of cos @ : Rsina =3 ........ 2]

[2] = [1]:



11

12

tana =3 = a="T71.57"
R=1"+3=10

R=10

sinf — 3cos @ = /10 sin(f — T1.57°)

v/10sin(f — 71.57°) = -2
2
sin(@ — 71.57°) = ——
( ) V10

0 — 7157 =-39.231...° = 6 =32.3"

or 60— 71.57° =180" — (—39.231...°) =219.231... " = 0 =290.8"

sin 26 — 3 cos 26 = /10 sin(26 — 71.57°)
1 +sin26 — 3cos 20 = 1 + 4/10 sin(20 — T1.57°)
Greatest possible value occurs when
sin(20 — 71.57°) =1
20 — 71.57° =90°
60 =80.8"
Greatest possible value is 1 + /10

/5 cos@ + 2sinf = Rcos fcosa + Rsinfsina

Equating coefficients of cos 6 : Rcosa = /5 ........ 1]
Equating coefficients of sin 6 : Rsina =2 ............ 2]
[2] +[1]:
tana = 2 = a=41.81"°

V5B

R?=(vB)* +22 =9
R=3
V5 cosf + 2sinf =3 cos (6 — 41.817)

3cos (0 —41.81°) =3
cos(f—41.81°) =1
0—41.81° =0

0 =418

1
3 cos (50 — 41.81°) =-1
1 1
-0 —4181° ) = —=
cos (2 ) 3

%0 —41.81° =109.471...° = 6 =302.6"

3secl + 4 cosec @ = 2 cosec 20

3 4 2

cos 6 sind ~ sin26
3sinf +4cosf 2

sin 6 cos 6 " 2sinfcosb

3sinf +4cosf =1
3sinf + 4cosf = Rsinfcosa + R cosfsina
Equating coefficients of sinf : Rcosa =3 ........ 1]
Equating coefficients of cosf: Rsina =4 ........ 2]
[2] = [1]:

4 .

tana = E = a=>53.13
RR=32+42=25

R=5
3sinf + 4 cosf = 5sin(f + 53.137)



c 3sinf +4cosf =1
5sin(f 4 53.13°) =1

1
sin(6 + 53.13°) = =

ot

6 +53.13° =11.5369... " = 6 = —41.6" (out of the required range)
or 6+5313"=180" —11.5369...° =168.463..." =6 =115.3"
or 6+53.13° =11.5369...° +360° =371.5369... = 0 =318.4"

a sin(6+30°) + cosb
=sinfcos30° + cosOsin30° + cos b

3 1
= %sin9+ 5cos€+ cos 6

3 3
= %sinﬁ + 50050 = Rsinfcosa+ Rcosfsina
3
Equating coefficients of sin 6 : R cos o = % ..... 1]
Equating coefficients of cos § : Rsina = — ........ 2]

[2] = [1]:
tana = /3= a=60"

2 2
:_ (V3 3y 23,9
L NnEE
R=.3
sin(6 4+ 30°) + cos @ = /3 sin(0 + 60°)

b +3sin(0+60°) =1

sin(6 + 60°) =

Elle

0+ 60° =35.3" = 0 = —24.7 (out of the required range)
or 6+4+60°=180" —35.3" =144.7° = 0 =84.7°
or 6+60°=353"+4+360° =395.3" = 6 =335.3"

a 7sin?60+9cos’ @+ 4sinfcosh + 2
= 7(sin?  + cos® 0) + 2 cos® 6 + 2(2sinf cos §) + 2
=2 cos® 0 + 2sin 20 + 9 (using sin? § + cos? § = 1)
=2cos’f — 1+ 2sin260 + 10
= c0s 20 + 25sin 26 + 10 (using 2 cos? § — 1 = cos 26)
cos 260 + 2sin 26 = R cos(26 — «)
cos 20 + 2sin 26 = Rcos 26 cosa + R sin 20sin

R cosa =1

R sina =2
REP=124+22=5
R=.5

tana =2 = a = 63.4°
cos 20 + 2sin 26 + 10 = /5 cos(20 — 63.4°) + 10
Maximum = 10 + /5
Minimum = 10 — /5

b 7sin? @ + 9cos® @+ 4sinf cosf =10
7sin260 + 9cos’> 6 +4sinf cosf +2 =12

From the working in part a:

V5 cos(20 — 63.4°) + 10 = 12

2
cos(20 — 63.4°) = —
VB

20 — 63.4° = 26.56505"



or

or

or

or

20 — 63.4° = 333.43499°
260 — 63.4 = 26.56505° + 360° = 386.56505"

26 — 63.4 = —26.56505° (included because the addition of 63.4° brings it into the
range)

0=18.4",45",198.4",225°



END-OF-CHAPTER REVIEW EXERCISE 3

1

You can get to the graph required by transforming the graph of y = sec z:

y=secx
1 Translation 90° in the positive z-direction.
y=sec(z —90°)
1
l Stretch, factor 3 parallel to the z-axis.
y=sec(2z — 90")
J Stretch, factor 3, parallel to the y-axis.
y=3sec(2z — 90°)
YA ' '
: y = 3sec(2x - 90°) :
34 ' '
] 1
|} '
' "
0 P 180 X
|} 1
-3 ' /\:
] 1
' '

If you are not comfortable with successive graph transformations, use a graph plotter to work
through the various stages shown in worked solution 1. It is helpful to watch the graph build, step-by-
step. Simply enter each of the equations in turn, think about what has changed in the equation and
match that with the changes you see on the screen.

cosec @ = 3sin 6 + cot 6

. cos 6
sin@ 3sin 6+ sin @
Multiplying both sides by sin 6:

1= 3sin% 6 + cos 0
3(1 —cos? ) + cosf —1=0
3—3cos’0+cosf—1=0
3cos’f —cos§—2=0
Letting u = cos 6 :
3u! —u—2=0
Bu+2)(u—-1)=0

2
u=—§ oru=1
2
cos9=—§orcos0=1

0 =131.8" or 8 = 0" (just out of the required range)

4 V2 -1

=415
0
1
1 . V15
cosA—Z sinA = — n

sin2A = 2sinAcos A

(2



2tan’ 2z +secz = 1
2(sec’z — 1) +secx =1
2sec’z +secx —3 =0
Letting u =secz :
20’ +u—3=0
2u+3)(u—1)=0

3
U=——= or u=1
2
3
secr = —— secr =1
2
2 1
cosx = —=— coszx =
3
r=131.8" z=0°"
or or
z=360" —131.8° =228.2° z = 360"

2 cot? z + 5 cosec z = 10
2 (cosec2:v — 1) +5cosecz —10=10
2 cosec’z + H5cosecz — 12 =0
Letting u = cosec x :
20 +b5u—12=10
2u—3)(u+4)=0

3
u=—oru=—4

2

3
cosec T = 3 or cosecr = —4
. . 1
sinzx = — orsinz = ——
3 4

xz =41.8" or x = —14.5° (out of the required range)
z=180" —41.8° =138.2" orz = 180" — (—14.5") =194.5" orz = —14.5" + 360 = 345.5"

a sin(z +60°) + cos(z + 30°)
=sinz cos60° + coszsin60° + cos z cos 30° — sin z sin 30°

=30 orz=360" — 30" =330"

a sin(60° — ) + cos(30° — x)
=sin60° cosz — cos60° sinx + cos 30° cos z + sin 30° sin x

V3 1, V3 1,
= —COST — —SINIT + —cCcos<T + —SInx
2 2 2 2

= +/3cosx

2
b TsecT = V3cosz

2
= 4/3cosx
5cosx
9 2
cos’ r =

5v3

[ 2 2
COST = — Oor Cosxr = — —
5/3 53

r=61.3" r=118.7°
or or
z=2360" —61.3° =298.7° r=360" —118.7° = 241.3°



10

tan(z + 45) = 6tanx
tan z + tan 45

—_ — fta

1 — tan z tan 45 ne
1+ tanz
—— =6tanz
1—tanz

1+tanz =6tanz — 6 tan®
6tan? —5tanz +1=0
6tan? —5tanz +1=0
Letting u = tanz :

6u? —5u+1=0
2u—1)Bu—1)=0

1 or _ 1

'U,ZE u—g

1 1

tanx—i tanw—g
r =26.6" r=184"°

tan(z + 45°) — tan(45° — z)
tanx + tan45° tan45” — tanz

= 1—tanztand5® 1+ tand5® tanz
_tanz+1 1-—tancz

“1—tanz 1+tanx
(tanz +1)> — (1 — tanz)
(1 —tanz)(1+ tanz)
_ tan’z + 2tanz + 1 — (1 — 2tanz + tan’z)

2

1— tan’z
_ tan’z +2tanz + 1 — 1+ 2tanz — tan’z

1 —tan’z
4tanzx

~ 1—tan’z
2tanx

© 1 —tan’z

= 2tan 2z

2tan2z =6
tan 2z =3

2¢ = 71.565...° or 2z = 71.565...° 4+ 180° = 251.565...°
z =35.8" x =125.8"

3cosf 4 sinf = Rcosfcosa + Rsinfsina
Equating coefficients of cos §: Rcosa =3 ......... 1]
Equating coefficients of sin : Rsina =1 .......... [2]
[2] = [1]:
1 .
tana = 3 = a=18.43
R=3+1"=10
R =410
3cosf + sinf = /10 cos (6 — 18.437)
V10 cos (2z — 18.43°) = 2
2
cos (2z — 18.43°) = ——
( )=~
2z — 18.43° = 50.7684... = x = 34.6°
or 2z —18.43° =50.7684... + 360 = 410.7684 = 214.6°

or 2z —18.43° =360 — 50.7684... = 309.2316... = 163.8"
or 2z —18.43° = 309.2316... + 360 = 669.2316... = 343.8"



11

12

13

cos(60° — z) + cos(300° — z)

=c0s60° cosz + sin60° sinx + cos 300° cosz + sin 300" sin x

)= o] =

1
cosz + ﬁsin:z + Ecosz — Tsin:c

2

1
cosx + Ecos T

Il
Q

0sS T

From part a:

cos 15° + cos 255°
=cos (60" —45”) + cos (300" — 45°)
=cos 45

VZ

)

.. 1
n cos T = Zcosec T

1
cosT = ey
2sinx cos L
T = =
2
1
i 2 R
sin 2z 5

2¢0=30"=x=15"0or2z =180" — 30" =150" =z = 75"

2sin 20 — 3 cos20 4 3
sin 0
_ 2(2sinfcosf) — 3(1 — 2sin6) + 3
= sin 6
_ 4sinfcosf — 3 + 6sin’0 + 3
- sin 6
_ 4sinfcos 6 + 6sin?6

sin 6
=4cosf + 6sinf

In worked solution a, for cos 26 we chose to use the identity including sin?6. Dividing by sin 6 still

leaves sin @ in the final expression.

4cosf + 6sinf = Rcosfcosa + Rsinfsina
Equating coefficients of cos : Rcosa=4 ....... 1]

Equating coefficients of sin@: Rsina =6 ........ (2]
[2] = [1]:
tana = %:a=0.98
R =4 16’ =52

R=213
4cos @ + 6sin@ = 24/13 cos (6 — 0.98)

(25in29 — 3cos 26 + 3)2
sin @

= (4cosf + Gs;inO)2

= (2¢/13 cos (0 — 0.98))2

= 52 cos?® (6 — 0.98)

Greatest value = 52

4sinf — 6cosf = Rsinfcosa — Rcosfsina

Equating coefficients of sin@: Rcosa =4 ....... (1]

Equating coefficients of cos §: Rsina =6 ....... 2]

[2] = [1]:



tana = % = a=56.31"
R* =4+ 6% =52
R = 24/13
4sin@ — 6cos @ = 24/13 sin(f — 56.31°)
i 2/I3sin(0 - 56.31°) =3
sin(f — 56.31°) — —>

2413
0 — 56.31° = 24.5838..." = 6 =280.9"
or @ —56.31° = 180" — 24.5838..." = 155.4161..." = 0 = 211.7"

il (4sinf — 6cosf)” + 8
= (2y/13 sin(6 — 56.31°))* + 8
=52sin?(§ — 56.31°) + 8
Greatest value = 52 + 8 = 60
Leastvalue =0+ 8 =8

14 i sin30
=sin(260 + 6)
= sin 20 cos 6 + cos 20sin @
=2sinfcosfcosf + (1 — 2sin® §) sin @
= 2sinf cos? @ + sinf — 2sin® 0
=2sin (1 — sin? @) + sin @ — 2sin® @
=2sin6 — 2sin® 6 + sin6 — 2sin® @
=3sinf — 4sin® 0

1
i .1:3—:::+E\/§=0

Lettin a:—28in0'

g - \/g .
2sin9)3 2sinf 1
(%) -2+

8sin®¢ 2sinf 1

B B

16sin® 6 — 12sinf +3 =0
—4(3sinf — 4sin®*0) +3 =10

—4sin30+3=0
3
i 0: -
sin 3 7
e 3
jii sin30 = 1
30 = 48.5003° ... = 6= 16.2° = 252% _ (399
V3
R . . . 2sin @
or 30 =180" — 48.5903..." = 131.4097...° = 0 = 43.8° = Vil 0.799
2ei
or 30— 131.4007°.. —360° = 0= 762" = 2309 _ 119

Note that this is a cubic equation, so three different solutions will be needed. Keep adding and
subtracting 360° from the values of 36 that you already have until you get all of the solutions.
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16

17

1
sin(z + 30) + cos(z + 60)

1
:sin:vcos30+c0swsin30—|—coswcos60—sin:vsin60
1
T3 1 1 3
%sin$+5cosm+§cosm775m:c

1

" cosz

=secx

secx =7—tan’z
secx =7 — (sec’z — 1)
sec’z +secx —8=10

Letting u = sec z:

v +u—8=0
Sl 1P —dx1x(-8) gy
. -1+ /33
2x 1 2
—1+ 33
seCl = —————

2

2 2
———(— Orcos,¥r = ————
—14+/33 -1 —-4/33

z =60, z = 104.5, = = 255.5, = 300

COST =

cosect z — cot* z

= (cosec® z + cot? z)(cosec® z — cot? x)
= (cosec? z + cot? z)(1 + cot? z — cot? x)

= cosec’z + cot?

cosec’z +cot? £ =16 — cot z
(1 + cot? ) 4 cot?> z = 16 — cot x
2cot’z +cotz —15=0

Letting u = cot x:

(2u — 5)(u+3) =0

5
= = =_3
U 5 or wu
5
cotx = = cotx = -3
2
2
tanx = — tanz = —=
5 3
r=21.8" r=-18.4" 4+ 180° = 161.6"

At the points of intersection:

1+ 4cos2z = 2cos® z — 4sin 2z
2cos’z — 1 — 4cos 2z = 4sin 2z
cos2x — 4 cos 2z = 4sin 2z
—3 cos2x = 4sin 2z
3cos2x +4sin2x =0
3cos2x + 4sin 22 = Rsin 2z cos o + R cos 2z sin
Equating coefficients of sin 2z: Rcosa =4 ....... 1]

Equating coefficients of cos 2z: Rsina =3 ....... 2]

[2] = [1]:
3 .
tana = 1 = a = 36.87

R*=3%+4*=25
R=5
4 sin 2z + 3 cos 2z = 5sin(2z + 36.87°)



¢ 5sin(2z 4 36.877) =0
2z + 36.87° = 0 = = = —18.4 (out of the required range)
or 2z + 36.87° = 180° = = = 71.6"
or 2z 4 36.87° = 360° = = = 161.6°



CROSS-TOPIC REVIEW EXERCISE 1

3z — 1| < |2z + 1]

9(z — 1)* < (2z + 1)°
9(z? -2z +1) <4z’ +4z+1
927 — 18z + 9 <4a’ + 4z +1
522 — 22z +8<0
Critical values:

522 — 22z +8 =0
(5z —2)(z —4) =0

2
= - =4
xT 501‘2}

1

Remember that you can also use graphs to solve modulus equations without squaring. A graphical

method avoids having to solve quadratics.

y
10
5)
0,=
(05
/ 0,4
. ( . ) >
-6 0 6 *
-10 -
2
5 <zx<4
2 213 -1|=3
2(3*-1)=3" or
2(3*)—2=23"
3F=2
log 3* =log 2
zlog3 =1log2
log 2 _
x = 0.631 (to 3 significant figures)

- log 3

2(3* — 1) = —3°
2(3%) -2 =-3"
3(3%) =2
3z+1 =92

log (3**1) =1log 2
(z +1)log 3 =log2

1= log 2
log 3
log 2 -
— 1= —-0.369 (to 3 significant figures)




Here, it does not matter which logarithm base you use, as long as it is the same throughout each
equation.

i [3z + 4| = |3z — 11|
(3z +4)* = (3z — 11)°
9% + 24z + 16 = 922 — 66z + 121

90z = 105
17
9 6
ii The equation is the same as in part i, but with z = 2¥.
7
W — —
6
7
log2¥ =log —
og 08 &
7
log 2 = log —
ylog og 6
log%
y= Tog 2 =0.222 (3s.1.)
i 2|z —1| =3 |z|
4(z — 1) = 922

4(2? — 2z + 1) = 9a?
4z% — 8z + 4 = 922
522 +8z—4=0

5z —2)(z+2)=0

z=%orz=—2

- 2
i 52 =Zor5° =—2
ol
2
log 5% =log 3 (No real solutions for 5*= — 2 because 5% > 0.)

2
xlog5=logg

2
log 5
T = Tog5 = —0.569 (3 significant figures)
If powers of positive numbers are equated to negatives then you must state that there are no real
solutions and also include a reason.
y = A(b)

Iny=InA+Inb*
Iny=InA+zlnb
Iny = (Inb)z +In A

Y=mX+¢
Y=Iny
m=1Inb
X=x
c=InA
. 4.49 — 2.14
Gradient =m = 50
2.35
= — =047
5
Inb =0.47

b=¢e""=16 (1dp.)
c=InA=214



A=e*""=85(1dp.)
i 3% =5(3%) + 14
(3°)* =5(3%) + 14
(3*)) —5(3*) —14=0
Letting u = 3*:
u? —5u—14=0
(u—T)(u+2)=0
u=7 or u=-2
32 ] 7 32 - _2
3% =2 No real solutions because 3* > 0.
zlog3 =1log7

_log7
" log3

z = 1.77 (3 significant figures)

i |z| =177
T =+1.77

i "y=C
(1.1)"(5.2) =C
(3.2)"(1.05) =C
Dividing:

3.2\" (105 .
1.1 52 )
3.2

1
N = e———— .50
lo, 2
e\ 11
C =6.00
ii "y =C
In(z"y) =InC

Inz" +Iny=InC
nlnz+hny=InC
Iny=-nlnz+InC

Which is in the form of the lineY = mX + K.
Y =Iny

m=-n

X=Inz

K=InC

Always set out which variables are playing which roles in the equation of a line.

3e" +8e " =14
3(e®)’ + 8 = 14e*
3(e*)’ — 14(e*) +8 =0
(3e* —2)(e* —4) =0

2
T = - T =4
3 or ¢



tan(d — ¢) =3

tanf —tang

1+tanftang

tanf —tan¢ =3 + 3tanftan¢

Buttanf 4 tan¢p =1

and tanf =1 — tan ¢

1—tang —tan¢ =3 + 3(1 — tan¢) tan ¢
1—2tan¢ =3 + 3tan¢ — 3tan® ¢

3tan’¢ — 5tangp —2 =0

(3tang + 1)(tan¢g — 2) =0

tand):—% or tang =2

tan9:17<fl>:é tanf=1-2=-1

3 3

¢ =161.6° ¢ =634

0=53.1° 0=135"

11 i

[4z — 1| = |z — 3]

(4z — 1) = (z — 3)°
162> — 8z +1=2>—-6z+9
1522 — 2z — 8 =0

(5z —4)(3z+2)=0

This equation is equivalent to the equation in part i with z = 4Y.

2 4
w—_Z sl

3 5
>0

4
4¥ = 5 is the only solution.

4

In4=1 —
yln n<5>
ln(é)

5

In4

y= = —0.161 (to 3 significant figures)
p(z) =423 + az? + 9z + 9

1
P <5> = 10 by the remainder theorem.

IR ERORE:

1 a 9
§+Z+5+9_10
2+a+ 18436 =40

a=-16
p(z) = 4z® — 162> + 9z + 9
p(3) = 4(27) — 16(9) + 27 + 9 =0
x — 3 is a factor of p(z) by the factor theorem.
Dividing p(z) by  — 3 using long division:
4z? — 4z — 3
z —3)4a® — 162 + 9z + 9




4x° — 122°
— 42?2 + 9z
—4z® + 122
-3z +9
-3z +9
0
4z® — 162° + 92 + 9 = (z — 3)(4a® — 42 — 3)
=(z—-3)(2z-3)(2z+1)=0

3 1
=493

Remember that if the product of two or more brackets is zero, then solutions are found by setting
each of the brackets to zero separately.

12 i By the remainder theorem p(—1) =4and p(3) = 12.
p(x) =22° —4a® +ax + b
p(-1)=-2-4-a+b=4

a—b=-10....... 1]
p(8)=54—-36+3a+b=12
3a+b=—6...... 2]
(1] + (2] :
4a = —16
a= -4
Then from [1]:
-4 —-b=-10
b=6
i p(zr)=22°—42> —42+6
Dividing:
2x — 4
z2+0z—2)2z3—4z2—4z+6
223 + 0z° — 4z
— 4z’ + 0z + 6
—4z% + 0z + 8
-2
Quotient = 2z — 4
Remainder = —2
13 i cosx+ 3sinz = Rcosxcosa + Rsinzsina
Rcosa=1
Rsina=3
R2=124+32=10
R =4/10
tana =3

a="7157" (to 2d.p.)
cosz + 3sinx = /10 cos(z — 71.57")

ii Using the result from part i:

V10 cos(26 — 71.57°) =2

cos(20 — 71.577) = 2

V10
20 — 71.57° = 50.7685, —50.7685
20 = 122.338, 20 = 20.802
0=612",0=104"



14 i

15 i

2In(4z — 5) +In(z + 1) =3In3
In (4z — 5)* + In(z + 1) = In 33
In [(4:1: —5)%(x + 1)] —In27

(42 — 5)%(z +1) =27

(162% — 40z + 25)(z + 1) = 27

16z® + 16z — 40x2 — 40z + 25z + 25 = 27
1623 — 242® — 152 — 2 =0

When trying to find factors using the factor theorem, remember to try the factors of the constant

term first.

p(z) = 162° — 242 — 15z — 2
p(2) =128 —96 — 30 —2=0
(z — 2) is a factor of p(z) by the factor theorem.

Dividing:
1622 + 8z + 1
z —2)1623 — 2422 — 15z — 2
162° — 322
8z2 — 15z
8z — 16z
r—2
z—2
0

162 — 242? — 152 — 2 = (x — 2)(162® + 8z + 1)
= (z — 2)(4z +1)°

Using the results in parts i and ii:

(x—2)(dz +1)* =0
1

:c=2,:c=—z

1
But the equation involves the logarithm of 4z — 5 = —6 when z = — T

So the only solution is x = 2.

p(z) = 82® + az® + bz — 1

By the factor and remainder theorems:
1

p(—1)=0andp (_E) =1

8(-1)* +a(-1)* +b(-1) —1=0
—8+a—-b—1=0

AG=b=9 1)
() (D) -
14 % - % —1=1
a—26=12..... 2]
Then from [1]:
a—(-3)=9

a==6

p(—=1)=0andp (—%) =1



16 i

8(-1)° +a(-1)? +b(-1) —1=0
—-8+a—-b-1=0
p(z) = 8z% + aa? + bz — 1

By the factor and remainders theorems:

a—b=9..... 1]
3 2
1 1
(1) wa(A) o(2) am
a b
-1+ T3 1=1
a—2b=12....... (2
(1] = [2]:
b=-3
Then from [1]:
a—(-3)=9
a=6
p(z) = 8z® + 622 — 3z — 1
Dividing:
8z — 2z —1
z+1)82% +62% — 3z — 1
8z® + 8z*
— 222 — 3z
—22% — 2z
—z-1
—z—1
0

823 + 62 — 3z — 1 = (z + 1)(8z% — 2z — 1)
=(z+1)(4z +1)(2z — 1)

Notice that part ii of Question 15 does not make any reference to ‘solve’. You can, therefore, stop
at the point of factorisation.

p(z) =3z® + 22> + az + b
By the factor and remainder theorems:
p(1) =0 and p(2) =10
3(1)° +2(1)* +a(1) +b=0
3+24+a+b=0
a+b=-=5. . 1]
32 +2(2° +a(2) +b=10
24+8+2a+b=10

2] - [1]:
a=-—17
Then from [1]:
-17+b=-5
b=12

p(z) =3z® + 22 — 17z + 12
Dividing:

3z% + 5z — 12
z—1)32 + 2% — 17z + 12




3% — 3a?
522 — 17z
52 — 5z
— 12z +12
—12z 4 12
0
323 + 22 — 17z + 12 = (x — 1)(32% + 5z — 12)
=(z—-1)B8z—4)(z+3)=0

= lv _,_3
tTh3

17 i p(x)=2+ax®+bz+8
By the remainder theorem:
p(3) =14 and p(—2) = 24
274+9a+3b+8 =14

9a + 3b = —21
3a+b=-7.... 1]
—8+4a—-2b+8=24
4da —2b=24
2a —b=12........ 2]
(1] + [2]:
5a =25
a=1
Then from [1]:
34+b=-7
b=-10

i p(z)=2a*+2>—-10z+8
Dividing:

z—1

2® + 2z — 8)a® + 2% — 10z + 8

3 + 2% — 8z

-2 -2z +8
—z? -2 +38
0

2+ 2% - 10z +8 = (2* + 22 — 8) (x — 1)
=(x+4)(z—-2)(x—1)
€ =-4,21
18 i p(z)=5z+az’?+b
By the factor theorem:
p(—2)=0and p(—3) =0
—40+4a+b=0

~135+9a+b=0
9a+b=135.... 2]

2] - [1]:
5a =95
a=19
Then from [1]:
76 + b =40
b=-36

Remember that if two different linear polynomials are a factor of another polynomial then so is
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their product.

p(z) = 5z* + 192% — 36
z + 2 and z + 3 are both factors of p(z)
So

(z + 2)(z + 3) = 2% + 5z + 6 is also a factor of p(z).

5z — 6
@* + 5z + 6)52° + 1922 + 0x — 36
5x% + 2522 + 30z

— 62% — 30z — 36
—62% — 30z — 36
0

523 + 1922 4 0z — 36 = (x% + 5z + 6)(5z — 6)
= (z + 3)(z + 2)(5z — 6)
6

r = —3, —2, g

In the new equation

5 = % is the only solution

6
yln5=1In (g)
6
=(5)
In5
p(z) =a* +2° + 32 + 122+ 6

y= = 0.113 (to 3 significant figures)

2?2 +2x+1

@ —z + 4)zt + 2® + 322 + 12z + 6
zt — 2® 4 4x?

2% — 2% + 12z

2z% — 2z% + 8z
z? + 4z +6
2t —x 44
5z + 2

Quotient = 2% + 2z + 1

Remainder = 5z + 2

2 +2x+1

x’—z+4)x4+z3+3z2+px+q

zt — 28 + 422

2a% — z% 4 pzx

223 — 22% + 8z
2 +(p—8)z+gq
22 —z4+4

p—8+1)z+qg—4
Remainder = (p — Tz +q—4=0
p="7
qg=4
Dividing:
z? + 2z +1

m2—z+4)z4+23+3:1:2+7z+4



zt — 28 + 422

22 — 2% 4+ T2
2z° — 2z% + 8z
22—z +4
22—z 44
0

ot +2® + 322 +Te+4=(a —x+4)(a? + 2z + 1)
=(z+1)*(z? — z +4)

Note that 2> — z + 4 # 0 because b — dac =1 — 4(1)(4) <0

So

(z + 1)* = 0 is the only possibility.

z = —1is the only solution.

20 i 2tan’ a + sec?a =5 — 4tana
but sec’a =1+ tan’ a
2tan’a+ 1+ tan’a =5 —4tana

3tan’a +4tana —4 =0

(3tana — 2)(tana +2) =0

2
tana=§ortana= -2

a is acute, so tana > 0
tana = —
3

ii cot(a+ ) =6
1

tan(a + B) =6
tan(a + B) =

tan o + tan 3
1 —tanatanpf

= =)

2
3 + tan 8

Il
o=

2
1- gta.nﬂ

2
4+6tanf=1-— gtanﬁ
12+ 18tan8 =3 — 2tan

20tan B = -9
9
tan 8 = —E

21 i
As a minimum you should show the expansion of R cos (6 + ).

5sin 20 + 2 cos 20 = R sin 26 cos & + R cos 20 sin

Rcosa =5
Rsina =2
R*=5"+2"=29
R =29
tana = g

a=21.80" (to 2d.p.)
5sin 26 + 2 cos 20 = /29 sin(260 + 21.80°)

ii Using the result from part i:



V29 sin(26 + 21.80°) =4

4
sin(26 4 21.80°) = —
V29

20 + 21.80° =47.96889°, 132.03111°, 407.96889°, 492.03111°
#=13.1°, 55.1°, 193.1°, 235.1°

iii 10sin 26 + 4 cos 26 = 2 (/29 sin(20 + 21.80°))

(105in 20 + 4 cos 260)” = 4(+/29 sin(20 + 21.80°))°

= 116 sin?(20 + 21.80°)
1 1

(10sin 20 + 4cos20)°  116sin2(20 + 21.80°)
Least value when the denominator is at a maximum.
sin?(20 + 21.80°) = 1
1 1
ax > = —=
(10 sin 20 + 4 cos 26) 116

22 i p(z)=azx®+ 322 + bz + 12
By the factor and remainder theorems:
P(-3)=0andp(-2)=18
—27a 427 —-3b+12 =0

27a + 3b =39
9a+b=13......... 1]
—8a+12—-2b+12=18
8a+2b=6
40 +b=3 ... 2]
(1] = [2I:
5a =10
a=2
Then from [1]:
18+b=13
b=-5

i a p(z)=22%+3z — 5z + 12

Dividing:
222 — 3z 44
z +3)22% + 32? — bz + 12
223 + 6z’

— 32 — 5z

—3z® — 9z
4z + 12
4z 4 12
0

223 + 32? — 5z + 12 = (z + 3)(22* — 3z + 4)
Note that, for 22% — 3z + 4,

B> —4dac =9 —4(1)(4) <0
222 — 3z +4#0

z = —3 is the only real solution.
b secy=-3
cosy = ——
Y773

y = +109.5°



Differentiation

1 b y =5z(2z +1)°
dy

= 5z[3(2z + 1)*(2)] + (2= + 1)*[5]
= 30z(2z + 1)2 + 5(2x + 1)3

= (2z + 1)*[30z + 5(2z + 1)]

= (2z + 1)*(30z + 10z + 5)

= (2z + 1)’ (40z + 5)

=52z +1)*(8z + 1)

h  y=(2z-1)°3z +4)*

% — (22 — 1)f'di:c [(3z + 4)4] +(3z + 4)4% [(2.7,- - 1)5]
= (2z — 1)°[4(3z + 4)*(3)] + (3= + 4)*[5(2z — 1)*(2)]
= (2z — 1)°[12(3z + 4)°] + (3z + 4)*[10(2z — 1)*]
=12(2z — 1)°(3z + 4)* + 10(3z + 4)*(2z — 1)*
=2(2z — 1)*(3z + 4)*[6(2z — 1) + 5(3z + 4)]
=2(2¢ — 1)"(3z + 4)*(12z — 6 + 15z + 20)
=2(2z — 1)*(3z + 4)*(27z + 14)
2 y=z(z + 4)%
dy d L Ld
= 225[(35 +4)2] + (z +4)2 E[fcz]
=2 B(z + 4)‘:] (= + 4)7[24]
= Wt + 2z + 4
z? + dz(z +4)
- 2 /(z+4
. 5z% 4 16z
2/ +9)
When z = —-3:

dy _5(3) +16(3)
dz 2 (_3+4

3 y=(2-2)@+1)!

:_i =2-2)'[4(z + 1)) + (z + 1)*[3(2 — z)*(~1)]
=4(2-z)*(z+1)° -3+ 1)*'(2-2)°

When z = 1:



dy 3 (o3 4/1\2
- = 2)* — 3(2
<~ 401 (2)" - 32)'(1)
=32 —48
—-16
Whenz=1,y=(2-1)>°1+1)* =16
Equation of the tangent is:
y—16 = —16(z — 1)
y—16 = —16z + 16
16z +y = 32

Question 3 did not ask for a particular form to be used. When this happens it is best to write the
equation of a straight line in the form az + by = c.

y=(z+2)(z—1)°
:_’;’ = (@ +2)B(z — 1)2] + (= — 1)*[(1)]

=3z +2)(z-1)17+(x—-1)°
At the point where the curve meets the y-axis, = 0.
When z =0:

¥ = 3(2)(-1)" + (-1
=6-1
=5

y=0-2 @E+1)’
dy

= =6- z)*[2(z + 1) + (z + 1)*[3(3 — )’ (~1)]
=203 -2)’(z+1) - 3(x +1)*(3 - z)°
=(z+1)3-2)*203 -2z) - 3(z +1)]
=(z+1)(3 — z)*(6 — 2z — 3z — 3)
=(z+1)3-z)*@3 - 5z)

When % =0:

= —1,3,%

When you are asked for turning points it is usually necessary to set a polynomial equal to zero and
solve the resulting equation. You will need to factorise fully, which is why it is good to practice
factorising whenever you differentiate.

y=(e+2vI T = (z + 2)(1 - 20)7

Y @+ [p- 20730 + (@I - 223

=—(z+2)(1—-2z) 7+ (1-22)7
z+2 Wi
1-2z
—(z+2)+(1-2x)
V1-2zx
—r—2+1-2z

T -2
-1 — 3z

Vv1—2z

dy
When = 0:




—1-3z2=0

3z=-1
o 1
)

Remember that a fraction is zero when the numerator is zero.

y=(z—1)*5-2z)+3
L @12+ (5 - 2220 - 1)
=—2(z —1)" +2(5 — 2z)(z — 1)
= (z — 1)[2(5 — 2z) — 2(z — 1)]
= (z — 1)(10 — 4z — 2z + 2)
=(z —1)(12 — 6z)
=6(z —1)(2 - 2)

d
The stationary points are when Ey =0.

Stationary points at z = 1 and ¢ = 2.
When z = 1:
y=(0’(5-2)+3=3

Stationary point at (1, 3).

When z = 2:
y=(1)y>(5-4)+3=4

Stationary point at (2, 4).

When z = 0:
y=(-1)*(5-0)+3=8

The curve meets the y-axis at y = 8.

Expansion of the brackets will show that the coefficient of z* is negative, so the graph will be of the shape
shown in the diagram:

A

y=(x—-1)*5-2x)+3

0 \ >
From part a, the stationary points have coordinates A (1, 3) and B (2, 4).
Equation of the line through A and B:

y—3 4-3
z—-1 2-1
y—3 1

z—1 1
y—3=x—-1
T—y=-2
z=0gives 0 —y=—2
y=2
y=0givesz — 0= -2
T=-2

P(07 2) Q(_2a 0)



The right-angled triangle POQ is as shown in this diagram:

YA
P
2
0 2 0 x

From the diagram:

1
Area of triangle POQ =2 X 2 x 3= 2

Always draw a diagram for situations like this. It will make it much easier to identify which triangle
you need to think about.



z? -3
V=% 1
& - DElE -9 - @ -9l 1)
de 2z — 1)
_ @2-1)@2) - (& - 3)(2)
Bl 2z — 1)?
42 — 2z — 22 +6
(2z —1)°
2z — 2z + 6
(2z — 1)?
2(z* —z +3)
(22 — 1)?

d
You do not need to include the step with terms containing ‘— ’. They are shown here so that you
can see what is happening. In the worked solutions for later questions the relevant parts are simply
differentiated without showing these terms.

5zt
(= —1)°

(e 1) = [50%] — 52 <[ (a2 1))

dx (x2 — 1)*
 (#* - 1)°(202%) — 5z*[2(z? — 1)(2x)]
- (a2 - 1)*
202%(2® — 1)° — 2025(a? — 1)
- (2 —1)*
202° (2 — 1)[(«? — 1) — 2?]
- (22— 1)*
_202°(2® —1)(-1)

o @-

20z°
@ -1)°

dy

-5
vy= z+4
dy  (z+4)1) - (z—-5)1)
dzr (z + 4)°
ztd4-=z+5
(z +4)°
9
a (:1:+4)2
Atz =2:
dy __ 9
de (24 4)°
9

=3

Il
hlt—-glw



Whenever you are asked to find the points at which a curve is parallel to a given line, you simply need

d
to find out what the gradient of that line is and set it equal to Ey

The curve will be parallel to the z-axis when the gradient is zero.
_(@-1)
2z +5
dy (22 +5)2(z —1)] - (= - 1)°(2)
de (2z +5)°
202z +5)(z—1)—2x—1)°
a (2z +5)°
2(22% + 3z — 5) — 2(z? — 2z + 1)
(2z +5)°
42’ 4+ 62— 10 —22% 44z — 2
a (2z + 5)°
227 +10z — 12
(22 +5)°
d

Y _ o
When i =0:

2:1:2+10:v—12_0
(2z +5)° -
222 +10z — 12 =0
a2’ +52—-6=0
(z+6)(z—1)=0
z=1 or z=-6
C(=6-1% 49
C2A-6)+5 T
The points are (1, 0) and (-6, —7).

y=0 y

_1-2z

¥= z—5
dy _ (z-5)(=2) - (1 -22)(1)
dz (x — 5)?

22 4+10-1+2z

(z - 5)°
=2
(@ —5)°

d:
Gradient is 1 when = _ 1:
dz

-2
(-5
(z—5)7%=9

z—5==3

r=5+3

=2 or r=28

1-2(2) 1-2(8)
o5t YTTEos

The points are (2, 1) and (8, —5).



z—4

Y=l
dy  (2z +1)(1) — (z —4)(2)
dz 2z +1)°
_2x+4+1-2x+48
(2z +1)°
. 9
(2z +1)°
Curve crosses the y-axis when z = 0.
When z = 0:
dy 9
de (2(0) +1)
At this point, y = 0_? = —4 = y-intercept
Equation of the tangent is:
y=9x —4
z—1 z—1

b y= ,
vZ+3 op 4 3)3

(22 +3)7(1) - (@ —1) [%(235 +3)7 (2)]

dz 2z + 3
(x —1)
VIZT3 - —
_ VZz +3
2z + 3
(22 +3) - (z—1)
(22 +3)v2z +3
oz +4
.
(2z + 3)7
3—x? 3 — o?
¢ y= -

VAT (213

(=% - 1)%(—2:1:) - (3-42% %(mz - 1)_% (23:)]

dy
dz z? —1
2z(3 — 2?)
—22/77 — 1 — ——
_ 2v/2% — 1
z? -1
—4z(2? — 1) — 22(3 — 2?)
= 3
2(z? — 1)
_ —4a® + 4z — 6z + 22°
- 3
2(z? - 1)7
2z -2
== =3
2(z? —1)2
_ —xz(1+2?)
= —_—
(2 —1)2

Try to use different shaped brackets when writing brackets inside other brackets. In the worked
solution for Question 7, square brackets are used to contain terms with round brackets.



y= —
ve-l 13
@- D70 - e+ 1) [5- 17|

(2 +2)7(22) — (& + 1) [%(:c + 2)"%]
az z+2

(«? +1)
28/ + 2 — ——
VEE2 2z +2
T+ 2

dz(z +2) — (2 + 1)

2(z +2)7
42° + 8z —x? — 1

3
2(z+2)7
322 +8x—1

3
2(z+2)?
When z = —1:

dy _ 3(-1)* +8(-1) — 1

dz 2((~1) +2)T
3—-8-1
==
. 1 1
Gradient of the normal = ——— = —
(-3) 3

Equation of the normal is:

'y—2=%(w——1)
Jy—6=z+1
Jy=x+7
z—-3y+7=0

Remember that the normal to a curve at a given point is the line perpendicular to the tangent at the
same point.

a 2x—-2y=>5
2y=2x -5




20%y —a? — 26y —35=0............ [2]

Substituting [1] into [2]:

2m2<2m2_5> 712726<2x2_5> —35=0

z*(2z — 5) —2? — 13(22 — 5) — 35 =10
2¢3 — 522 — 22 — 26 +65—-35=0
273 — 622 — 26z +30 =0
23 — 322 — 13z +15=0
Note that (1) — 3(1)> = 13(1) +15=1-3 - 13 +15=0

z — 1isa factor of 2 — 322 — 13z + 15 by the factor theorem.

Dividing:
z? — 2z — 15
T — 1)353 —3z% — 13z + 15
2 — a2
— 222 — 13z
—22% + 2z
— 1bx + 15
— 152 + 15
0

(z—1)(z* -2z —15) =0
(x—1)(zx—5)(x+3) =0
z=lorz=-3orz=5
b Making y the subject of the equation of the curve:

y(2z% — 26) — x> — 35 =0
y(22? — 26) = 22 + 35

z? + 35
T 2% 26
dy (22% — 26)(2z) — (z® + 35)(4x)
dz (222 — 26)°
4z’ — 52z — 42® — 140z
- (227 — 26)°
. —192z
= _22(932 —13)
o 48z
= 7_(1:2 — 13)2
mzlgives%:—L(l):_zl_S:_l
oo M3
x = —3 gives dy =— 48(-3) = —144 -9
o (32 —13” 16
m:5givesﬂ=f48—(5):,@:,E
dz 2 144 3

((5)" — 13)



These worked solutions show where the ‘inside’ function has been differentiated. You don’t need to
show this in your solutions; instead you can simply differentiate the ‘inside’ function in your head
and multiply by the answer.

e y =4e:
dy z drz
@~ x g [3]
%:4& xl=2e?
2 -2
K =3e’+e ®
2
dy

1 2z d -Zzi .
2 [3e o (2z) +e d:c( 23:)]

%[3e2’ x2+e% x (-2)]

6e2: _ 2e—2:
2
—_ 3e2z _ e—2z

a Curve crosses the z-axis when:

y=0
1-e¥2%=0
e2—z =1
2—x2=0
=2

Curve crosses the y-axis when:

z=0
y=1-¢"
=1-¢?

2 2
. _ € e

As zincreases, y=1—e* % =1— pry gets closer and closer to 1 because — gets closer and closer to zero.
e

b From part a:

y=0givesz =2

dy

—_ = — 2—z_1

I e"(-1)
=e2—z

When z = 2



Equation of the normal is:
y—0=—-1(z —2)
y=-—x+2

You can also use the y = mz + ¢ form of the equation. There is no set method, but always take
care to check what final form of the answer is required.

m = 300e—0.00012t

c:i_rtn — 3006090012 5 (_0,00012)
— _0.036e-000012¢
When ¢ = 2000:
(ii_r: — _0.036e-0-00012x2000 _ _( 0983

Rate of decrease = 0.0283 grams per year.

c y=5zxe

dy — d —2z —2z d
dx_szdz[e |+e dz[S:c]
=bze 2 (-2) + e 2*(5)
=(5-10z)e >

et —1

8 YTE 2
z d T z d T
dy (e +2)a[e 1] — (e* — 1) = [e* +2]

dz (e +2)°
~(e" +2)(e”) — (e — 1)(e7)
- (e +2)°
€42 — e 46"
B (e + 2)°
__ 3
(e +2)°

To answer Question 5, you could also use the quotient rule. Generally, though, if the numerator of
the fraction is just a constant it is easier to use the negative power as shown here.

= =8(5 +¢e*)"
V=5 re= ( )
j—i’ = —8(5 +¢¥) 7 (2e%)
__—16e*
(5 + e)?
When z = 0:
dy  -16¢°
dz  (54e0)°
_ —16
T
_ 16
36
.
9
y = ze”
dy _ ze® + e (1) = ze® + € = (z + 1)e*
dz - -

d
Stationary point when Ey =0:

(z+1)e* =0



e >0,sox+1=0
z=-1

T -1 1
y=ze* =(—1)e =-z

Coordinates of stationary point are:

(-2

y=2e" +e*

Curve cuts the y-axis atz = 0:
y=2"+e"=2+1=3

The coordinates of P are (0, 3).

dy _ 2z —z
E—2e (2) + e*(-1)
=4e¥ — e
At P:
dy

a=4e°—e°=4—1=3
Equation of the tangent is:
y—3=3(x—0)
y=3x+3
The tangent crosses the z-axis when y = 0:
3z+3=0
3z =-3
r=-1
The tangent crosses the z-axis at the point (—1, 0).

y=(z—4)e
% =(z —4)e* +€*(1)
=(z—4+1)€*
= (z — 3)€*

d
Stationary point when ay =0:

(x—3)e* =0
e >0,s0x—-3=0
=3

y=(3—4)e’=—¢

Stationary point has coordinates (3, —e?).

2

= S -9e]
= (z — 3)e” +€7(1)
=(z—3+1)e*
= (z — 2)e”

Atz =3:

d’y

E:(a—z)e“:e%o

So this is a minimum point.

Remember that the second derivative shows the rate of change of gradient. If, at a minimum point,
the second derivative is positive then the gradient must be increasing. In other words, it has changed
from negative to positive at the stationary point, so it is a minimum point.



10

dy z%e*®(2) — e**(22)
dz x4

dy
Stati hen — =0:
a 1onary when dx

2z2e¥ — 2xe*®

1 =0

x
222e?® — 2ze® =0
2ze¥(x — 1) =0
z=0o0rz—1=0
But  # 0 because the equation of the curve is not defined for = 0.
Sozx=1

eZ

y:T:e

Stationary point is at (1, e2).
d%y d [2x2e2”” - 2xe2’”]

A dz i

2

T

d

i [(21:’2 - 2w’3)e2’”]
= (2272 — 227%)e?(2) + *"(—4z® + 6z *)
=4e*(z72 —z73) + 2e*(—227% + 327)

When z = 1:

d2

ZY _ 4e2(0) + 2¢2(—2 + 3) = 2¢* > 0

da?

So this is a minimum point.

a y=1z’e"®
W — gremr(-1) + e (20)
dz

=ze *(2—1)

d
Stationary points when R

r=0orx=2

d’y  d.

E = a[me (2 —2)]
=ze *(-1)+2(2—z)e*(-1)+e*(2—12)
=e’[-z—z(2—x)+2— 1

=e (22 — 4z + 2)

When z = 0:

ﬂ—eO(O 0+2)=2>0

de? B

So there is a minimum point at z = 0.
When z = 2:

d2

SV o222 4(2)+2)=-2e2<0
dz?

So there is a maximum point at z = 2.

d
b Using the expression for d—y from part a, the gradient of the tangent at x = 1 is:
x

1
lel(2—1)=el=—
e ! )=¢e "

Gradient of the normal = ——— = —e

(2)



z=1gvesy=1le ! =e! =

| =

1
Equation of the normal at (1, ;) is:

1
—_— e T — —1
y- 3 e(x—1)

ey—1=—e’z+¢é?
e’z +ey =1+ e

It can be tempting to use decimals instead of ‘e’ in questions like these. You must resist, because
decimals will only give approximate answers.

11 y=xle 2
d
d—: = z2?e % (-2) 4+ e 2*(2x)
=2ze (1 — x)

d’y 2 2 _
= = 2ze % (—1) + 2z(1 — z)e 2 (—2) + e (1 — z)(2)
=2 %[-z—2z(1—z)+1— 1]
=2e2(222 — 4z + 1)
2

d’y
When —= = 0:
€en da:z

222 — 4z +1=0
) E YT - 42))
= 202)

8

dy ze®1(2) —e*1(1)
dx 2

22-1 _ o2z-1

When % =0:
dz

ogele—1 _ g1
e
9pe2r-1 _ 21 _
e 1(2z-1)=0
2z — 1 = 0 because e**~! #£0.

2_1
T2

=0

1
Stationary point has coordinates (5, 2) .

d z
13 d_z(2 )



d n2\%
= 2 feney)

d

_ o (o In2
- dm (e )
=e* 122 (In2)
=2 In2
d
—(3®
14 dz( )
d x
_ a[(eln3) }
d
_ E(ezlni&)
— ¢* 23 (In 3)
=3"1n3
y=x(3")

% =2z(3* In3) +3*(1)
=3"(zIn3+1)
When z = 1:

dy
— =3'(1In3+1
I (1n3+1)

=3In3+3



d y=5+In(z? +1)
dy 1

=0
dz +:z:2+1

_ 2z
C1+a?

i y=I(nz)
dy 1 (1
E‘E(Z)

1
Tzl

(22)

Method 1

For part a:

y=In3z=mn3+Inz

8 |~

For part b:

y=In7zx=In7+ Iz

d 1 1
_y. =04 == =
dx z =z

Given that In 3 and In 7 are both constants, they differentiate to give zero. So differentiating either function is the

same as just differentiating the In z that both have in common.
Method 2

This is really the same as method 1, but shows a slightly more general case.

y=lnkr=Ihk+Inz
dy 1 1
dx =0+ z z

because In k is a constant.

It does not matter what the value of k is; the answer will be the same.

b y=22"Inz
dy

d d
4 5,34 4 9,3
I 2z dx(lna:) +lnzdz(2:c )

= 22° (%) + In z(62?)

=22% +62° Inx
=22?(1+3Inzx)

f yzlnSa:
x
d d
ﬂ:.11:5[111531:]—lnS:ca[:z:]
dz x?
L 5) —ms
z | 5= z
1—Inbz
T

When a question asks you to sketch a curve, you should always try to find important points on the
graph, such as intersections with axes or stationary points.

a y=In(2z - 3)

The curve crosses the z-axis when y = 0:



In(2z —3) =0

2c —3 =1
2 =4
T =2

The curve crosses the y-axis when z = 0:

y=1n(0 — 3) =In(-3)

. . . . 3
It is not possible to take the logarithm of a negative number, so z > 3

The curve does not cross the y-axis.

3
x:_
Y 2 y=1n(2x - 3)

o 4

Q

b y=1In(2z — 3)
dy 1 2
- _ 9) =
dz 2:1:—3() 2x — 3
When z = 5:
@_ 2 2

de ~ 2(5)-3 7

y=e* —5In(2z + 1)

dy 9 5
— =e"(2) — 2
dz *(2) 27:—1—1()
10
=9 2z
¢ Tt

Atz =0:
dy 10
2 =20 - =—=2-10=—
I e T 0 8

y=z* Inbz

% = 2? <%) + 2z In 5z

dz
=z + 2z In5z
d’y d
e a(m—i—Zz In 5z)
1
=142z (—) + 2 Inbz
T
=3+ 2Inbzx
Atz =2:
dy
— =2+2(2)ln10=2+41n10
dz
d2y
@ :3+2ln10
y=x’lnx
d
e <l) +2zlnz
dx T

=z+2zlnz



d
There is a stationary point where d_y =0:
x

z+2xlnz =0
z(14+2lnz) =0
1
Inz=——= =0
nze 2orac

1
r—=¢€ 2

Not valid as you cannot take the log of zero.

1

Whenz =e ::
1\ 2 1
y= <e7?> In <e73>
1
:——e*1 :—i
2 2e

Stationary point is:

11
(+5-5+)

d? d
ﬁ = a[x+2mlnw]
1
=142z <—> +2lnzx
T
=3+2Inzx
1
Whenz =e ::

dy siomfes)=s+2(-L)=2>0
— = nfe 2| = -= )=
dz? 2

So this is a minimum point.

Inz
Yy=—
T
1
9:(—) —Inz
dy x
dz 2
B l1—Inz
-7
dy
Stati hen — =0:
ationary when I
l1—Inz _
)
1—-Inz=0
Inx =1
z=¢e =e
When z = e:
Ine 1
Yy=—=—
e e

: . . 1
There is a stationary point at <e, —) .
e

d%y dfl-Inz
dz? dz z2

m2<f%>——ﬂ——Mmﬂ2@

4

T
—z—2z(1 —lnz)
1

T
When z = e:



d’y —e—2e(1l —Ine)

F:e—4
_—e—2+2 1 0
_e_4__e_3<

So this is a2 maximum point.

If you need to differentiate twice, take the time to tidy up as you go. It is much easier to differentiate
a fully simplified expression.

9 y =In(5z — 4)

dy 1
il AL

5

© 5z —4
When z = 1:
y=In(5—-4)=In1=0
The point is (1, 0)
v__5
dz ~ 5(1)—4
Equation of the tangent is:

y—0=5(z—1)
y=5c —5
10 b =In 1
y= 3z + 2
=In(3z+2)"
= —1In(3z + 2)
dy 1
el e AC)
_ 3
T 3+ 2
3_
=In|——Z
& v [(z+4)(m—1)
=In(3 —z) —In(zx +4) — In(z — 1)
dy -1 1 1
dz  3-z z+4 =z-1
1 1 1

t—3 z+4 z-1
11 a e =222-1

y =In(2z% — 1)
dy 1
e (4
dz 2:1:2—1( ?)

_ 4z
T 2x2 —1

b & =32+2z

y =In(32® + 2z)

dy 1

—_ = —(92% + 2

e v G
9x2 + 2
323 + 2z



¢ e =(x+1)(z—5)
y =In[(z + 1)(z — 5)]
=In(z + 1) + In(z — 5)

dy 1 1
dz  z+1 z-5
_z—=5+z+1
~ (z+1)(z—5)
_ 2¢ — 4
~ (z+1)(z - 5)
12 T = 1[69(21*3) +4}
5

5 = e¥(23) 4 4
e¥(2r=3) — 5y 4
y(2z — 3) =In(bz — 4)

_ In(5z —4)
T 223

W (2¢ — 3) (mi 4) — 21n(5z — 4)

dz (2z — 3)
~ 5(2z — 3) — 2(5¢ — 4) In(5z — 4)
- (22 — 3)(5z — 4)

When z = 1:
dy _ 5(=1) —2(1) In(1)
de (-1)*(1)
5

:——:—5

1



3

b

f

y =4tan b5z
% = 4 sec’(5z)(5)
= 20 sec?(5z)
. ™
y = sin (21: + E)
dy T
I o8 (2:1: + E) (2)
™
= 2cos (22: + 3)
Notation like sin® z or sec? z is a nice shorthand but it does hide what you are differentiating a little.
If you are ever unsure, write out what the shorthand means. worked solution 2b shows you how this
might be done.
y = 5 cos? 3z = 5(cos 3z)°
% = 10(cos 3z)" (— sin 3z)(3)
= —30sin 3z cos 3z
= —15(2 sin 3z cos 3z)
= —15sin 6z
y=(3—cosz)*
dy 3 .
—= —4(3 — - =
Iz (83 — cosz)”( sinz)
=4sinz(3 — cosz)®
y =
cosx

Using the quotient rule:

dy cosz —z(—sinz)

dz cos? ¢
cosx + xsinx

cos® x

1 cosx rsinx
= -

cosx |cosx  cosT
=secz(l + ztanz)

d
In worked solution 3 j, the fact that = (cosec z) = — cot x cosec z is used. See worked solution 9 b
for a proof of this result.

_ 1
sin® 2z

= cosec® 2z
= (cosec 2z)°

d

d_: = 3(cosec? 2z)(— cot 2z cosec 2z)(2)
= —6 cot 2z cosec® 2z

y= etan3z
% = e'*32 (sec? 3z)(3)

= 3 sec?(3x)et*n 3=



j y =z In(sinz)

4y _, (S ull (cos:c)) + In(sin z)

dx T

=z cot x + In(sinx)
y=3sin2z — 5tanx
d
-ﬁ = 3cos 2x(2) — 5sec’x
= 6cos 2z — bsec’z
when z = 0:

:—: =6cos) — ——

cos? 0
=6-5=1
y=2sin3z —4cosz
d
d—: = 2 cos 3z(3) — 4(— sinz)
=6cos3x + 4sinx
When z = 1:

3
% =6cosm + 4sin (%)

=—6+44=—6+2\/3'

2

y =sin’z = (sinz)?

% = 2sinz(cos z) = sin 2z

When the gradient = =
. 3
sin 2z = 5
2
2m=% or 2a:=1r—%=T7r
¢ == or z==
6 -3
5 -1
Y= T amg (2 tana)
d _
—y=—5(2—tan:t) (- sec?z)

dz
_ 5sec’z
(2 — tanz)’
Given that squared numbers are never negative:
dy  positive .
— = ————— = positive
dz  positive

In worked solution 8, you should note that the gradient is always positive when it is defined. When
tan z = 2 there is a division by zero, which is not allowed. So, the gradient is positive as long as tan
is not 2.

d
a E(sec z)



= (=)
dz \ cosz

d -1
= a(cosx)

= —(cosz) *(—sinz)

cos? x
1 sinz

COST COST
=gsecxtanx

d
b E(cosec z)

. d 1
" dz \sinz

d _
= E(sin z)"
= —(sinz) *(cos z)
cos T
sin? z
1 cosz

sinx sinx
= —cot x cosecx

d
C E(COt x)

-z (%)

sin z(— sinz) — cos z(cos x)

sin?
. 2 2
—sin® ¢ — cos® x
sin? z
.2 2
sin“ x + cos“ x
sin®
1

sin? z

= — cosec” T

Identities are always very helpful when differentiating trigonometric functions. If you find that
your answer looks different to that given in the back of your coursebook, try to use identities to
rewrite your answer so that it looks the same. If you can memorise the identities, then you are
more likely to spot when to use them.

10 y=zxsinx
dy .
—_— = COST + Sinx
dz
by
When z = 3
2= (5) s (3) +5(3)
dz  \2 2 2
=0+1=1
. 1
Gradient of the normal = -1 =-1

Equation of the normal is:

)

1r_ x+7|'
y=9 = 2
y=-z+m

The normal intersects the z-axis when y = 0:

—z+7m=0
T=m



11

12

13

14

Intersection is at (, 0).

y=>5sin3z — 2coszx
ﬂ =15cos 3z + 2sinz
dz
When z = 1:

3
% = 15cos 7 + 2sin (%)

=—15+2(4)=—15+\/3

Equation of the tangent is:

T
y=(-1)=(-15+v3) (s - T)
y = —13.3z 4+ 12.9 (to 3 significant figures)

y = 3cos2zx + 4sin2zx + 1
dy

— = —6sin 2z + 8 cos 2z
dz

d
Stationary points when b . 0:
dz
—6sin2z +8cos2x =0

6 sin 2z = 8 cos 2z

8 4
tan 2z = == = =
an2r = e ==
2z =0.927... or 2x=4.068...
z=0.464 (to 3s.f.) z=2.03 (to 3s.f.)

Remember to check which mode you have left your calculator in. Only radians can be used when
differentiating trigonometric functions.

y=e"cosx
d
d_: = ¢e*(—sinz) + € cosz

= €*(cosz — sinz)

d
Stationary point when ay =0:

e*(cosz —sinz) =0
e >0,s0 cosz —sinz =0
cosx =sinx

tanz =1
P
4
d%y d .
o7 E[e’ (cosz — sinz)]
= e*(—sinz — cosz) + e*(cos z — sin x)
= e*(—2sinz)
= —2¢"sinx
™
Wh ==
enz =
d’ z
ﬁ = —2e7 sin (—)
=—2eT <0
So this is a maximum point.
_ sin2z
y= ez

dy 2e%* cos 2z — 2e** sin 2z
dz el




d
Stationary point when Z_o

2e%* cos 2z — 2e** sin 2x
iz

e
2e% cos 2z — 2 sin 2z =0
2e%(cos 2z — sin2z) =0
cos2x — sin2x =0

cos 2z = sin 2z

tan2z =1
T
2% = —
=17
v T
T8
e3:t
15 y= sin 3z
dy 3e% sin 3z — 3€% cos 3z
dz sin? 3z
dy

Stati int when — = 0:
tationary point when —=

3e% sin 3z — 3e%* cos 3z

=0
sin? 3z

3% sin 3z — 3e3* cos 3z =0
3e*(sin 3z — cos 3z) =0

sin 3z = cos 3z

tan3z =1

m

3x=z

T

7]
d’y  d [3e*sin3z — 3¢ cos 3
@_E sin? 3z ]

You could certainly work out this second derivative, but it would take a very long time. Instead, you
can try values a very small distance on either side of the turning point as shown here.

T
Wh = —
enz =T
y=—— =3.1017...
sin 7
When z = L +0.1:
12
T
3z = 7 +03
o
Y= —— 3.3472...>3.1017...
sin (Z + 0.3)
The stationary point is a minimum.
16 y=sin2zx — x
d;
d_: =2cos2zx —1
2
ﬂ = —4sin2x
dz?

d
Stationary points when d—: =0:

2cos2z—1=0



™ ™
When x = 5 d = —4sin — < 0, so this is a maximum point
x
™ 5T 5w
or2r=2r— - =— =>T=—
3 3 6
d%y L .. .. .
When 2z = —:—— = —4sin —- > 0, so this is a minimum point
x
7w T
or2x=—-+21=—=>x=—
3 6
d’y LT .. . .
When z = —:—— = —4sin — <0, so this is a maximum point
x
11
or2rx=—— +2 == :_671'
117 d? T
When z = — :—y = —4sin —— > 0, so this is a minimum point.
6 da?
17 y = tan z cos 2z

d—y = tan z(—2sin 2z) + sec? z cos 2z
x
= —2tan z sin 2z + sec?z cos 2z

d
Stationary point when d—y =0:
x

—2tanzsin 2z +sec? z cos 2z =0

sin . cos 2x
-2 (2sinz cosz) + =0
coszx cos? z
. 9 1 — 2sin’z
—4sin“ z + —_— =0
1—sin“z

—4sin? z(1 — sin®z) + 1 — 2sin?z =0
4(sin? :c)2 —6sin?z +1=0
Letting u = sin? z:

4> —6u+1=0

‘o 2(4)
_ 6+420
-8
_6:&:2\/5
8
3445
T4
L 3.8
sin® x =
4
But3+\/5>l
4
<2 37\/3
sin® x =
4
sirwc::l:\/?)i\/5
4
But
T
0< -
:E<2
sinz >0
=
sinx = 7

x = 0.452 (to 3 significant figures)



d 3 2
b dm(z + 2y?)
dy
=322 + 4y—=
3z° + Yz
k i(5 + €” siny)
dz Y Y
L T e
_5dm+e cosydx+e siny
d zlny=2z+5
d d
H(zlny)_a(2z+5)

1
x(—ﬂ) +lny=2

y dz
z dy
ydz—2—1ny
dy  y(2-Iny)
dz T

d
In the worked solutions for Question 2 it is shown that you take — of both sides in each case. It
is, however, obvious that this has happened from the next line. This step has been included to

make it easier for you to follow what is going on, but you don’t need to write it yourself.
g zy® =2Iny
d d
—_— = =—(2In
—(@y’) = —(2Iny)

d 2 d
T (3y2ﬁ) +y3 = ;d_:

dz y
dy _ _y'
dz 2 — 3ay3
z? + 3zy — 5y + y =22
dy dy ,dy
2z+3zdx +3y_5d:c + 3y 1z =0
%(32—5+3y2) =2z — 3y
dy —2z — 3y

dz 3z — 5+ 3y?
At (1, 3),whenz=1andy=3:

dy -2-9
dz  3-5+27
u
T

d
Before you studied implicit differentiation, your expressions for Ey usually contained only one

variable. Implicit differentiation usually leads to expressions for :—: that contain both z and y terms.

This means that you need to know BOTH the z- and y-coordinates at any point where you want to
find the gradient.



2% —dzy +y% =16

d d
622 — dr—2 — dy+3y2=2 =0
dz dz

d
d—i(4w — 3y?) =62 — 4y

dy 6% — 4y
Az 4z — 3y°
The curve crosses the z-axis when y = 0:
2z° = 16
z2 =8
z=2

When z =2 and y = 0:
dy _ 6(2%) —4(0)

dz  4(2) - 3(0)

_An_,
-5 =
2% +3y? — 2z +4y=4
dy dy
4 6y— —2+4—=0
vt ydx + dz
dy
— (6 4)=2-1
- 6y +4) z
dy 2-—4z
dz  6y+4
At the point (1, —2):
dy  2-4(1)
dz  6(—2) +4
_ -2
S —12+4
1
4
Tangent at the point (1, —2) is:
(-2)= 2(e 1)
—(=2) = =(x —
4 1
1 1
2=—g— =
yrET It
19
YTI1t T T

42y +8lnz +2lny =4

dz T

dy_<78m2y78>< y )
de T 4z’y + 2

__8 2y +1 y
2 T 222y + 1

B dy(z?y + 1)
222y + 1)
At the point (1, 1) whenz =1and y = 1:

dy  4a+1) 8

<4x2y+2> dy —8z%y—38

dz  1(2+1) 3

Gradient of the normal = — = %

Equation of the normal is:



3, 3,8
Y=8* %73
= 3a:+ >
Yy=3%°73
a 5z% + 2xy + 2y* =45

dy dy _
10x+2a:dx -+-2y+4yd:c =0

dy
(2z + 4y)a =—2y— 10z
dy (2y + 10x)

dz (2z + 4y)

Yy + 5z
T 2y
Tangent is parallel to z-axis when the gradient = 0:
y+ 5z
o+ 2y -
y+5x =0
y=—bx

The points lie on the line with equation y = —5z, but also on the curve. You need to look for the
points at which this line and the curve intersect.

Substituting the equation of the line into the equation of the curve:
522 + 2z(—5z) + 2(—5z)° = 45
52° — 102* + 502* = 45

452% =45
22 =1
r=1 or x=-1

y=—5cx=-5 y=—-5x=>5
The points are (1, —5) and (—1, 5).

a Whenz=4:
y? — dzy — 2* =20
y? — 16y — 16 = 20
y? — 16y —36 =0
(y—18)(y+2) =0
y=18ory= -2
The points are (4, 18) and (4, —2).

b y? —dxy — 22 =20
dy dy
Qi — A — Ay — 2 =
V& o y-22=0

dy
QY — Ax)m—— 4 2
(2y z)dx y+ 2z

dy 4dy+2z 2y+z
dz ~ 2y—4dz  y-2z

At the point (4, —2):
2ut+tc=—-4+4=0

The curve is parallel to the z-axis at this point.

¢ At the point (4, 18)

Equation of the tangent is:



y— 18 =4(x —4)
y=4x — 16 4 18

y=4x + 2
9 a y3 — 122y +16 =0
dy dy
22 122—= — 12y =
3y dz xdz y=0
dy
2 122) = =12
(3y ¥) o Yy

dy 12y 4y

E=3y2—12x_y2—4x

If the curve had stationary points then = 0 at such a point.

y2

y = 0; but no such point can lie on the curve with equation y® — 122y + 16 = 0 because if y = 0 then this
gives 16 = 0, which is not possible.

There are no stationary points on this curve.

If the denominator of — is not zero, then there is finite gradient and the line cannot be vertical.
If, however, the denominator is zero, the gradient cannot be finite, so the line is vertical.

d
Parallel to the y-axis when the denominator of ZY s zero.

dz
When the denominator of 5 is zero:
y° —4x
y? —4z =0
y? =4z

The curve has equation

y® — 122y +16 =0
y(y* — 12z) = —16
16 16
yz_y2—12x T4z 12z =z
2 4

V==

Equating the two expressions for y2:

4
41’=F
2 =1
z=1
y=\/4z =\/Z=2
The point has coordinates (1, 2).
10 5ey? + 2e*y = 88
dy dy
2,z 106 1w 2e* 2% m—— —
Sy“e” + Oeydx+ e’y + 2e T 0

d
2¢% (5y + 1)% = —ye”(2 + 5y)
dy _ y2+59)
dz 2(5y+1)
At the point (0, 4) when ¢ =0 and y = 4:
dy  42+20) 4(22) 44

dz  2(20+1) 2(21) 21




11 z? — 4z + 6y + 2y* =12

dy dy
2z—4+6$ +4y3=0
:—:(6+4y)=4—2x
dy 4-2z
& 6+4y
dy 4
Whena=§:
4—-2x 4
6+4y 3
12 — 6z =24 + 16y
6z + 16y = —12
3z + 8y =—6
6 + 8y

3
Substituting into the equation of the curve:

2
(_6+8y) _4<_6+8y)+6y+2y2=12

3 3
6+8y)° 4(6+8
( gy) L & - 9 4oyt 2g2 =12

(6 + 8y)” + 12(6 + 8y) + 54y + 18y* = 108
64y> + 96y + 36 + 72 + 96y + 54y + 18y* = 108
82y? + 246y + 108 = 108

82y? 4 246y =0

y(82y + 246) =0

y=0 or y=-3
:c——6+0——2 x——6_24—
= = = = =

The points are (-2, 0) and (6, —3).

When solving simultaneous equations like in part b of worked solution 11, clear any fractions as soon
as possible by multiplying through by the lowest common multiple of all denominators in your

working.
12 2z +ylnz =4y
1 dy dy
2+y($) + az _4dx
y 2z+4y

dy
3(4—1111:)—2%—;— o

dy  (2z+y)
dz ~ z(4 —Inz)

1
At the point ( ) 5)

1 (2
dy 2+ 3 _(2)_5
dz 4-Inl 4 8
Equation of the tangent is:

1 5
y-5=3gk-1
5 5 1
y—gfc—g%-;
5 1
¥=5""%
b —1 =28y



613

14

Y=
Iny =Inz®
Iny=zhnz

lﬂ =lhz+z (l)

y dz T
dy
E =y(ln:c+1)

d
Stationary points when ﬁ =0:

y(nz +1)=0
y=0orlnz=-1

z® cannot be zero because 0° is not defined.

:Ac=e_l—l
e
z? —zy+y* =48
dy dy
2z — x=— — 2y— =0
T xdz y+ yda:

(x—2y)%=2x—y

dy 2z—y
& z-2y
. . dy
Stationary points when i 0:

2r —y

z—2y =0

2c —y=0

y=22z

Substituting y = 2z into the equation of the curve:
2 — z(2z) + (22)* = 48
32% =48
z? =16
z=4 or z=-4
y=2x=28 y=2x=-8
The points are (4, 8) and (—4, —8).
Differentiating again:

dy dy
2z—zdz—y+2ydz—0

dy dy dy d’y dy\’
2 S _ LY S 5V o) =
= "o a2 &) T

d
At the stationary point d—: =

d’y
-2 =2
d?y . 2
dz? 2y—=x
At (4, 8):
2
STZ =- 162— 1 = —% < 0, so this is a maximum point.
At (—4,-8):
d*y 2

1 L. .. .
—_——=— = r > 0, so this is a minimum point.



C z = 26 — sin 20

dz
T =2 — 2cos 20
y=2—cos26

dy .
0 2 sin 20
dy dy dé 2 sin 260

dez ~ dédz 2—2cos26

. . d . . .
It is also quite common to see the formula for d_y’ which comes from the chain rule, written as:
x

dy

dy (5)
dz  fdz\
(%)

g z=1+2sin%0

dx .

ET =4sinfcosf
y=4tanf

dy

—_— 4 29

30 sec

dy dydé 4sec?f

dz = dfdz 4sinfcosé

_ sec’6
" sinfcosf
_ 2sec’d
" 2sinfcosf
_ 2sec?d
" sin26
z =23t
do _
dt
y=1t+ 4t — 3t
dy 2
—_ = i —
m 3t°+8t—3
dy dydt 3t*+8t—3
dz ~ dt dz 3
dy
When iz =0:
3t? +8t—3
—3 =0

3t2+8—-3=0
(3t —1)(t+3)=0

t=lort=—3

3
Tz =2sinf
dz
) = 2cos @
y=1—3cos26
ﬂ = 6sin 20

dé



dy 6sin2 12sinfcosé

dz  2cos®  2cosf =0zing
™
When 6 = —:
en 3
dy .7 V3
dx_65m3_62 =33
z=2+In(t—1)
dz 1
dt — t-—1
4 -1
y=t+?=t+4t
dy 2
E_l 4t
dy 1-—4t2

= —=(t-1)(1-4t7?)

" (&)

=t— 4t - 1442

4 4
=t —1— = —
t t-+-t2
dy
Whendz—O.
4 4

t—1-— n + = =0
-2 -4t +4=0
(1) -@)P?-41)+4=0
So (t — 1) is a factor of t* — 2 — 4t + 4 by the factor theorem.
Dividing by ¢ — 1:
-2 -4t +4=(-1)(* +0t—4)
(-1t -2)(t+2)
(t—1)(t—2)t+2) =0

t=1,20r —2
but you can only take the logarithm of a positive number, sot — 1 > 0.
t>1
ie.t=2
When t = 2:
z=2+nl1=2
y=2+ % =4

The point is (2, 4).

At this stage you will probably have developed a preferred method for dividing polynomials. Use this
method to check the division in this worked solution.

2t

r=e
dz 5

5—28

y =1+ 2te
ﬂ=2te‘+2e‘

dt

dy 2te'+2¢'  t+1
dz 2% ¢
Att=0:

z=e"=1
y=14+0=1

dy O0+1




Gradient of the normal = —% =-1

Equation of the normal is:

y—1=-1(z-1)

y—1l=—-x+1
y=-x+2
z+y=2
dy dy dt 2tet —tle!
dz  dt dz 2e?
2t
o 2t
Ct2-1)
T 9edt
b At the point (1, —1):
1 =e*
2t=In1=0
t =0

At this point:
dy t2-t) 02-0)

dz 2% 2 0
Gradient is zero, so parallel to the z-axis.
t2-1) .

20 is also zero when 2 — t = 0.
When t = 2:
z = e
y=4e?2 -1

So the point has coordinates (e4, iz - 1) .
e
dy dydf 4cos26
de  dfdx  sec?d
=4 cos® 6 cos 20

=4cos?0(2cos? § — 1)

d
b Stationary when Lo

dz
4cos?0(2cos’d —1) =0
cosf =0
No solutions in the required range.
Or
1
cos? 6 = 5

1
cosf = — W has no solution in the required range.
1
cosf = —
VZ
™
=1
™
—tan = =1
T =tan 7

N

y=2sin 2x%)=2sin(%)=2

The point s (1, 2).

Always check that your solutions are in the range given in the question. Sometimes this is difficult



to see, especially if there are lots of square roots or fractions, which can be hard to compare. If
that’s the case then use your calculator.

a z=t+4Int

d:c_l+4 t+4
dt t t
y=t+9t7!

dy

—==1-9t2

dt 9

dy dy dt 1-9t2

dz = dt dz <t+4>

t
= —(] — 2
t+4( )
_t—9t!
T t+44
-9
24t
. . dy
b Atthe stanonarypomta =0:
-9
2 +4t
t?-9=0
t?=9
t=+3
t>0
Sot=3
9
=3+—=6
Yy +3

t=2givesy=2+%=6.5>6,

So the stationary point is a minimum.

dy dydé 2sec? 6

dz = dfdz 4sinf cos 6

1
" 2sinfcos® @
T
When 6 = e
dy _
dz

m(&) =)
2(4) ()

8
=—=2
4

Gradient of the normal = —%

by
0=—:
When 1

Equation of the normal is:



10

11

1

y73=75(m72)

3= 2z 1
y—3=-32

a

. P
y=-32

z = 2sin 6 + cos 260

d.

d—z =2cos 0 —2sin26
y=14cos20

d

d—‘z — 2sin20

dy dy df —2sin26

dz ~ dfdzr 2cosf —2sin20
—4sin 0 cos 6

- 2cosf — 4sinfcosf
. 2sin @
~ 1-2sin6
B 2sin 6
~ 2sinf—1
dy

When — =0:
en -

2sing 0
2sinf — 1
sinf =0
0 = 0 is the only solution in the required range.
z=0+1=1
y=1+1=2
The point has coordinates (1, 2).

3 3
At th int| -, = |:
e poin <2,2>
y:

1+ cos26=

N~ Nl w | w

cos26 =

20 = — in the required range.

Ay

6
dy  2sin@
dz  2sinf-—1

The value of the denominator at § = % is:

2sin(%)—1:2<%>—1:0

Therefore the tangent is parallel to the y-axis at this point.

z = In(tant)
dz  sec®t  cost
dt = tant  sintcos’t
_ 1
"~ sintcost
2

sin 2t



y = 2sin 2t
d
T:;/ =4 cos2t

dy dy dt  4cos2t
d:v_dtdx_< 2 )

sin 2t
= 2 cos 2t sin 2t
= sin 4t
b When z =0:
In(tant) =0
tant =e’ =1
= g
!
d
d_i/ :sm(4>< %) =sinTt=0

Gradient is zero, so the tangent is parallel to the z-axis.



END-OF-CHAPTER REVIEW EXERCISE 4

1 i z=1+In(t - 2)
dr 1
dt ~ t—2
y=t+ 9t
dy_ 2 _i
dt =1 t2
9
w 7 9
2o 3)
()
2 -9
:(t_z)( 2 )
t -9)(t—2)
:t—2
i When$=0:
dz

t?=9 = t=43

or t=2

t > 2 (given in the question)
t = 3 is the only solution.

z=14+mIn(3-2)=1
9
y—3+§—6

The point s (1, 6).

When it appears that there are multiple solutions, check that they are all valid. Conditions may
have been written into the question, as in Question 1, or you may not be able to substitute a
solution into the original equation.

2 i y=zln(z — 3)
dy 1
E—Z(w 3)+111(23—3)
= —— +In(z — 3)
When z =4
dy 4
a—T+ln1—4
i oy= 2]
y= z+1
dy _ (z+1)(1) - (=-1Q)
dz (=z+1)°
z+l-z+1
(z +1)°
_ 2
(x+1)>°
When z = 4:
dy 2 2



i z = et

dz
E = 3€3t
y=te"+3
% = t?e! + 2te
dy dy dt %€+ 2te
dz  dtdz  3e¥
P42t
- 32t
t(t + 2)
T 3e2t
ii When z =1:
e =1
t=0
ﬂ B 0(0+2) —0
dz 3e?

The tangent is parallel to the z-axis.

d
M When Y _ 0:
dz
t(t+2)
3e2t
Other solution is t = —2.
When t = —2:

3(-2)

=0

r=e€ =ef

y=(-2)2¢?+3=4e2+3

The point has coordinates (e7% 4e 2 + 3).

i y =3sinz + tan 2z

d
i =3cosz + 2sec’2z
dz
When z = 0:
dy 2
— =3cos0 + ——
dz cos?0
=3+2=5
i = ——— =6(1+e=) "
Y 1+ e ( ¢ )
dy -2
—_ = —6(1 2z 2 2z
dz ( te ) (2¢%)
o 12e*
(1 + e¥)?
When z = 0:
dy — 12¢
dz (14 e)?
__g__

i 2¢% 4+ 3zy + 42 =3
d d

4z + 30~ 4 3y + 2y~2 =0
dz dz

dy
3z + 2y)—= = —3y — 4
(32 +2y)— y — 4z

dy  3y+4z
dz 3z 42y
When z =2 and y =1:

dy  —3+8 5

dz=  6-2 4




Equation of the tangent is:

5

y— () =—2@-2)
5.5
= ——2x —_-—
Yy="4%77
4y — 5z 410 — 4

bz + 4y — 6 =0

d
If the curve has stationary points then d_y =0.
x

B 3y +4z 0
3z + 2y
4z +3y=0
_ Y
R
N 3y . .
Substituting = -1 into the equation of the curve:

2% + 3zy +y% =3

4
9y? 9y? 9
s 4 +y 3
18y? — 36y? 4 16y = 48
—2y? =48
48
2 _ _
L

Buty? >0
so there are no solutions.

The curve has no stationary points.
Y3 +4zy =16

dy dy
222 L dp—= 44y =
dx+mdx+y 0

(3y* + 4z)

3y
dy
dz
dy 4y
dz  3y?+4z

= 74y

d
If there are stationary points then d—y =0:
x
v
3y? + 4z
y=0
Substituting y = 0 into the equation of the curve: 0 + 0 = 16, which is not possible.

There are no stationary points on this curve.

i The tangent is parallel to the y-axis when the denominator of ——Y s zero.
3y? + 4z
3y? 4+ 4z =0
4z = —3y?
3y?
T=-

2
Substituting x = — % into the equation of the curve:



2
y3+4(—3%)y=16

y® -3y =16
—2y% =16
y' = -8
y=—2

3(-2)”

-3

4
The point has coordinates (-3, —2).
y =6sinx — 2 cos 2z

d
] =6cosz + 4sin 2z
dz

™
Whenz—g.
T 63 43 103

Y U .
- _ — 44 -
T 6c056+ sm3 5 5 5

Equation of the tangent is:
1r
y-2=5/3@ - %)

™
y=5ﬁz—5¢3(g) +2
y = 8.66x — 2.53 (to 3 significant figures)

Only use decimals if the question says that you should, as was the case in Question 7.

dy dy dt 4cos2t—6sin2t
dz =~ dt dz 12sintcost
_ 4cos2t —6sin2t

6(2sintcost)
_ 4cos2t — 6sin2¢

6 sin 2t
2cos 2t

- 3sin2t
2
= Ecot2t— 1

i When % _o.
dx

2
3c0t2t— 1=0

3
t2t = =
co >

2
tan 2t = =
anst=3

2t = 0.58800... or 2t = 0.58800... + m = 3.72959...
t=0.294 t = 1.865 (to 3 decimal places)

i AtB y=0:

2sin2t + 3cos2t =0
2sin2t = —3 cos 2t

sin2t 3
cos2t 2
tan 2t = —2

2

When tan 2t = —%:



d
—y:zcot%—l
dz 3
_ 2
"~ 3tan2t
2
_ 3 -1
2(-3)
9
13
9
9 3z% 4 dxy + 9% =24
dy dy
b6 +4dz— +4y+2y— =0
dz dz
dy
4 2y)—= =—4y—6
(4e + 2y) = y — 6z
dy  4dy+6x  2y+3z
dez~ 4zx+2y  2z+y

At the point (1, 3) whenz =1and y=3:
dy  6+3 9

de 2+3 5

Gradient of the normal = — = g

Equation of the normal is:

y-3=2(-1)

9y — 27 =5bx —5
5c —9y+22=0

10 i y:i;i
dy  (A+2)(-1)-01-=z)(1)
dz (1+z)°
_ —1l—-z—-14+=x
 (+a)
-2
1+ z)°

- - (52)
2= ()
7(1:) ((1+1m)2>

1

1+2)?

- 1

(1-2)7(1+z)
Gradient of the normal at the point (z, y)



1
(%)
_(-2)i0+a)

1+ z)%

1

—(-a)i(1 4T
=(1-2z)2(1+2):
=1-2)7(1+2)I(1+z)

—(1-2)(1+2)7(1+2)

= (1 +2) /T

Notice that when you take the reciprocal of a fraction (as you do when you raise it to the power of
—1), then it simply turns the fraction ‘upside down’.

1
i y=(1+z)1-2%)3
. . : dy
This has a maximum point when o 0.
1 1
% _ %(1 — ) T (=22)(1 + 2) + (1 - 2%)7
—2z(1
= M -+ 1—2x
2y/1—2?
—2z(1 + ) + 2(1 — 2?)
2¢/1 — 22
-2z — 2% + 2 — 227
2y/1—a?
—4z% — 2z + 2

21 = 22
dy
When I =0:

—4z? —22+2=0
202 +2—-1=0
2z —-1)(z+1)=0

1
r=— or z=-1
2
Given that the z-coordinate of P is positive, as seen in the diagram, z = 3

11 z =3(1 +sin®t) =3 + 3sin’ ¢
dz
at

y=2cos®t

=6sintcost

d
TZ =6 cos’ t(—sint) = —6sint cos® ¢



13 i

In(zy) —y
— (& 2 &Y _
a:y<xda:+y> 3 dx 0
1dy 1 2dy_0
ydez =z dz

dy 1 y
dz x\1-3y°

z(1-3y°) =(3y*-1)

Tangent is parallel to the y-axis when the denominator of

z(3y? —1)=0
z=0 or 3y —1=0
The original equation is not defined for z = 0, so:
3y ° —1=0
3yt =1
y' = %

1
Y= 4 <§) = 0.693 (to 3 significant figures)

Returning to the equation of the curve for z:

In(zy) —y® =1
In(zy) =1+ y°
Ty = eltv®
e1+y3 e1+ s o
T = = ————— = 5.47 (to 3 significant figures)

The point is (5.47, 0.693) (to 3 significant figures)

6e® + ke¥ +e¥ =¢
y=In2whenz=1n3:

Ge2lnd | peln2 4 g2m2 _
Geln? | 2k 4 et — ¢
6x9+2k+4=c

58 +2k =c

Differentiating:

d d
12e%* + key—y + 2e% &

=0
dz dz

d
(ke¥ + 262y)d_z = —12e*

12e%*

dy
(ke¥ + 2e%)

dz

d
Using the fact that d—y = —6at P:
x

Yy

z(3y* — 1)

is zero.



1262 In3

T 2o
12e29
2k + 2¢ln4
12 x 9
%k+2x4
108 = 12k + 48
12k =60
k=5
But 58 + 2k = c from part i, so:
58 +10=c

c=68




Integration

Remember that you can take a factor out of any integral. These worked solutions show how this can
help when finding integrals.

c /ﬁeh dx=2/3e3“dx
=2e% +¢
h / 66273 dz = —2 / -3 % dz
- _2e2—3z +ec

2 b /Se‘ (2 +e¥)dx = /IOe’ + 5e** dx
=10e® + %e‘“ +c

5
= Ze’(es" +8)+c

4+4e* 4
/ —:e dI:/<T+1) dz
e~ [t

Q.

w
s}
S~
E
%)
[
®
»
8§
(=5
8
|
|
|
m|
[~
8
| S
e 52
~N

-

Il

-

o— S

— 12: 23z 4:1:1
—[2e +3e +4e .

1 2 1 1 2 1
=§-e2 + Ees er4—5e°~§-e°~-4—e°
1, 2, 1, 1 2 1
—t 3ottt 33T

1
=E(6e2+8e3+3e4—6—8—3)

1
= E(Be"’ + 8¢® + 3e* — 17)



d:
4 Ey = 6e?* 4 2e7*

Integrating:

y= / (6ezz +2¢7%)dz
=3e* — 2" +¢
Using the fact that y = 2when z = 0:
2=3-2+c
c=1
y=3e" 2% +1

These are examples of differential equations, where you are given the outcome after differentiation
and asked to work backwards to the original function. There are many types of differential equation;
this is the simplest. The solution to a differential equation is always a function.

dzy —2z
5 W = 20e
Integrating:
dy — —2z
1z 10e™ +c¢
. dy
Using the fact that T —8whenz =0:
—8=-10e’ + ¢
c=-8+10=2
dy
aAp— —2z 2
P 0e™* +
Integrating:

y=>5"% +2z+d

Using the fact that y = iz whenz = 1:
e

5 5

e_2=§+2+d
d=-2

y=5e"+2zx -2

3 1
6 / (1+ ez=—5) de = |z + =e¥*5
1 2 1

_ 16s 1,5
—3+2e (1+2e

3

1 1,
_3+Ee_1_56
11
=2 —C —  —
tge

1 1
=5<4+e—e—3)
3

3 1 1
7 / (2e?z—21+3)dz=[4e72—2:2+3z]
0 0

3
=4e7T - 9+9— (4" —0+0)
3

=4e? — 4
3

8 a =—(ze® —€%) =ze® +e* —¢€*
dz
= ze”



3
b / ze® da = [ze* — e*])
0

=3¢t —e* - (0-¢")
=2¢*+1

9 a / ’ (4 +5e ) dz = [~2e7% —5e "]
0

=—2e72 — 5e® — (—2¢" — 5¢’)

2 5
TtETe

b / (4e7* + 5¢7") dz = lim / (4e7® +5e7%) da
0 0

a0

. 2 5
“in (- &%)
=7-0-0
=7

Limit notation, which you use when you let a variable increase without limit, is used in Worked

2
solution 9b. As a gets bigger and bigger, both —= and % get smaller and smaller. We say that
e
they tend to zero.

10 Setting the derivative equal to zero to find the z-coordinate of the minimum point M:
y=2e"4+8""* -7

ﬂ =2e* — 8e "

dx
d
Using the fact that at M, —: =0:
2e* —8e " =0
2e” — 2 =0
ez
2(e*)* —8 =0
(€*)’ =4
e =+yI=+42
e >0
Soe” =2
e =2

Now using the z-coordinate of point M as the upper limit of an integral:
In 2
/ (2¢" + 8" — T)dax
0

= [2¢* — 8e™® — Tz’
=2eM? —8e 2 —7In2-(2-8-0)
=2(2) —8¢"2" —7ln 2+6
=1o-8(l) ~7In 2

2
=6—7In 2

In3 b3
z — z
11 a/ e’ dz = [e"],;
In2
— o3 _ g2

=3-2=1



YA

y=e*
Cc=3 B
0
E=2
P
0 D=In2 A=1In3 :

The integral, from part a, represents the area of P in the diagram.

If y =¢€® then x = In y, so:
3
/ In ydy represents the area  in the diagram.
2

3
Q= / In ydy = Area of rectangle
2

OABC — P — Areaofrectangle DFEO
=3In3-1-2In2
=In27-Ine—In4

6



When the numerator is the derivative of the denominator, you can use logarithms, as described in
the coursebook. These worked solutions show how you can take out factors to adjust the numerator if
it is almost the derivative you need.

5 5 [ -3
€ /2—3xdm__§/2—32dz

—§m|z—3z| te

3 3 1
J /2(5x—1)dx_5/5x—1dz

3 5
_1_0 SZ—ldz

3
—ﬁln|5:z:—1|+c

LI | 114 2
2 b .
/12z+1dz 2[ e 1

1
= E[ln|2x +1]]}

3 4 3 g
f _
fz -0 2L 302

= —2[In|3 — 2z}

= —-2(In|-3| - In|-1])
= —2(In3 —1n1)
=-2In3

= —In3?

=—1n9

Don’t forget that you need to use a modulus function here. In worked solution 2f it made a
difference.

10

- [Za: + 1032 - 2|]
3 4

=20+ %ln28— (8-+— %lnw)

5 28
= 2 -— —
12+ 3 (%)

5 14
=12 + Eln (?)



b / ("21—1)‘”

=[3In|z| — 2In|2z — 1|]1
=3In3—2In5— (3In1—2In1)
=In3*-In52-0+0
=In27 —In25

27
ln(25)
8 4
[l(2z—1+2m+3)dx

= [«? —.'z:+21n|2:):-+-3|]:i1
=9—-3+2In9—-(1+1+2In1)
=6+In9?-2-0
=4+1n81

4z 22z — 1) + 2
2 —1 2z — 1

(2]

o
N
o
[ ]
*I*u;
ey
[=5
8
Il
N
o
/-~
(V]
+
N
—t
N—"
[=%
8

= [2z + In[2z — 1]}
=10+In9— (2+1In1)
=8+mn9

a Using long division:

3z 4+ 10
2 — 5)62% + 5z
62> — 15z
20z
20z — 50
50

Quotient = 3z + 10

Remainder = 50

6% + 5z 50
b S =32+10+5—

1 50
1
/(; (3x+ 0+2a:—5)dz

322 !
= [T + 10z + 251n |2z — 5|]
0

= % +10+25In|-3| — (0+0+251n|-5|)

= % +25In3 — 25In5

-1
=3 +251n(5)

2 3
23 5
—?—251n<§)
y 3
— 07 | —
31 z+z+e

3 )dx
e
=22+ 3|z +el+c

Using the fact that y = e when z = e:



e =e?’+3In2+c
c=—3In2e
y=x>+3In|z+e —3In2e

Remember that ‘e’ is just a constant; it doesn’t complicate the algebra in any way.

k
2
dz =4
’/1.'c—|-3:c

[2n|c + 3|)F =4
2In(k+3) —2ln4 =4
2In(k+3) =4+2In4
In(k+3)=2+1n4

k43 = e?tind
k=—3+ e?e?
k=4e? -3
dy 2
Frink i

y=3z—2In|z|+c

Using the fact that y = —2 when z = 1:
—2=3-2Inl+c¢c

c=-5

y=2z—2Inz| -5
Using the fact that y = k when z = 2:
k=4-2In2-5=-1-2In2
Gradient of tangent at P is:

dy 2

—_— ——=1

dx 3 1

Equation of the tangent at P is:

y—(=2)=1z-1)

Y=2 =3 i (1]
Gradient of the tangent at Q is:
dy 2

— —_—— 2

dx 3 2

Equation of the tangent at Q is:
y—(-1-2In2)=2(z — 2)
y=2z—-2In2-3......... (2]
Substituting [1] into [2]:
z—3=2x—-2In2-3
z=2In2
y=2n2-3
So the pointis (2In2, 2In2 — 3).



Remember to ask yourself the question: “What kind of function differentiates to give the function I
am trying to integrate?”. Then take this function and differentiate it. How close does that get you?

d /3sin2xdx=—;/—2sin2:cdx
=—%cosZz-+-c

. 2 2 2

i /2sec (5m—2)dz=§f53ec(5x—2)dx

2
. gta.n(5:c —-2)+c¢

- 1 Lﬂ’
a /° cos4:::d:z:=—/b 4cosdxdzx
0 4 Jo

=r
[sin 4z] ¢

sin 2—“ lsin 0
3 4

N N N
[

»|&

»

(2]
o\
@
w
[+
[¢]

(S
[V
]
[=%
]

Il
|

/° 2sec’® 2z dz
0

[E]

=
g
'

8,

Sa

N == =

(tan% — tan 0)

ol

d, . .
a E(msmw +cosz) =xcosx + sinz + (—sinz)

=X CosT

b Using the result from part a:

/3:z:cos:cda:=/3 i(acsin:z:+cosa:)drz
0 o dz

= [zsinz + cosa:]o?

— (%r-)sm(%) + cos (%) —0—cos0
V3
T+

1
—-1
2
5.1
2

r
3
nve

6
(m/3 - 3)

| =

Your work on questions like these will be faster and more accurate if you memorise standard
trigonometric values early in your course of study.

d
Ey=1—3sin2m

Integrating:



y=/(1 — 3sin2z)dz
3

=z + 5cos2z+c

Using the fact that y = O0when z = %:

0—‘”+3cos 21 +c
T4 02 4
T

c——z—o
—m+3cos2x—
y=e73 4

2
ﬂ:—lZsinZw—chsm
dz?
Integrating:

d
= =6cos2x — 2sinz + ¢
dz

Using the fact that % =4whenz =0:
4=06cos0—2sin0+c

c=4—-6=-2
d
Z =6cos2z — 2sinx — 2
dzx
Integrating:

y=3sin2x + 2cosz — 2z +d

Y]

Using the fact that y = —3 when z =

—3=35in1r+2cos%—1r+d

d=-3-0-0+m
y=3sin2x +2cosx —2x -3+ 7

Two different constants of integration has been used in worked solution 5, although there is not
really anything wrong with using ‘¢’ twice. You just have to remember that ¢ will have different values

in the different parts of the question.

dy . T
a i =4sin (2:t - E)
Integrating:

y=—2cos(2x—%) +c

Using the fact that y = 5when z =

SE

s
5——2cos(7r—5)+c
5=—2cos%+c=0+c

c=5
y=—2cos(2x—%)+5

b y=—2cos(2:v—%) +5

y=—2cos(%)+5=—2%+5=—\/3'+5
%=4sin(%)=4(%)=2

Gradient of normal = — %



Equation of the normal is:

v=(VI+9) =-5(e- )

1 T
y——ax+g—\/§+5

w+2y=10+%—2\/§

First, establishing the limits of the integral by finding the points at which the curve crosses the z-axis:

1+ 4/3sin2z + cos2z =0
v/3sin 2z + cos 2z = Rcos(2z — a)
/3 sin 2z + cos 2z = Rcos 2z cosa + Rsin 2z sina

Equating coefficients of cos 2z : Rcosa =1 .......... (1]
Equating coefficients of sin 2z : Rsina = /3 ........ [2]
[2] + [1]:

/3 sin 2z + cos 2z = 2 cos (21:— %)
1+ /3sin2z + cos 2z =0
T
1+2cos(22:— E) =0

2

T 2T

2z — — = —
TT3T3
2r=m
=T
)

. . . s
Now, integrating the function betweenz = 0 and z = o

/’ (1 + +/3sin 2z + cos 2z) dz
0

"

= |z — ﬁcos2.11: RS lsin2x !
2 2 °

Lo |

V3 1, V3 1.
- Tcos1r+ Esm‘lr— (0— TcosO+5sm0
3.3

2 2

ST E NI ]

+3

+—+

Y

Maximum when % =0:
dz

6cos2z +6cosz =0

6 (2cos’z — 1) + 6cosz =0
12cos’ z + 6cosz — 6 =0
2cos’z+cosz—1=0
(2cosz —1)(cosz +1) =0

cosxT = or cosx=—1

2

T = =T

w3

From the diagram, M occurs at x =

w|y

x

Area of shaded region = / * (3sin2z + 6sinz) dz
0



"
-
3

[—Ecos 2z — 6 cos :z:]
2 0

3 2 b 3
—Ecos (T) — 6 cos (E) — (—Ecoso — 6 cos 0)
3 1 1 3
B ( (5) Tt

|
|
——
|
[=>]

2
3 3
—Z—3+3+6
9
_Z+3
21
4
a ‘/;ssinzd:c=[—cos:c]¥
- 6
6
T T
= — Cos (E) + cos (3)
1 V3
TR

It is essential that you draw a diagram for this kind of question. Make it clear in your mind which

area you are trying to find and then work out which other areas can be used to make the correct
calculation.

y=sinx

E==F---#D

>
X

WIS pmmmmmmmmma Ay

Q
~
I
ENEE S,
N
I

This integral represents the shaded region in the diagram:
vz

/:T (sin"'y) dy

2

= Areaofrectangle OABC — Areaofrectangle OF DE — /:r *sinzdz
n

T3 1w 1
=37 35 33V
1I'\/3 m™ 1 1
== 17 3IV*3
™ \/3—1

= 5@V3-1) - =

~in(5) -0 (3)



™
2

N|§

™
=57 (-1 +3v2-3

=Y

Ao e D5(23)
s E e i(F) %

)+

™ V3-1+2
:ﬂ(3f_4)+7

2



1
Although the coursebook shows the identity cos® z = 5(1 + cos 2z), in part b of Question 1 you

know that you will need to expand the brackets, so just use the expanded version from the very
start.

2 (T
/4cos (2)dx

1 1
4/<5+5cosz> dz
=4 lm+lsinx +c
S \2 2
=2z + 2sinz + ¢

e /6 tan®(3z) dz = 6/(sec2(3m) —1)dz

6
e 5ta.n3:c—6z+c

=2tan3z — 6z + ¢

2 a /"sin%cd:z;:/s <l—lcos2z) dx

Rearranging 1 + tan® = sec? @ gives tan’ 0 = sec? 8 — 1.

/stan22zdm=/° (sec’ 2z — 1) dz

0 0

1 N

= [Etan2z—z:|0
1 T T

= ytan(3) — 5 ~0+0
1 T

=53 -5

_ 3V3—-7

6




/1 1
=/0° (3+5cos2x—sec2x) dz

= [%x+%sin2x—tanx]%
0
=11r—2+%sm(;)—tan(%)—0—0+0

-5+5(7)-F

1
= ﬂ(z‘ll' + 3\/3-— 8\/5)

. 21 — 53
- 24

o 1+cos :c

/ re
/ ¢ ( T + cos z) dz
cos

1
/ (sec T + + Ecos 2:::) dz

1 z
[ta.nx + —a: + ==sin 21:]
4 0

(5)+-+3in(3) 000

5+ 3(7)

(843 + 2w + 34/3)
(11f+ 2r)

| [ |
gl"‘ wla g

Il
N

cotx
dy d scosz
dz  dz ( sinx )
sin z(— sinz) — (cos z)(cos z)
B sin’
(sin? = + cos’ z)

sin?

@
I|

_ 1

T ()
1

Y



sinx cosT
a tanz +cotx =

cos T sin x
sin? z 4 cos®

sin x cos x
1

sinx cosx
2

2sinz cosx
2

sin 2z

Always remember that the parts of questions might be linked. When integrating trigonometric
functions, you are often asked to prove an identity which you will use in the second part of the
question.

I tanz + cotx z ( 2 )
3 3 —

sin 2z

= f’z 4sin 2z dx
T

= [~2 cos 2z]

Bl BT B

2
= —2cosm+ 2cos (TW)

1
e (3
=2-1
=1
a sin7x + sin3z
= sin(5z + 2z) + sin(5z — 2z)
= sin 5z cos 2z + cos 5z sin 2z + sin 5z cos 2z — cos 5z sin 2x
= 2sin 5z cos 2z

b /; * (2sin 5z cos 2z) dx
T

= /.J (sin 7z + sin 3z) dz
0

'

1 1
[—?cos Tx — Ecos 3:1;]

1cos n 1coe?. +lcos n +lcos(7r)
7 3) 39°TTY 6 ) T3N3

) b 1) o

H(3)+5-4
1 1 3

o] 2

T 143 14
3 14 33
TR TR T
11-3/3

42



sin 3z = sin(2z + z)
=sin2xcosx + cos 2z sinx
=2sinz cosz cosz + (1 — 2sin’z) sinz
=2sinzcos’ z + sinz — 2sin®
=2sinz(1 —sin’z) + sinz — 2sin z

=3sinz — 4sin’z
Using the result from part a:

sin3z = 3sinz — 4sin®

3

4sin® z = 3sinz — sin 3z

3 1
2sindz = Esinz - Esin 3z

/’2sin3a:dz
0
T(3. 1.
—/0 (Esmx—Esm&c) dz

®
-

3 1 3
= |—=cosz + =—cos 3z
2 6 0

= —=CO0S (%) + ! —COS T + %coso - %cosO

2
3 1 1
=T1°5'2°%
_ —9-2+18-2
N 12

5

v

cos 3z = cos(2z + x)

= cos 2z cosx — sin 2z sinx

= (2coszz — 1) cosx — 2sinzcoszsinz
=2cos’z — cosz — 2sin® zcos z
=2cos’z — cosxz — 2(1 — cos® x) cos =

=2cos®x — cosz — 2cosz + 2cos®

=4cos’z — 3cosz

Using the result from part a:

cos3z =4cos’z — 3cosx
4cos® z =cos 3z + 3cosz
4cos®x + 2cosx = cos 3z + 5cosz

f

=‘/o (cos 3z + 5 cosx) dz

"
-

=sin 3z + Ssinx] ’
0

in (3) +son (3) 00

e a

(4 cos’z + 2 cos z) dz

II
—_—
wl—~ ©

I
Jor w] = wlu—a

—~~

[

N

+

w
~/
o =
—

= N




/1 1 . 4 4
—w/; (5+5cos2z+2sm2x+5—5c052m)dx

Ll
-

2

T Ex + lsinZ::: — cos 2z — sin 2z
2 4 0

5/m 1. .

_w[E ?)+Zsm7r—cos7r—sm1r—0—0+1+0]
2

=5%+0+1r—0+1r
2

—5%4-211'

When proving identities, always look carefully at the form of the final expression that you are trying
to get to. In part a of Question 10, the original expression contains terms in sec z and tan z, but the
final expression contains only sin z. How can you convert to terms in sin z only?

1 1 sinz

a sec’z+secxtanz =

cos?x  COST COST

1+ sinz
T cos?zx
1+sinz
~ 1-sin’z
. 1+sinz
~ (1 —sinz)(1 + sinz)
_ 1
" 1-sinz
b y=secz = (cosz)
Yy _ -2,
o (cosz) “(—sinz)
__ sinz
cos’z
1 sinz

X e—

cos T cos T
=secxtanx

T 4
c (L — |
/,; 1 —sin2x *
T
. —_—d
4A 1—_smoz

=4 / ¢ (sec2 2z + sec 2z tan 2:1:) dz (from the result in part a)
0

1 1 0
=4 [Etan 2z + Esec 2x] ’ (from the result in part b)
0



=4 =tan — + =sec — — 0 — —sec
5 a,n3 2sec3 5

2 4
=23+ — -3
COSE
2
(3)
=2V3+4-2

=23+2
=2(1++/3)



2 3 4
V2 V7 V14
Yo h Y2
4 3 h
/ V' —2dz = 3[y0+y2 +2(31)]
1
=5 [VZ+ Vi +2/7]

= 5.22 (to 2 decimal places)

Try to avoid working out each y-value as a decimal. It is best to keep exact values until the very

end.
f a=2
b=12
12 -2
h= -
7 12
logy 2 logy 7 logy 12
Y1 Y2
/ log)y zdz ~ —[yo +y2 + 2(11))]
5
=3 [log,q 2 + log,, 12 + 2log;, 7]
= 7.68 (to2 decimal places)
a=1
b=5
5—1
h= <= 1
T 1 2 3 4 5
y el 4e7? 9e3 16e 4 25e°
Yo Y Y2 Ys Y4

-

e h
zle*dz ~ E[yo +ya + 2(y1 + y2 + y3)]

1
=5l +25e7° +2(4e7? + 9¢7* + 16e7)]
= 1.55 (to2decimal places)
a=2Z
4
T
b=
I _©




)

4
= 1 h
ﬁ ‘ cosec (Ez) dzr ~ E[yo +ys +2(y1 +y2+ys + ya+y5)]
T

z z 2n 3n dn 5n L n
4 4 4 4 4 4 4
cosec ( z ) cosec 2_1r cosec 3—7r
y 8 8 8

cosec il
8

™

=6.76

y

o 5 o () o) )
+ cosec (?") + cosec (?ﬂ) + cosec (?ﬂ) }]

b This is an over-estimate since the top edges of the strips all lie above the curve.

[ n 2';
a=0
m™
b=3
™
peZ o
T3 6
; z o En
6 6 6
x 2 3
e cos 0 e?cos% eTcosz—; eTcossl

0

x 3
% e"cos 0+es cos %+2{

3

= 1.77 (to2decimal places)

x

h
/ze’cos zdz ~ E[yo+y3+2(‘y1 + y2)]

2x

- ™ —
€ 6 Cos E+G°COS—

27 }]

6

a=1
b=3
3—-1 1
= =2
» 1 1.5 2 2.5 3
el e1.5 e2 e2.5 e3
y 2(0) 2(1.5) 202) 2(2.5) 203)
/Se—zdawﬁ[ +ya + 2(y1 + y2 + y3)]
, 2z ~ 3 Yo T Ya Y1 TY2TYs
1 el e3 el.S e2 e2.5
—a|== 2
1 [2(1) oM {2(1.5) DN 2(2.5)}]

= 4.07 (to 2 decimal places)

This is an under-estimate because the curve is convex and the top edges of the strips all lie below the curve.

This is an over-estimate, because the curve is concave and the top edges of the strips all lie above the curve.



END-OF-CHAPTER REVIEW EXERCISE 5

1 /r?(1+2ta.n2:¢:)dz:/:r
0 N

2 (4
[4 (1—2z —Zm)dz:

wl =

/.

-2
1-2z

=-2 ln|1—2:z:|-+-l:z2
it =24+ 5]

(1+2(sec’z — 1)) da

-2

-4

~2(In5+2—1n9 —8)

5
=—2In(=)+12

+:1:) dz

9
~12+2m(2)
81
1 (8)
3 a=0
b=1
1-0 1
h=— "1
z 0 0.25 0.5 0.75 1
o 2 —0°In(0+1)[2-0.25°In(0.25+1) | 2 — 0.5 In(0.5+1) | 2 — 0.75*In(0.75 + 1) | 2 — 1®In(1 + 1)

1 h
/ (2-2’In(z + 1)) dz ~ 5 (%0 +ya +2(y1 + 92 + 3)]
0

1
=3 [2—0%In(0 + 1) + 2 — 1% In(1 + 1) + 2{2 — 0.25? In(0.25 + 1)
=+2—0.5?1In(0.5 + 1) + 2 — 0.75” In(0.75 + 1) } |

= 1.81 (to 2 decimal places)
This is an under-estimate because the top edges of the strips all lie below the curve.

: 1 1
4 / *(cos 3z — sin 2z) dz = [gsin 3z + 5 ¢0s 2.'1:]
0

Il Il Il
Wl W= W

ey
wl"‘

E.

+
N N|HN|=‘

+ +
w

|

(=]

+

/N

-
V]

N | =
EN] DNy T

0
™

1
cos =——0— Ecoso

3
1
_0_5




1 1
/ (3¢* —2)*dz = / (9e* — 126" +4) dz
0 0
9 1
= |:—e2“ —12¢e* + 43]
2 0

=%e2—12e1+4—§e0+12e°—0

9 9
=5e2—12e+4—3+12

9 , 23
—Ee —12e+7

=—Ee —Ee —Ee—ge
_ 5 o 2 4 5 2
-3¢ 3¢ T37t3
_ 5 a2 5 19
-3¢ 3¢ %
b A (se—2: +26_3:)d2 _ kllglo (_%e—ﬂ: _ %e—3k + 1??)
19
0+0+?
19
G
4 _3
/2 51:-}-1 / 5$+1
= 3[ln|5x +1|)3
= %ln 21 — =In11
3 21
-0 (%)
4+ A =8:D+20+A= 8x
2r+5" 2z+4+5  2z45
204+ A=0
A=-20

b Using the result from part a:

3 8z 3 20
dz = 4- d
/1 2 +5 /1 ( 2x+5) z
= [4z — 101n |22 + 5|}

=12-10In11 — (4 — 101n7)
=12-10In11 — 4+ 10In7

11
=8—-10In (7)
2

i 12sin? z cos’ x = 3 (4 sin® z cos® z)

= 3(2sinz cos z)*
= 3sin? 2z

1 1
But sin’A4 = = — 5 c0s 24

n

1 1 3
so 12sin? z cos’ z = 3 (5 — 5 cos 42:) = 5(1 — cos 4z)

ii Using the result from part i:



10

11

/;’ 12sin® z cos® dz = /” (% - %cos4a:) dz
- z

_31r+3sin4 3r )
=% "3 8 m
T 3(3 3
-5+§'7)-?+°

™ 33

_§+1_

/4e’(3 +e*)dz = / (12¢* + 4¢*) da

/E(3-+—2t:an29)d0=/‘«7 [3 + 2(sec’6 — 1)] d6

Il

‘(3 +2sec’0 —2)do

4

=/j(1+2sec2o)da
K
=[0+2tan6] ‘-
4

Tl' 7(' ™
—Z+2tanz—(—z+2tan
™
= =42 (-2

7 t2-(-2)

'Il'
—5+4
= 5(r+8)

(2sinz + cosz)®
=4sin’ z + 4sinz cosz + cos’ x
=3sin’z + 2(2sinz cos x) + sin® z + cos? z

ot ®°

1 1 .
(5 i ECOSZ:L’) + 2sin2x + 1

+1-— %cosh + 2sin 2z

3
+ 2sin2x — 5COS2I

Using the result from part i:

BBl

/ (2sinz + cosz)’dz
0

(5 . .. 3
A (5+23m2z—5ms2z)dx

"
-

= 2a):—c:os2.7:—2sin2:t: ‘

2 4 0
=%(%)—cos%—%sin%—0+l—0
_57r_3_'_1
T8 4
_57r+1
8 4
—1(51r+2)

)



12

Cos T

Yy=cotx = =
sinz
dy  (sinz)(—sinz) — (cosz)(cos z)
dz sin? z
—(sin? = + cos® z)
sin? z
1
sin? z
= — cosec’z

1 + cot? z = cosec?

2

x

cot? ¢ = cosec®z — 1

[2 cot? zdz
N

4

wla

(cosec’z — 1) dx

(from the result in part i)

B BN El

= [—cotz — z]

T T 1
=—Cot = — = — | —

m
4

tan il
4

cos2z =1—2sin’z
1

T—cos2z

B 1

1 (1-2sin’2)
1

 2sin’a

1 2
= =cosec“z
2

1
/ 1 —cos2z dz
=/%cosec2:rdz

1
= —Ecot z + c (from part i)

1 42 1
13 i /Mdz=/( +cos22:c)d:c
cos? 2z cos? 2z

1 1
= / (sec2 2z + 5 + 5cos 4:r) dz

—ltan2 +1 +1i.n4+
=3 z+ 32+ gsindz+c

14 6 14
[; (2+3Z_2>dz—[21’+21n|3:t—2”4

=28 4 2In40 — (8 + 21n10)

=20+ 2In40 — 2In 10
40
—920+2n0
0+2la75

=20+2In4
=1Ine”? + In4?
= In(16e*)



14 i y==xsinz

Y .
—_— =L COST + SInxT
dx

At the point (%, %)
= (3)es(3) +om(3) =1
Gradient of the normal is —% =-1

Equation of the normal is:
T ™
v-3=-1(=-3)

y=-x+m
Whenz =my=-n+7=0

The normal passes through the point (m, 0).

I .
i E(smx —zcosz) =cosz — (—zsinz + cosx)
=zsinz
iii Using the result from part ii:
T Td
/ zsinzde =/ = (sinz — x cos z) dz
0 o dz

Es

= [sinz — xcosa:]o;

. T T T )
—31n5—5cosa—(sm0+0)
=1-0-0-0

=1

15 i (cos 2z — cos4z) = %[cos(3a: —z) — cos(3z + z))

(]

1
[cos 3z cos z + sin 3z sinz — (cos 3z cos z — sin 3z sin z)]

2
1

= E[COS 3z cos x — cos 3z cos z + sin 3z sin z + sin 3« sin x|
1

5 (2sin 3z sin z)
=sin3zsinz

ii Using the result from part i:

- -1
[3 sin3nr:sinz:d:z:=/'3 5(c052:1:—cos4z)da:
5 s

/1 1
= /: (Ecos 2z — Ecos 4z) dx
6

1 z
) [Zsin% - Esin4a:] :

1.
8

) +5(

I
N
m.

B

)
B
wlg"’
|
o] =
)
g
|5
|
N

|
N
I
®
=]
wI ¥
~—

+
1

13
ol
oo

“’Iél

)

|
oo =

)_

N
~/~

ol = = =




Numerical solutions of equations

1 a YA

f——

y=qvl+x
>
x

b The graphs intersect in two different places, so there are two roots.

¢ Let(z)=2*—- I+ z=0, then
f(-1)=(-1)* -vIT—-1=1>0and
f0)=02—yT+0=-1<0

Change of sign indicates that there is a root between —1 and 0.

2 a y
20

-
>

2 2
y=x"+ 5x°

Three points of intersection indicate that there are three real roots.
b Letf(z)=z® + 52% + 2z — 5 =0, then
f(0)=0+0+0—-5<0and
f(2)=8+20+4-5>0
Change of sign indicates that there is a root between 0 and 2.
3 a You need to draw the graphs of y = z® and y = 1 — 5z because they meet when
z* =1- 5z

i.e. when z® + 52 — 1 =0.



=Y

There is only one point of intersection, so there is only one solution to z* + 5z — 1 = 0, and so only one
point where the curve y = z® + 5z — 1 cuts the z-axis.
b Letf(z) =z® + 5z — 1 =0, then
£(0.1) = 0.001 4+ 0.5 — 1 < 0 and
£(0.5) =0.0125 +2.5-1>0
Change of sign indicates that there is a root between 0.1 and 0.5.

a I VA y=3x-4
| y=In(x+1)
I
l >
-1 /0 4 x
3

b The graphs intersect in two places, so there are two solutions.

a YA

y=e

>
x

There are two intersections, so there are two roots.
b Letf(z) =¢* —z — 6 =0, then
£(2.0) =e* — 2 — 6 = —0.6109 < 0 and

f(2.1) =€*! — 2.1 — 6 =0.06617 > 0
Change of sign indicates that there is a root between 2.0 and 2.1.

When using the change of sign method, you must remember to rearrange the original equation into



the form f(z) = 0.

a Letf(z) = (z +2)e’* — 1 =0, then
£(0) =2¢" —1=1>0and
£(—0.2) =18e' —1=-0.33782 <0
Change of sign indicates that there is a root between 0 and —0.2.

because if

1
b You need to draw the graphs of y = e and y = o

(z + 2)e’* =1 then

1
e5z —

z+2°

Graphs only intersect at one point, so there is only one root.

Note that the question does not use any degree symbols. You must, therefore, put your calculator
into radian mode.

a Letf(z) =cos™!2z +2 —1=0, then
£(0.4) = cos10.8 + 0.4 — 1 =0.0435 > O and
£(0.5) =cos '1+05—-1=-05<0
Change of sign indicates that there is a root between 0.4 and 0.5.

b YA
y=cos™! 2x
3 |
4
n
2
A
4
y=1-=-x
# l I >
1 05 O 0.5 N

=1,
2z +3 °

sinz =2z + 3

You need to draw the graphs of y = sinz and y = 2z + 3.



YA

" 4

sinz
on
2 2z +3
this domain. Also, if z is less than —27 or greater than 3 then the line and curve will not intersect again, so

. . . . ™ .
There is only one point of intersection for —27 < z < -3 and so there is only one root of 1 =

. . . . sin z
this is the only point of intersection of y = 2213 andy=1.
b Letf(z)= R 1=0then
2z + 3
f-2)= 222 00007 < 0ana
(f)—_4+37 =—0. <0an
sin (—1.9)
f(-1.9) = —/—F —1=10.182
(-1.9) 3813 0.1829 >0

Change of sign indicates that there is a root between —2 and —1.9, i.e. that -2 < a < —1.9.

9 a YA

y=x>+4x

/

<Y

y=Tx+4

There is only one point of intersection for 0 < z < 5, and so there is only one root on this domain.
b Letf(z)=2® — 3z —4=0then

f(2)=8-6—-4=-2<0and

f3)=27—-9-4=14>0

Change of sign indicates that the root lies between 2 and 3.

10 a YA

y=x+4

"

There are two intersections, so there are two roots.

b Letf(z)=2" —x —4=0then



£(2.7) =27 — 2.7 — 4= —0.20198 < 0 and
£(2.8) =228 — 2.8 —4=0.16440 > 0
Change of sign indicates that there is a root between 2.7 and 2.8.

11 a YA

>
(0] X

There is one point of intersection for 0 < z < > and so there is one root on this domain.

b Letf(z) =cotz — z* = 0 then
£(0.8) = cot 0.8 — 0.8% = 0.33121 > 0 and
f(1) =cot1 —12=-0.35791 < 0

Change of sign indicates that the root lies between 0.8 and 1.

12 a

There are three points of intersection for 0 < x < 27, and so there are three roots on this domain.

Pay careful attention to the inequality signs used in each question. In Question 12 a the
inequalities are strict, which actually excludes 0 as a solution. Always check this carefully.

b Letf(z) =z — tan 2z = 0 then
f(2.1) =2.1 — tan4.2 = 0.32222 > 0 and
f(2.2) =2.2 — tan4.4 = —0.89632 < 0
Change of sign indicates that there is a root between 2.1 and 2.2.

13 a YA
y = cosec x

y=sinx

There are two points of intersection for 0 < z < 27, and so there are two roots on this domain.



b cosecx =sinz

- =sinz
sinz
sinfz =1
sinz = +1
by 3
r= E orx = ?

The larger root is = 377r =4.71 (to 3s.f.).

14 a f(z)= 20z3 + 822 — Tz — 3, s0
£(0.5) = 20 (0.125) + 8 (0.25) — 7(0.5) —3=—2 < 0 and
f(1)=20(1)+8(1)—-7(1)—3=18>0
Change of sign indicates that one of the roots is between 0.5 and 1.

b YA
y=(5x=3)2x + 1)?
>
(0] X
=3

Here is a table of values of f(z) for various values of z. Plot the points and sketch the graph. You will then see
that if there is a smaller root then it lies between —1 and 0. In fact, the graph only touches the z-axis here.

-1 -0.5 0 0.5 1
-8 0 -3 -2 18
3 2
1 1
)-2"('5) +8(‘5) '7('5) -2
T8 42
_ —20+16+28 — 24
n 8
=0

By the factor theorem, 2z + 1 is a factor of f(z).

This means that you can factorise the cubic and, thus, solve it algebraically.
15 a 800 = Volume (cylinder) + volume (hemisphere)

1/4
800 = 7r? x 20 + 5(37"'3)

800 = 207r? + %wr:’
2400 = 607r® + 2703
7 + 30mr? — 1200 =0
b Letf(r) =nr® + 30mr? — 1200 = 0 then
£(3) = 27w + 270w — 1200 = —266.947 < 0 and

f(4) = 64w + 4807 — 1200 = 509.026 > 0
Change of sign indicates that there is a root between 3 and 4.



7 — 3

a Using xn41 = with z; = 1.1:
T2 = % =1.1338
T3 = w =1.1085
T4 = w =1.1276
T5 = le2763 =1.1133
T = 7_1—511333 = 1.1240

b 6 = 1.12 (to 2 decimal points)

f(1.115) = 1.115° + (5 x 1.115) — 7 = —0.0388
£(1.125) = 1.125° + (5 x 1.125) — 7 = 0.0488
Change of sign indicates that there is a root between 1.115 and 1.125.

The root therefore has the value 1.12 to 2 decimal places.

a Letf(z)=In (z+1)+ 2z — 4=0then
f(1) =In(2) + 2 — 4 = —1.307 and
£(2) =1n(3) +4 — 4 =1.099

Change of sign indicates that there is a root between 1 and 2.

4—In (z, +1)
2
4—1n(2.5)
L=y = 1.541855
_ 4-1n(2.541855)
2
4 —1n(2.533553)
a 2
_ 4-—1n(2.535189)
-—
So a = 1.535 (to 3 decimal points).

b Using zn41 = with z; = 1.5:

x3 = 1.533553

T4 =1.535189

T5 = 1.534866

1
z— 05

1
a e = , 50 drawing the graphs of y = e and y =




—10 -

There is only one point of intersection, so there is only one root of the equation (z — 0.5) e** = 1.

b Using zn41 = e 3 4 0.5 with z; = 0.5:

z; =e % +0.5=0.7231
x3 = e 2109 4 0.5 =0.6142
zy = e 1827 4 0.5 =0.6584
x5 = e 191 1 0.5 =0.6387
e 19162 4 0.5 = 0.6472
e 1915 4 0.5 =0.6435
xg = e 1905 4 0.5 =0.6451
z9 = e 1992 1 0.5 =0.6444
Ty = e 19982 4 0.5 = 0.6447

So a = 0.64 to 2 decimal places.

T —
Tr =

a +10z=z+5
Drawing the graphs of y = 2® + 10z and y = = + 5:



YA
10 4

v=x>+ 10x

0 -

There is only one point of intersection between 0 and 1, so there is only one root on this range.

b Use the starting point £; = 0.5 because this is the midpoint of the interval in which there is known to be a

root.

Using Zny1 = > —993"3 and z; = 0.5:
z1 =0.5
T2 # = 0.541667
z3 = % = 0.537897
Ty = w = 0.538263
x5 = %559495 = 0.538228
2 = 201009188 0'19559188 = 0.538231
z7 = w =0.538231

So z = 0.5382 (to 4 decimal points).
a Letf(z) =cos(3z) +  — 1 =0 then
T
£ (E) =0.1008459 > 0 and

Change of sign indicates that there is a root between 17r_5 and 17r_2

b cos'3z=1—-=2z

3z =cos (1 —z)

1
T = gcos(l — )

¢ Usin = —1 (1 — ) ith = —
1 n+ 3 n 1 :
SIMg Tni1 COs Ty ) W 1 12



1 ™

22 = gcos (1 - ﬁ) — 0.24656
1

23 = gcos (1 - 0.24656) = 0.24311
1

24 = gcos (1 - 0.24311) = 0.24233

25 = %cos (1 - 0.24233) = 0.24215

z¢ = =cos (1 — 0.24215) = 0.24210

(%] B

So a = 0.242 to 3 decimal places.

Remember that you can often use a range of starting values. The answers in the coursebook show
a number of possibilities. Try some other starting values for yourself and look carefully at which
work and which don’t work.

5—2x, — xp

a Using z,41 = B S— withz; = 1:
23 = | | =g = 0.6325
z3 = 3'458 21 0.8345
24 = 2.7498 — 0.7416

5
x5 = 21090 0.7885
5
T6 = 2'95326 =0.7658
zy = 3‘05191 =0.7771
zg = 2‘9;67 =0.7716
zg = 2'95975 =0.7743
2.987.
zy = 958 3 - 0.7730

So a = 0.77 to 2 decimal places.

b When the sequence converges, T, = Tp+1 = Z.
5—2x—=x
5
2 _ 5—2z — a8
5
522 =5 — 2z — z*
z* + 52 + 26 -5=0

a zt—-1—-2=0

=z +1
z = EFT

b Using the result from part a:

Tpy1 = \/4 1 + &5

¢ Using z,41 = v/I + z with z; = 1.5:
zp = /2.5 = 1.2574
x3 = 1/2.2574 = 1.2258
x4 = +/2.2258 = 1.2214
x5 = v/2.2214 = 1.2208
z6 = v/2.2208 = 1.2208



So a = 1.22 (to 2 decimal places).

1
8 a xpi1 = sin~! — | orzna = -
Tn sin Ty,

1
b Using zp41 = sin~! (—2>

Tn
1 — 1.5
x2 = 0.460554
1

But ————— =4.714535 > 1
0.4605542

You cannot take the inverse sine of this number, so the iteration cannot converge.

- with 7 = 1.5:
\/ sin z,,
L 100125
sinl.s
! 1.08970
T3 = | — 1.
3 sin 1.00125
T
=/ ———— =1.0621
. sniosero 06210
T
=/ ———— =1.07004
i sniocot0 L0700
1 J—
1 —
1 J—

C Using ni1

X2

_ 1.
26 =\ smt.o7o0d 00769
21 =\ Sm1.06760 _ 00838
Irg = ’/ m 106818

So a = 1.068 to 2 decimal places.

—_

9 a Using z,41 =1In (wnz + 4) with 1 = 2:
=In(4+4)=2.0794
=1n(4.3241 + 4) = 2.1192

z4 = In (4.4908 + 4) = 2.1390

x5 = In (4.5753 + 4) = 2.1489
=1n (4.6177 4+ 4) = 2.1538
=In( )
=1In( )

T2

T3

Z6
4.6389 + 4) = 2.1563
s 4.6495 + 4) = 2.1575
zo = In (4.6548 + 4) = 2.1581

So a = 2.16 to 2 decimal places.

Z7

b z=In(2?+4)
e =22+ 4

22 =¢e"—14

sin(z — 1)

T
sin(zx —1)+ 2z -3=0

2z =3 —sin(z — 1)

3 —sin(z — 1)

iU:T

10 a +1=0

. 3—sin(z, — 1) .
b Using zpy1 = f with 1 = 1.2:



11

o —

Ir3 —

Ty =

Ty —

Teg =

Ty =

Irg —

T9g —

T =

3 —sin (0.2)

3 = 1.4007

3 — sin (0.4007)

> = 1.3050
3 — sin (0.3050)

> =1.3499
3 — sin (0.3499)

> = 1.3286
3 — sin (0.3286)

5 =1.3386
3 — sin (0.3386)

> =1.3339
3 — sin (0.3339)

> =1.3361
3 — sin (0.3361)

> =1.3351
3 — sin (0.3351)

5 =1.3356

So a = 1.34 to 3 significant figures.

7 x
r = —3
In <—>
2
So a suitable iterative formula is:
In(1+z,)
Tpyl = —————
3
In (—>
2
In(l+z,
¥ with 1 = 3:

¢ Using zpy1 =



3 = 3.419023

x3 = 3.664726
x4 = 3.798179
x5 = 3.867747
x5 = 3.903249
z7 = 3.921171
zg3 = 3.930169
x9 = 3.934675

x10 = 3.936928
z11 = 3.938053
12 = 3.938616
So x = 3.94 to 2 decimal places.

The point A is (3.94, 3.94).
OA? = 3.94% + 3.947

OA = 1/3.94% + 3.94” = 5.6 to 2 significant figures.

You have to be sure that the decimal place you intend to round to isn’t going to change any more.
Even if the terms you have written down appear to confirm an answer, it is always worth
calculating a few more iterations to check.

12 a The height of the cone is the difference between the height of the whole shape and height of the cylinder.
Height of cone = 33 — 3r

b 5500 = 7r?(3r) + %mﬁ(33 — 3r)

5500 = 377® + mr?(11 — )
3 + 117r? — 7rd = 5500
27r® + 117r? — 5500 =0

¢ Using the result from part b:

27r® = —117r? + 5500
;5500 — 117r?
™ =

2m
_ \/m
r=\—
d Using 7ni1 = 4] 2500 — Lara with z; = 8

2w

zz = 8.05869

xz3 = 8.03200

x4 = 8.04419

x5 = 8.03863

zg = 8.04117

z7 = 8.04001

zg = 8.04054

z9 = 8.04030

T = 8.04041

11 = 8.04036

z12 = 8.04038

So a = 8.040 to 3 decimal places.

e The value in part d gives the radius of the cone that you would need to choose in order to get the specified
volume of 5500cm?®.



13 22—-72241=0

T2 =a2° +1
£U2 _ w3;r1
@, 3+1
miﬂ = 7
Ir1 = 0.5
o = 0.4009
z3 = 0.3900
x4 = 0.3890
z5 = 0.3889
z¢ = 0.3889

o = 0.39 (to 2 decimal places)
or
22— 722 +1=0

22 =722 -1

Tyl = \/Txn? — 1
rr = 65

T2 = 6.6551
z3 = 6.7608
x4 = 6.8325
z5 = 6.8808
s = 6.9134
z7 = 6.9352
xg = 6.9498
T9 = 6.9596
T = 6.9662
z11 = 6.9706
Ir12 = 6.9735
Ir13 = 69755
T4 = 69768
x5 = 6.9777

B =16.98 (to 2 decimal places)

14 a JA

y=sinx

e e e
=

. . . ™ . . .
There is an intersection between £ = 0 and z = 2 so there is a root on this domain.

b cotx =sinx

cos T .
=sinz

sin x
cosz = sin’ z

sinxz = y/coszx

z =sin"! \/cosz



¢ Using zn41 = sin',/cosZ, with z; = 0.9:

z2 = 0.9082
z3 = 0.9016
x4 = 0.9070
z5 = 0.9026
x6 = 0.9061
z7 = 0.9033
zg = 0.9056
x9 = 0.9037
1o — 0.9052
z13 = 0.9040
z12 = 0.9050
13 = 0.9042

So a = 0.90 to 2 decimal places.

— — SN T
tanx

tanx =

sinz

z = tan™! ( ,1 )
sinz

Using p4+1 = tan™ ( - ! ) with z; = 0.9:
sin x,
x2 = 0.9063
z3 = 0.9039
x4 = 0.9048
x5 = 0.9045
xg = 0.9046
z7 = 0.9045

So a = 0.90 to 2 decimal places.

You can often find several possible iterative formulae and some are much better than others.
Convergence can take a long time, as it did in Question 13, or it can be very fast, as in Question 14
d. Some iterative processes, such as the Newton-Raphson method, are incredibly quick. Try
looking this method up.



e +z

)
dy 2%(2e* + 1) — (¥ + z)(32?%)
dar x5

a y=

d
At the stationary point, ﬁ =0:

z%(2e** + 1) — (e** + z)(32%) =0
2c3e?* + 2® — 322 — 32° =0
2x%e?® — 22° — 3x%e** =0

(2:1:3 - 33:2) e =2¢3

23
2% — 32% = =
ez

2%

2¢% =322 + 5

ez

3z

x_zzz ez

3 x
w—5+e7

It is worth noting that you are not given a starting point for this iteration. Try different values of z;
and see how quickly each brings you to the answer. The answers given in the coursebook (and
here) will be different if you try a different starting point.

3
Using Zp41 = — + 22:—" with z1 = 1.5:
e“%n

2
2 = 1.574681
x3 = 1.567522
x4 = 1.568184
x5 = 1.568122
zg = 1.568128

So the z-coordinate of this stationary point is 1.5681 to 4 decimal places.

dz
— =2t
dt

y=tt— 35t
dy
— =43 - 3¢?
o 3t -5
dy 48 -3t -5
dx 2t

d
At the stationary point, ﬁ =0:

43 — 32 —-5=0

4> =32 + 5
8 3t* +5
4
32 +5
t:
4

b Using tn1 = ‘3/ %T+5 with z; = 1.5:



x2 = 1.432164

x3 = 1.407497
x4 = 1.398602
x5 = 1.395404
x6 = 1.394256
7 = 1.393844
zg = 1.393696
z9 = 1.393643

X190 = 1393624
Sot =1.394 to 3 decimal places.

¢ At the stationary point, t = 1.394:
r=1t"+6="194
z = 8 to 1 significant figure.
y=t*—t> — 5t = —5.903
y = —6 to 1 significant figure.

The pointis (8, — 6) to 1 significant figure.
a Shaded segment area = %T2 (20) — %7‘2 sin 20 = r?6 — %rz sin 26
AB =2rcosd
Area of triangle = %(27‘ cos f x 2rsin @) = 272 sin  cos §
Using the fact that the area of the triangle is 2 times the area of the shaded segment:
2r’ sinfcos 6 = 2 <r20 - %13 sin 29)

r? sin 20 = 2720 — 7% sin 26
2r? sin 20 = 2r%6
sin 20 = 6

b Using 0,1 =sin 26, with 6; = %:

92 =1
03 = 0.9093
04 = 0.9695
05 =0.9330
0 = 0.9567
07 =0.9419
03 = 0.9514
0y = 0.9454
010 = 0.9493
011 = 0.9468
So the root has a value of 0.95 to 2 decimal places.
a y = 2? cos 4z
d

& 2z cos 4z — 42 sin 4z
dz

dy
At point P, — = 0:
p01n d:l‘

2z cos 4z — 4z? sindz =0
422 sin 4z = 2z cos 4z
422 sin 4z
-  _ 9

cos 4x
422 tan 4z = 2z



b 4z%tandzr =2z

€ Using zp41 = %ta.n‘l (2; ) with z; = 0.3:
z = 0.2576
x4 = 0.2675
x5 = 0.2699
z6 = 0.2690
z7 = 0.2693

So the z-coordinate of P is 0.27 to 2 decimal places.

= [:cz (1sin4z):| - /? (1(223) sin4z> dz
4 0 0 4
1/m\2 = 1 % .
_Z(E) smE—O—E{/O :z:sm4:cd:l:}
1 1 o T/ 1
—2—56-5{[-2““4”]0 - [T (qeoste)

nt 1 1[5
=——=(0—-0) — = 4

556 2(0 0) 8/0 cos 4z dx
= x — 1sin4:z: v
© 256 8|4 0

2 1



END-OF-CHAPTER REVIEW EXERCISE 6

6 1
1 a Usingzp == (zn + —3) with z; = 1.5:
Tn

7
xz = 1.5397
x3 = 1.5546
x4 = 1.5606
z5 = 1.5632
xzg = 1.5643
x7 = 1.5647
xzg = 1.5649
g = 1.5650
z19 = 1.5651

So a = 1.57 to 2 decimal places.

b =g(z+—)
T = 6z +
_ 6
)
2! =6
a=+86

Remember that the sequence converges to a point where z,,1 = z, = .

2 a f(z)=m3+%—8

1
f1)=1+5-8<0
f(2) =8+1-8>0

Change of sign indicates that there is a solution between 1 and 2.

b ﬁ+%—s=o

The two equations are equivalent, so if the sequence converges, it converges to the root of the original

equation.

C Using Tpy1 = Z - 5 with z; = 1.5:
z2 = 2.1985
x3 = 1.7717
x4 = 2.0039
x5 = 1.8688
T = 1.9445
z7 = 1.9011
zg = 1.9256
z9 = 1.9117

T = 1.9196

So a = 1.9 to 1 decimal place.

3  a Draw the graphs of y = e**! and y = 14 — 23.



-5 -

The graphs only intersect at one point, so there is only one real root.

b f(z) =" -14+2°
£(0.5) =e? —14+0.125<0
f(1)=e*—14+1>0

Change of sign indicates that there is a solution between 0.5 and 1.

Before you start to work on the algebra, consider the form of your target equation carefully. You
can see that logarithms are required, which makes the path clearer!

eZz+1 =14 — 2,'3
2z + 1 =1In(14 — z*)
22 =In(14 — z%) — 1

In(14 — %) -1
=——
_ In(14-2%) -1
d Using xp41 = — with z; = 0.75:

z2 = 0.804230
z3 = 0.800597
x4 = 0.800858
x5 = 0.800839
zg = 0.800840
z7 = 0.800840

So the root is 0.8008 to 4 decimal places.

z, (1+ sec’z,) — tanz,
a Using zp4 =

with z; = 1:

sec?z, — 1
z2 = 1.1825
z3 = 1.1692
x4 = 1.1662
x5 = 1.1657
Tg = 1.1656
So a = 1.17 to 2 decimal places.
b .o z(1 +sec’z) — tanz
sec?z — 1
z(sec?z — 1) = z(1 +sec’z) —tanz
zsec’z —x =z + zsec’z — tanz

tanz — 2z = zsec’z — xseclz =0



Inz? — 6

5 =z -5
2lnz — 6 =2z — 10
2zlnz+4 =2z
z=Inxz+2

The two equations are equivalent, so if the sequence converges, it converges to the root of the original
equation.

f(x)=lnz+2—-=z

f(2)=In2+0>0

f(3) =In3 +2 —3=10.09861... >0
f(4)=In4+2—-4=-06137..<0

Change of sign indicates a root between 3 and 4.

Sop=3andg=4.

Using zn41 = M“Tz_e + 5 with z; = 3:
22 = 3.09861
z3 = 3.13095
s = 3.14134
26 = 3.14570
27 = 3.14604
s = 3.14614
zo = 3.14618

So a = 3.146 to 3 decimal places.

5 —2=yln5
5 —2=In5¥
5 =Inb5Y + 2

Letting = = 5Y:
z=Inz+2
Using the result from part c:
5Y = 3.146

y = log; 3.146 = 0.71

Draw the graphs of y = 7 — z® and y = |2? — 1|.
YA

y=p -1

The equations of both curves only include even powers of z. This means that both curves will be
symmetrical about the y-axis.

The graphs intersect at two points, so the equation has two real roots. One of the roots is positive. This root is
a, which lies between 1 and 2.



p From the graph in part a you can see that the intersection occurs when

T—ab=22-1

z% =8 — z?
5 = a2 z
z
8
==z
z
¢ Using zp41 = (’/ i z, with 21 = 1.5:
zp = 1.3083
x3 = 1.3689
x5 = 1.3557
zg = 1.3537
xz7 = 1.3543
zg = 1.3541

So a = 1.35 to 3 significant figures.
d The graph has reflection symmetry in the y-axis, so § = —a = —1.35.

a 1
a 2¢5 ) dz = 0.
/;(3z+5+e):c 0.6

a

1 1 6z —
[3ln(3z+5)+ 3¢ ]0—0.6

1 1g 1 1
3]n(3a+5)+ 3¢ 31:;5 3 =0.6

e =1+18+1In5—1In(3a+5)
5
=In|28+In
6a [8+ (30+5)]

1 5
o= asm(2)]

1 5
b 1 B 2, i = .2:
Using an41 6ln( 8+1n(30n+5))w1tha1 0

ap = 0.164717
az = 0.165897
ag = 0.165857
as = 0.165858
So a = 0.166 to 3 decimal places.

dy 1 _L
2 dy (E) 3+

dz ~ /dz\ —t2
dt
t2

2yt +1

At P:



2

dz 2y/p+1
P’ =08,/p+1

(o
4—(4)@+n
\/_(p+1)4

p= e+

2V5

1
Remember to rationalise the denominator.

245 1
b Using ppt1 = T\/—(p,. +1)% withp; =1:

p2 = 1.06366
ps = 1.07202
ps = 1.07311
ps = 1.07325
ps = 1.07327

So p = 1.073 to 3 decimal places.

Using the sine rule:

Remember that sin(7 — 6) = sin §. This is because the graph of y = sin @ has a line of symmetry at

m
0—5.
T a
sinf  sin(w — 26)
r a

Sinf sin20
rsin20 = asin @
2rsinf@cosf = asin @
a=2rcosf

Using the fact that the area of the shaded region is equal to % of the area of the circle:



1

2
Ea (20) B 3
2 8
8r’fcos’ 3
272 8
3
209 _
cos® = 390
3
cosf = é
3
0= 1 —
%1/ 329
3w
£(6) = 0 — cos! /2L
b (0) =0 — cos 350
£(0.8) = 0.8 — cos ! 4/ < 0
T 25.6
£(12) = 1.2 — cos ! =2 5
e 38.4

Change of sign indicates that 8 lies between 0.8 and 1.2.

¢ Using 041 = cos™ 32; with 8; = 1:
0, = 0.99715
05 = 0.99622
0, = 0.99592
05 = 0.99582
05 = 0.99579
07 = 0.99578
05 = 0.99578

So 6 = 0.996 to 3 decimal places.

10 a f(z) =e2
g'(z) =sinz
Letting h (z) ={' (z) — g’ (z):
h(z) =e* % —sinz
When z =p, h(p) =0.
h(0.155) = 0.00364 > 0
h(0.165) = —0.00463 < 0

Change of sign indicates the presence of a root between 0.155 and 0.165, which means that the root is 0.16 to
2 decimal places.

b f'(q) =¢'(g)
e”? =sing
q— 2 =In(singq)

g =2+ In(sing)
¢ Using ghy1 =2 +In(sing,) with ¢1 = 2:
Using gny1 =2 + In (sing,) with ¢1 = 2:

q2 = 1.9049
g5 = 1.9431
qs = 1.9290
g5 = 1.9344
g6 = 1.9324
¢ = 1.9332
gs = 1.9329
g0 = 1.9330
qio = 1.9329

qi1 = 19329



So ¢ = 1.93 to 2 decimal places.

11 a z=cosz+sinx
= Rcos(z — a)
= Rcoszcosa + Rsinzsina
Equating coefficients of cosz: Rcosa=1........ [1]
Equating coefficients of sinz: Rsina=1 ......... [2]

Dividing [2] by [1]:

tana =1
T
—
R=1"+1=2
R=vV2
™
z = +/2cos (:c —-Z)
b Using 2,41 = v/2 cos (z,, —%) with z; = 1.2:
xz = 1.29440
z3 = 1.23494
zq = 1.27371
x5 = 1.24893
ze = 1.26498
z7 = 1.25467
zg = 1.26133
z9 = 1.25704
10 = 1.25981
z11 = 1.25803
z12 = 1.25918
z13 = 1.25844
T14 = 1.25892

So a = 1.26 to 2 decimal places.

12 a

There are two points of intersection in the given interval, so there are two real roots.

T T
b secx=(5—x) (Z+z)
S L
T +4:z:+8 secx
2 =Lz n‘-"2 —secx
T4 8
_ 27z + 7’ — 8secx
- 8
z_\/27r:1:+1r2—88ec:c
- 8
T T
c f(x):secx—(a—x) (Z+:t)

£(—0.215) = sec (—0.215) — (% +0.215) (% ~0215) >0

f (—0.205) = sec (—0.205) — (% + 0.205) (% ~0.205) <0



Change of sign indicates the presence of a root between —0.205 and —0.215, which means that the root is
—0.21 to 2 decimal places.

Using 2ns1 = \/27ra: - 7r28— 8sec zy, with 21 = 1:
xg = 0.4102
z3 = 0.6822
x4 = 0.6936
x5 = 0.6913
zg = 0.6918
z7 = 0.6917
zg = 0.6918

So 8= 0.69 to 2 decimal places.

u=sinzx
du
— = COS T
dz

du = coszdx
cos’z =1—sin’z
cos?z =1—u?
cos’ zdz = (1 —u?) du
Whenz=0,u=0

When z =, u =sina

/ cos® zdz = 0.3
0

sina
/ (1—11.2) du=0.3
0

sina—%sinaa—0+0=0.3

3sina — sina =0.9
sina (3 —sin? @) =0.9

. 0.9
SiN O = =—m—m—
3 —sin’a
Using o417 =sin™! ( 0.9 ) with og = 0.2:
3 —sin?z,
as = 0.30889
a3 = 0.31470
ay = 0.31509
as = 0.31511

So a = 0.315 to 3 significant figures.

Remember that integration by parts requires a product of two terms in the integrand.

/ Inzdx
1

e /a 1(Inz)dz
1

a ‘(1
=[:cln:v:]l—/l z(;)dm
=alna—0—/ ldz

1

=alna — [z]]
=alna— (a—1)
=alna—-a+1



Using the fact that / Inzdx = 5:
1

alna—a+1=5

alna=4+a
a_4+a
" Ina

4
Using ap41 = £t with a; = 5:

Ina,
az = 5.59201
a3 = 5.57241
ag = 5.57239
as = 5.57239

So a = 5.572 to 3 decimal places.




CROSS-TOPIC REVIEW EXERCISE 2

1+
142z
Using the quotient rule:

dy _ 1+2z)(1) — (1 +=z)(2)

1 y=

dz (1+2z)’
_1+2x—2—2z
(1+2x)°
1
(1 + 22z)*
x> !
2
so(1+2z)°>0
andﬂ=—;2<0for:¢:>—l
dz 1+ 2z) 2

It is fine to ‘explain’ using inequalities. Words are not always necessary in mathematics.

1
2 Y= Etan 2z
Using the chain rule:

d 1
ﬁ = E(sec22a:) (2)

= sec? 2z

When the gradient is 4, % =4:

sec? 2z =4

1
006223:—2
cosZm:%or—%

2
2m=§0r?ﬂ-
LT T
6’3

3 i y=2t"1
dy o 2
a - A 12
z =In(1 — 2¢t)
2_ -2
dt 1-2t
dy_dyxdt
de ~ dt ~ dx
2 1-2t
TR T2
_1-2t
==

dt 1
Remember that e TR
dt

il When the gradient is 3, % =3:



1-2t
t2
1 — 2t = 3¢?
3t24+2t—-1=0
@Bt—1)(t+1)=0
t=lort=—1

3
Butt <0

sot=—1

z=In3

y=-2

So the coordinates of the only point on the curve at which the gradient is 3 are (In 3, —2).

i Differentiating with respect to «, using the chain and product rules:

’y+y? =6z
dy dy

2 22 L Qy——= =6
Y+ dx M ydx

d
ﬁ(a:2 +2y) =6 —2zy

dy 6 —2zy
dz 22 + 2y
ii At the point (1, 2):
dy 6 —2zy
dz 2% + 2y
_6-2(1)(2)
C1242(2)
2
-5

Equation of tangent:

y-2=2@-1)

5y — 10 =2z — 2
2¢ —5y+8=0

Set out your different ordinates carefully in a table, as shown here.

1-0 1
h=——=3
1
T 0 - 1
2
1 1 1
y 6 + 2¢0 6 + 2¢05 6 + 2¢!

/l ! dz"'h[ + y2 + 2u1)
by 6+2er W TRTN

1 [ 11 2 ]
©4|6+2e"  6+2' 6+ 20°
= 0.11 (to 2 decimal places)

.. z 2
i /(e e;2) de

2:_42 4
ez
= / (1-4e +4e™)dx

=z+4e % -2 % 4+e¢

i Sketching the graphs of y =Inz andy =4 — %x:



YA

Note that here is only one point of intersection, so the given equation has only one real root.

i f(a:)=1nz—4+%z
f(4.5) = —0.2459 < 0
f(5) = 0.1093 > 0
Change of sign indicates the presence of a root between 4.5 and 5.

So,4.5 < a <5.0.

iii Using ,11 =8 — 2Inx, with xp = 4.75:

x; = 4.8837
T2 = 4.8282
z3 = 4.8511
x4 = 4.8416
x5 = 4.8455
g = 4.8439
T = 4.8446
Ty = 4.8443
9 = 4.8444

So, a = 4.84 (to 2 decimal places)
i z = (cost)™®

dz -4 .
i —3(cost) " (—sint)

_ 3sint
" cosit
y=tan®t
dy 2 2
— = 3tan“tsec’t
dt
% = % X :—: = 3tan® ¢t sec?t x (3Sintcos“t)
_ tan’tcos’t
T sint
_ sin’t cos’t
sin ¢ cos®t
=sint

.. 1
il Gradient = sint at the point [ ——, tan3t |.
P (cos:’t ’ )

Equation of tangent:



1
y—tan3t=sint(:c— 3>
cos’t

sint

y=tan’t + zsint —
cos3t

sin®t  sint
cos’t  cos’t
sin t(sin?¢ — 1)

=zsint +

=gxsint +
cos’t
. sin t cos®t
=TSNt — e—
cos3t
. sint
= SIint — m—

y =xsint — tant

i / (4e** +5)dz = 100

a
[2¢* + 5z]" =100
2e% + 5a — (2e7%* — 5a) =100
2e* + 10a — 2e™% =100
e =50 +e % —5a
2a =1In (50 + e ** — 5a)

a= %ln (50 + e ¢ — 5a)

i f(a) = %m (50 + ¢ —5a) —a
f(1) = 0.90483 > 0

f(2) = —0.15533 < 0
Change of sign indicates the presence of a root between 1 and 2.

So,1<a<?2.

1
Using ap41 = Eln (50 +e % — 5a,.) with g = 1.5:

z; = 1.87534
zz = 1.85246
T3 = 1.85388
z4 = 1.85379
x5 = 1.85380
zg = 1.85380

So, a = 1.854 (to 3 decimal places)

i y=etanz

Using the product and chain rules:

d
d—: =—2e % tanz + e *sec’z
but tan’z + 1 = sec’z
d
Ey = —2e % tanz + e *(tan’ z + 1)

=e % (tan’z + 1 — 2tanz)
=e %(tan’z — 2tanz + 1)

=e2(1 - tanz)’

Remember that (A — B)2 = A? — 2AB + B?. You will then recognise how the expression has been
factorised in part i.

dy

|| —_— —~2z . 2
= =~ ° (1 —tanz)
e >0

(1 -tanz)’ >0



10

11

dy
dz
So, the gradient is never negative.

So, =0

= d
m ﬁ —e2(1 - tanz)’
Least value is when
(1-tanz)’ =0
tanz =1
T
L = -
4
i tanf + coté

sinf cosf
cosf  sinf
sin%6 + cos®6

sin @ cos @
_ 1
" sinfcosf
_ 2
~ 2sinfcosf
2
" sin260
ii a Using the result from part i:
tanw +c01:7r ——2
8 8 3
sin (2 X 8)
2
- sin T
4
. 2
(3
V2
=22

H 6
b 2_
A tan9+cot6de
2/76(sm20)d0
0 2

- /73sin2oda
0

=

= [—%cos 20] ’

Differentiating with respect to x.

dy dy
2 e — G2 — —
2zy + x 6y 12zy ~ 0

d;
d—:(:c2 — 12zy) = 6y? — 22y
dy  6y® —2zy
dr 22 — 12zy
_ 2By —2)

z(z — 12y)



12

13

d
Parallel to the z-axis when @ _ 0:

2y(By—xz) =0

1
=0 S
Y ory 3:1:

But y # 0 as this is inconsistent with the equation of the curve.

So, y= —z.
0,y=3z

Substituting into the original equation:

() o)

22 (x — 22) = 27a3

—z3 =270}
Tz =-3a
1
y=3r=-a
So, there is only one point and it has coordinates (—3a, —a).
i f(z) = iz —z—1
x

£(1.4) = 0.66122 > 0
£(1.6) = —0.25625 < 0

Change of sign indicates the presence of a root between 1.4 and 1.6.

ii Intersect when
6
F —x+1
z’(z+1)=6
2 _ 6
z+1

The root lies between 1.4 and 1.6, so it is positive.

°o <w-?-1>

i Using z,41 = <mn n 1) with g = 1.5:
x1 = 1.5492
T2 = 1.5342
r3 = 1.5387
zy = 1.5373
z5 = 1.5378
z6 = 1.5376

So, the z-coordinate of P is 1.54 to 2 decimal places.

i x=e
dz
o = 2e
y=4tet
% =4e’ + 4t et
dy
dy <E> 4et 4 4tet
Az [dz\  2¢%
(&)
2+
ot
2t + 1)

et



Remember that a normal is always perpendicular to a tangent at the same point. If you take the
product of the gradients of the normal and tangent you get —1.

14

15

When t = 0:
dy  2(t+1) 2,
dz =~ e 1

1
Gradient of normal = -3
Att=0:
Z=eo=1
y=4tet =0

Equation of normal is:

y—0=—%(x—1)

= 1:z:+1
y="3%73
2y=—x+1
z+2y=1
y=3cos2x — 5sinzx
ﬁ:—ﬁsin2:z:—5cosa:
dx
T
Atz = =—:
=%
dy .o T
E——ﬁsmg—Scos6
V3 V3
‘_6(2 3
. 113
- 2

3 + 6y +y* =21

Differentiating with respect to z:

dy dy
2 — 2— 3
3z 4+ 6y + 6z=— + 3y T 0
d
d—:(6z+3y2) =—-3z” — 6y

dy —3z% — 6y
de (62 +3y)
32’46y
T 6z + 3y?
At (1, 2):
dy 3+12
dz ~ 6+12

cos x
= (cosz)™"

% = —(cosz) *(—sinz)

sinx

cos’x

1 sinx
X
COST  COST

=secxrtanzx




16

Notice that you want to get sec z + tan z on top of this identity, so you must multiply top and

bottom by sec z + tan .

1

secx — tanx

_ secz +tanx

" (secx — tan z)(sec x + tan x)
secr + tanzx .

= ———  (Difference of two squares)
sec?zr — tan’x

secx + tanzx
" 1+ tan?z — tan?
=secx + tanx

Using the result from part ii:
1
(sec z — tan z)?
= (secz + tanz)’
=sec’r + 2secxrtanz + tan’
=sec?z +sec’z — 1+ 2secztanx
=2sec’z — 1+ 2secztanz

Using the result from part iii:

: 1
[fl .
0 (secx —tanz)

ks
-

=/‘ (25ec22—1+2seczta.nz)da:
0

g

= [21;a.na:—:1:+2sec:::]0T

m ™ m™
—2tanz—z+2secz—0+0—25ec0

T 2
=9 — - -9
4+ ( 1 )
VZ
T
_2f_z
1
=Z(8\/7—1r)
z=2tan@
dx
—_— = 2 sec?
T sec” @
y = 3sin 20
dy—6cos2t9
de

dy
dy (E>
dz dx
(%)
_ 6cos26
~ 2sec?
= 3 cos? f cos 20
= 3 cos? § (2cos’d — 1)

=6cos?f — 3cos? 6

Stationary point when 6 cos*d — 3 cos?d = 0:
3cos’0 (2cos’0 —1) =0
cosf =0orcos20 =0

0= % (out of range) or 26 =

NI



The point is (2, 3).

i At (2¢§, %\/E)
z =23
2tanf = 2+/3
tanf = /3
by
=3

% =6cos*d — 3cos?d

() )

_ 6 _3
16 4
__6
16
__3
-8
. 1
17 0 y=4e7" —6x+3
At the stationary point:
1
%:2&2—6—0
1
27 =
1
e; =
%z:ln3
x=2In3
=1In3?
=1n9
a=9

2 1
ii / (4e7’ — 6z + 3) dz
0

1 2
= [SeTZ — 322 +3:c]
0

=8¢ —12+6— (8—0+0)

=8e—14
18 i 2 -32%y+yt=3
Differentiating with respect to x:

3z? — 6zy — 3:n"'ﬁ + 3y22 =0

dz dz
%(3};2 — 3z?%) = 6zy — 3z?
dy  6xy— 322
Az 3y - 32°
_ 2zy— z?
y? — 22
x? — 2zy

2 _y2



Remember that A — B= —(B — A).

.. d
Il Parallel to the z-axis when < 0:

dz
z? —2xy =0
z(z —2y) =0
rz=0o0orxz=2y
When z =0:
z® — 32?2y + 43 =3
¥’ =3
y=+3=144
When z = 2y
8 — 3%y + 943 =3
(29)" - 3(2y)°y +y* =3
8y —12y° +¢° =3
-3y =3
y=-1
r=-2

The points are (-2, —1) and (0, 1.44).

Check the degree of accuracy required by the question.

19 i z=(2+1)"
dx -3
— =42t +1
= (2t+1)
4
(2t +1)°
dy 1 -
E_§(t+2)z
1
2/t +2
dy _dy dt __ 1 x_(2t+1)3
de  dt ~ dzr  2f+2 4
(2t +1)°
o 8vEF2
dy
Atz =p, — = -1
tx P d:t
2p+1)° "
8y/p+2

(2p+1)° =8p+2

(20 +1)° =64(p + 2)

2p+1=2(p+2)

e~ =~

2p=2(p+2)7 — 1

p=(p+2)7

1
il Using pui1 = (pn +2)° — = with py = 0.7:

Rl o=



p1 = 0.68003

p2 = 0.67857
ps = 0.67847
ps = 0.67846
ps = 0.67846
pe = 0.67846
p=0.678

p=0.678 (to 3 decimal places)

2z
20 i a /e R

eh

= / (1+ 6e7%) dzx

=z —3e % 4¢

b /3 cos’z dx

1 1
=3/(5+5cos2x)dx

1 1.
=3(3x+zsm2x) +c

3 3 .
= =z + =sin 2z + ¢

27 4
.. 2-1 1
ii h_T_E
p 1 1.5 2
_6 __6 _6
y In(1 + 2) In(1.5 + 2) In(2 + 2)
2 6 h
——dz~— 2
/1 e+ 2) N gl vt 2]
1[ 6 6 12

“1m0+2 me+2)  m15+2)

= 4.84 (to 2 decimal places)

21 i Sketching the graphs of y = €?* and y = 14 — z2.
YA

>
0 \ x

Note that the graphs intersect twice, so the given equation has two real roots.

i fx)=e*+22 - 14
f(1.2) =-1.53<0
£(1.3) =1.15> 0

Change of sign indicates the presence of a root between 1.2 and 1.3.

i % =14 — 22
2z = In(14 — z?)
1
z = 5111(14 — 2?)




22

23

. 1
iV Using zn41 = 7 ln (14 — 2,?) with zo = 1.25:

s
1]

z; = 1.2604
z2 = 1.2593
x3 = 1.2594
x4 = 1.2594
z =1.26 (to 2 decimal places)
YA
y = cosec x
y = x(m—x)
o >
T X

Note that the graphs intersect twice, so the given equation has two real roots in the given interval.

cosecz = z(m — )

sinz 2(m—2)
1=mzsinz — z?sinz

1+ #?sine = wesinz

1+ a’sinz

wsinx

. . . ™
ili a ais the smaller root and can be seen, from part i, to lie between 0 and 7

. 1+, sinz, .
USIng zn+1 = # W'lth mo = 1:

7sinz,
z1 = 0.6966
z2 = 0.6506
z3 = 0.6603
x4 = 0.6577
x5 = 0.6584
z¢ = 0.6582

a =0.66 (to 2 decimal places)

b Note that sin(7m — z) = sin 7 by symmetry.
Similarly, (7 — z) has the same value if z is replaced by m — .

B=m — a=2.48 (to 2 decimal places)

z =2In(t + 2)
dz 2
dt  t+2
y=t>+2t+3
dy .,
l5—3t +2
dy dy dt ., t+2
dz_dtxda:_(3t +2)X
(32 +2)(t+2)
- 2

At the origin, z = y = 0:



2In(t +2) =0

t+2=¢e"=1
t=-1
dy (3+2)(-1+2)
dz 2
_5
2
ii a AtP,t=p
ndﬂ_(3pz+2)(1’+2)_l
et 2 =3

3p*+6p* +2p+4=1
3p° +6p2 +2p+3=0
3p3 + 2p = —3 — 6p?
p (30 +2) = — (3 + 6p?)
3 + 6p’
T3P +2
2(3p*+2) -1
T iz

1
= — — 2
3p? +2

For part a you could also use long division to find a quotient and remainder.

b Using ppi1 = 3171.2—1-4*2 — 2 with pp = —2:
p1 = —1.92857
p2 = —1.92400
p3 = —1.92370
ps = —1.92367
ps = —1.92367

p = —1.92 (to 2 decimal places)

z = 2In(—1.92367 + 2) = —5.15 (to 2 decimal places)
y=1t + 2t + 3 = —7.97 (to 2 decimal places)

The point has coordinates (—5.15, —7.97).

24 i 2cosec20tané
_ 2, 5o

" sin20 © cos@

_ 2siné

~ 25in 6 cos B cos O

1

cos?6

= sec?

ii a Using the result from part i:
sec’0=5

1
20 = =
cos z

1 1
cosf@ = —orcosf=——

V5 V5
6=1.11, 2.03

b Using the result from part i:
2 cosec 20 tan 6 = sec’d
Letting 6 = 2x:

2 cosec 4« tan 2z = sec?2x



1 l
— [—tw 2::]
2 0
1 T
= E-tan 5' -0
1
=53
25 You will need to use the identity cos 2z = 2cos’z — 1 several times in this solution.
cos 40 + 4 cos 26
=2cos?20 — 1 + 4cos 26
=2(2c0s’0 — 1)° — 1+ 4 (2 cos?d — 1)
=2 (4cos'@ — 4cos?0 + 1) — 1 + 8cos? 6 — 4
=8cos'0 —8cos?0+2—1+8cos? § — 4
=8cos'0 -3
ii a Using the result from part i:
8cos’d—-3=1
1
4 = -
cos' =3
1 1
cosf = == or cos = —=—
V2 V2
6 = +0.572 or § = +2.570 (out of range)
0 = +0.572
b Using the result from part i:
8 cos’d = 3 + cos 40 + 4 cos 20
/ * cos'0do
0
17
=3 (3 + cos 46 + 4 cos 20) d6
0
1 1 . . %
= =|30 + —sin40 + 2sin 20
8 4 o
1/3m .o
= E(T+0+2sm3 —0—0—0)
3 1
B
26 i cos3z=cos(2z + x)

= c0s 2z cos & — sin 2z sin &
=(2cos’z — 1) cosz — 2sinz cos T sinx
=2cos®z — cosz — 2sin’® z cos z
=2cos®z — cosz — 2(1 — cos? z) cos x
=2cos®z — cosz — 2cosx + 2cos’
=4cos*z — 3cosx

ii  Using the result from part i:

cos3z =4cos’z — 3cosz

3 1
3 — — — w—
2cos’ x 3 cos 5 cos 3z

3 1 1 1
2cos® & — Ecosx + Ecosx = 5cos 3z + Ecosx

1 1
2cos® z — cosz = 5 cos 3z + Feosz



= /1 1
¢ (Ecos 3x + Ecos :c) dz

o~

1sin.’i:::-+— 1sin:z:
6 2

Il
—

0

dv
U—

dz

dy “dz

1. = 1.«
= EsmE + Esmg -0-0
1 + 1/1
6 2\2
1 + 1
6 4
5
12
. dy —i:t . —lz
27 1 — = —5e 2 sindx +40e z cosdzx
dz
1
=5e 2 (8cosdx — sin4x)
1
e >0
Atall T:
8cosdx —sindx =0
8cosdx =sindx
tandx =8
4z = 1.44644133 + (n — 1)m, wheren=1, 2, 3, 4, ...
1.44644133 + (n — 1)
r=
4
T1 and T3 occur at the two smallest values, with n = 1 and 2
z =0.362, 1.147
i 1.446441334+ (n—1m > 95
1.44644133 + (n — 1)m > 100
(n — 1) > 100 — 1.44644133
100 — 1.44644133
(N = 1) > ——
s
n>32.4
Smallest n satisfying this inequality is 33.
28 i du
" v
Remember the quotient rule: If y = p then e
_ 3z?
x4+ 4

Using the quotient rule:
dy  («? +4)(6z) — 32%(2z)
dz (22 + 4)°
_ 6z + 24z — 62°
@+
24z
(@ +4)

1
Using the fact that the gradient is 3 atz =p:

v2



24p

(p? +4)°

48p = (p* + 4)
48p = p' + 8p®> + 16

p*+8p® —48p+16 =0
p*(p* +8) =48p — 16
, 48p—16
p’+8

 [48p—16
P= P> +8

1
T2

f(3) = % —-3=-0.256 <0

Change of sign indicates the presence of a root between 2 and 3.
So2<p<3

i Using i1 = w with po = 2.5:

p1 = 2.70153

P2 = 2.72589

ps = 2.72811

ps = 2.72831

ps = 2.72832

ps = 2.72833

p = 2.728 (to 4 significant figures)

i y=sech
_ 1
Y
= (cosf) !
% = —(cos 0) *(—sin6)
B sin 0
"~ cos?f
_ sin o 1
" cos® ~ cosf
= tan O sec
.. 2
" % = %(tanﬁsecﬂ)

= sec?fsec + tan f tan fsec

= sec®d + tan? fsecd

=sec®d + (sec?d — 1) secf

=sec®d + sec®f — secd

=2sec’d — sech
Soa=2andb=—1.

iii 1+ tan%0 = sec?



aln

/ (1 + tan®6 — 3sectan6) do
0

= /7 (sec? — 3 sec §tan 6) df
0

= [tan§ — 33ec0]0T

= tan — — 3 -0+ 3
4 I cos0
4
3
=1- +3




Further algebra

This chapter is for Pure Mathematics 3 students only.

z+2

1 d @*+22+3)c +42 +3z -1

z® + 22% + 3z

222 + 0z — 1
22% 4+ 4z + 6
—4z -7
3 +42? + 3z -1 —4x -7
z2 + 22+ 3 =x+2+x2+2x+3
:z_{_z_ﬂ
22 + 2z + 3
z? +1

f 2?+0z+1)xt + 02 + 222 + 0z — 5

zt + 0z + 2

2 +0zx -5
z? + 0z +1
-6
at 402 + 222 + 0z -5
=z +1-
z? +1 22 +1

It is crucial, again, to remember that you need to include ‘missing’ terms using zero
coefficients. If you don’t, the terms won’t line up and it will be difficult to keep track during the
subtraction stages.

z? + 4z + 12
2 z-3)ad+a*+0c—7
z3 — 322
4z? + Oz
4z% — 12z
120 — 7
12z — 36
29
2+ -7

29
=2’ +4r + 12+ ——
z—3 et +:c—3

A=1B=4,C=12, D=29.

22— 22 +6z—6

3 z+1)azt +0z® + 522 + 0z — 1



zt + o8

—z® + ba?
—2t -2
6z> + Oz
6z + 6z
—6z — 1
—6x — 6
5
4 2
%:ﬁ—wz—l—Gz—G—l—%ﬂ

A=1,B=1,C=6, D=6, E=5.

2x + 3

:c3+0x2+2x)2w4+3m3+4w2+5w+6
2zt + 0% + 42?
323 + 0z% + 5z
3z2% 4 0z 4 6z
—z+6
2z* + 32® + 42” + 5z + 6 6—x
x5 + 2z :2x+3+m3+2x

A=2 B=3,C=-1,D=6.




Two different methods are shown for the two parts covered in Question 1. worked solution 1 a
shows substituting particular values of z. worked solution 1 e shows comparing coefficients. Unless
instructed otherwise, you should use the method that you are most confident with. You can always
use the other method as a check.

6z — 2 A N B
(z—2)(x+3) =z—-2 z+3
6r —2=A(z+3)+ B(z — 2)

Letting z = —3:
—-20=0-5B

B=4
Letting x = 2:
10=54+0
A=2

6z — 2 _ 2 + 4
(z—2)(z+3) =xz—2 =z+3

62 + 5z — 2 =£+L+ c
zz—-1)2z+1) =z =z-1 2zx+1
622 + 52 — 2 = A(z — 1)(2z + 1) + Bz(2z + 1) + Cz(z — 1)
Calculating coefficients of z%:
6=244+2B+C ... (1]
Equating coefficients of z:
5=—A+B-C........[2]
Equating constant term:
-2=-A
A=2
Substituting A = 2 into [1]:
6=4+2B+C

[3] + [4]:
3B=9
B=3
Substituting B = 3 into [4]:
3-C="7
C=-4
62> + 5z — 2
z(z — 1)(2z + 1)

3 4

z—1 2z + 1

2
==+
T

112* + 14z + 5 A B C
2 + + 2
2z +1)(z+1)* 22+1 (z+1) (241
1122 + 142 + 5 = A(z + 1)’ + B2z + 1)(z + 1) + C(2z + 1)
Letting x = —1:
11-14+5=0+0-C
C=-2

1
Letti = —-
etting >
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1
T_7+5=ZA+0+0

11 8 1

T 17

A=3
Letting « = 0:
5=A+B+C
5=3+B-2
B=4

112° + 14z +5 3 L4 2
z+1)(z+1)° 22+1 (z+1) (z+41)

Notice that putting = 0 is the same as equating constant terms. So this method is a combination
of using particular values of z and equating coefficients.

e 3 A

B C
Gr2@_2F 2+2 -2 G-

3=A(z—-2’+B(z+2)(z—2)+C(z +2)
Letting « = 2:

3=0+0+4C
3
=1
Letting x = —2:
=16A+0+0
3
A==
16
Letting = = 0:
3=4A—-4B+2C
3 3
—=—4B+ =
3 4 +2
12=3-16B+6
16B = -3
3
B=——
16
3 _ 3 B 3 + 3
(x+2)(z—2)° 16(x+2) 16(x—2) 4z - 2)°
b 32? 4 4z + 17 A Bx+C
= -
2z +1)(z2+5) (2z+1) 22+5
322 + 4z + 17 = A(2? + 5) + (Bz + C)(2z + 1)
1
Letting z = ——:

3 21
Z_2+17_TA+0

21A=3-8+68
63
A:—:
21 3
Letting « = 0:
17=54A+C
17=15+C
c=2
Equating coefficients of z*:
3=A4+2B
3=3+2B
B=0
32 +4x+17 3 L2
(2z +1)(x2 +5) (2z+1)

z2+5



222 — 6z — 9 A Bx +C

(3z +5)(2z% +1) 3z +5 T
2z — 6z — 9 = A(22® + 1) + (Bz + C)(3z + 5)

Letti = —=
etting 3

50 59
S 410-9=—4
9-I-O 9 ) +0

594 =59
A=1
Letting « = 0:
-9=A+5C
5=-9-1=-10
C=-2
Equating coefficients of z2:
2=2A+3B
2=2+4+3B
B=0
22 —6x—-9 1 2

(Bz+5)(222 +1) 3z+5 222+1

Remember to expand the brackets in the denominator when dividing.

(z-D(z+2)=z*+z—2

2
z? +z —2)22% + 3z + 4
2% +2x — 4
z+8
222 4+ 3z +4 z+8

@-D=+2)  @-DE+2

Splitting the proper fraction using partial fractions:

—£T5
(2 —1)(z+2)
T+ 8 A B
(x—1D(z+2) z-1 + z+ 2
z+8=A(x+2)+B(zx—1)
Letting z =2:

6=0-3B
B=-2
Letting ¢ = 1:
9=34+0
A=3
227 + 3z +4 3 2
o =2+ -
(z —1)(z+2) z—1 z+2
1
z? + 0z — 4)z? + 0z + 3
z? + 0z — 4
7
22+3=1+ 7
22 —4 2 —4

Splitting the proper fraction 4using partial fractions:

22 —
7 _ 7 _ A + B
22—-4 (z-2)(x+2) -2 x+2
7T=A(x+2)+ B(z — 2)
Letting « = 2:




7T=44+0

7
A=-—
4
Letting z = —2:
7=0-—4B
7
B=—-—
4
2
So +3:1+ 7 B 7
z? —4 4(z—2) 4(z+2)
2
2z — 9:2)4333 —92% + 11z — 4
4z® — 222
— T2 + 11z — 4
4w3—9x2—|—11w—47 n 722 + 11z — 4
z2(2z — 1) B 222z — 1)

722 + 11z — 4

using partial fractions:
z2(2z — 1) &P

Splitting the proper fraction

—7z* +1lz—4 p q

—_ =
2?(2z — 1) z 22 2zx-1

—7z? + 11z — 4 = pz(2z — 1) + ¢(2z — 1) + rz?

Letting z = 0:

—-4=0—-—q+0
g=4
Letti !
e T=—:
ing )
7T 11 1
e =
4+ 5 0—|—0—|—4r

r=—-T+22-16= -1

Equating coefficients of z2:

—T7=2p+r
—7=2p—-1
2p = —6
p=-3
4z — 922 + 11z — 4 3 4 1
So =92 =4 = _
z2(2z — 1) z gz 2zx-—1

A=2 B=3,C=4,D=1.

a Letf(z)=22% -3z -3z +2
f(—1)=-2-3+3+2=0
So z + 1 is a key factor of f(z) by the factor theorem.
Dividing 2z* — 322 — 3z + 2 by z + 1 using long division:
222 — bz + 2
z+1)203 — 32% — 32+ 2
223 + 2z?
— 5z? — 3z
—bz? — 5z
2z + 2
2z 4 2
0
223 — 322 — 3z + 2 = (z + 1)(22% — 5z + 2)
=(z+1)(2z—-1)(z—2)

22 — 13z -5
23 — 322 — 32+ 2




_ z? — 13z — 5
S (z+1)(2z - 1)(z - 2)
_ A n B N C
z+1 2x—-1 =z-2
a? - 13z -5=AQ2z - 1)(z—2)+ Bz +1)(z —2) + C(z + 1)(2z — 1)

Letting x = 2:
4-26-5=0+0+9C
9C = 27
Cc=-3

Letting:z::l:
2
1 13 9
Z—?—5=0—ZB+0
—-9B=1-26—-20
—9B = —45
B=5

Letting © =—1:
1+13-5=94+0+0
94 =9
A=1
@ —138z-5 1 N 5 3
223 — 322 - 3z+2 x+1 2zx—-1 x-—2

Let f(z) = 22° — 1122 + 12z + 9
f(3)=54—-99+36+9=0
So z—3 is a factor of f(z) by the factor theorem.
Dividing 22 — 112? + 12z + 9 by z— 3 using long division:
2z* — 52— 3
z—3)2z% — 1122 + 12z + 9
223 — 6z*
— 52?2 + 12z
—5z% + 15z
-3z +9
-3z +9
0
223 — 1122 + 122 + 9 = (z — 3)(22* — 5z — 3)
=(z—3)(2z +1)(z — 3)
=2z +1)(z - 3)°

Make sure you check for repeated factors. If you don’t spot them, the method used in part b won’t
work.

24—z _ 24—z
228 — 1122 + 122+ 9 (2 + 1)(z — 3)?
24 — x A B C

2 + + 2

(2z + 1)(z — 3) 2t+1 -3 (z-3)
24—z =A(z — 3)° + B2z + 1)(z — 3) + C(2z + 1)

Letting z = 3:
21=0+0+7C
c=3

1
Letti =——
etting = 5



Equating coefficients of z2:

0=A+2B
0=2+2B
B=-1
24—z 2 1 3

20 —1la® 1122 +9 22+1 z-3  (5_3)

a p(z) =223 +5z> +az+b

By the factor theorem:

(4

—% + % - %a +b=0
—1+5—-2a+4b=0
20 —4b=14
a—2b=2............ 1]
By the remainder theorem:
p(=2) =9
—-16+20—-2a+b=9
20 —b=—-5........... (2]
2 x [2]
40 —2b=-10......... (3]
B]-[1]:
3a =—12
a=—4
Substituting a = —4 into [1]:
—4—-2b=2
2b=—6
b=-3

b Dividing p(z) by 2z + 1 using long division:

2?2 +2z -3
2z + 1)22° 4 522 — 4z — 3
2z° + z?

42® — 4z
422 + 2z

— 6z —3

—bz — 3

0

223 + 52? — 4z — 3 = (22 + 1)(z? + 2z — 3)
=2z+1)(z+3)(z—1)

c 120 _ 120
p(z) 2z +1)(z+3)(z—1)
A B C

T %rl 73 zo1
120=A(z+3)(z — 1)+ B2z + 1)(z — 1) + C(2z + 1)(z + 3)
Letting z = 1:
120 =0+ 0+ 12C
C=10
Letting z =—3:
120=0+20B+0
B=6

1
Letting x = -3



1
120 = 7T5A +0+40

A=-32
120 32 6 10

p(z) T2 +1 +a:+3 +9371

2 A B

z(z + 2) _;+ x+2
2=A(z+2)+ Bz

Letting z = 0:
2=2A+0
A=1
Letting z =—2:
2=0-2B
B=-1

2 1 1

m(m+2):w T+ 2

b Using the result from part a:

2 2 n 2 n 2 2 .
1><3 2x4 3x5 4><6 5x7

G5 @G 8-
+<"—21%>+<ni1n11>+(%1n-1|-2>

_|_
_1 1 1 1 1 1 1 1
I B T S S - S t
1 1 1 3 1 1
=14 = - — - - -

¢ Sum to infinity

3 1 1

Ein—&—lin—FZH —0—-0=—-asn— o0
Consider
1 A B c
nn+1)(n+2 n n+l n+2

1=A(n+1)(n+2)+ Bn(n+2)+Cn(n+1)
Letting n =—1:

1=0-B+0
B=-1
Letting n = 0:
1=24+0+0
1
A==
2
Letting n =—2:
1=0+0+2C
1
C ==
2
1 1 1 L 1
nn+1)(n+2) 2n n+1l  2n+2)
1 1 1

1><2><3Jr2><3><4Jr3><4><5Jr
(1 1+1 n 1 1+1 . 1 1 +1
\2 2 6 4 3 8) "\2n-2 n-2 2n

(e ) (e v )




1 1
Telescoping with Sy, = 1 0+0= 1



(D (‘2)(;!3)(‘% L
=1-2z+32% — 423 + ...

Expansion is valid for |z| < 1.

a (1+z)2=1+(-2)z+

1
e VI+2z =(1+2z)>

1+ (3) o+ (%)ﬂ (3) (3) (3)

2 3
50 (2z)" + 3 (2z)" + ...
_ 4 , 3x8 4
=14+2z— 8x +8x6x + ...
_ 1, 1,
=14z 2.1: +2x

Expansion is valid for |2z| < 1

1
and so for |z| < 3

a (1+2?)°

&394 )( 4) (=3)(=4)(=5)

=1+ (-3)(a?) + ——=(a?)° +T(x2)3+...

=1-322 +62* + ...
Expansion is valid for |z*| < 1

and so for |z| < 1.
1
b J1I-2z7 =(1-22%)%

1 2
=1+ (%) (—22?) + —(3) 2(!_3) (—2a2)" +

2 2 x4

=1—=z%— zt + ...
3% Toxar T
2 4

:1—§z2—§x4+...

Expansion is valid for |—2:r:2| <1

1
2 -
] < 5
ol </
2
3
¢ (VIi—4z®)®=(1-42?)7

3\ /1
-1+ (%) (—42?) + i,(i)(mz)2 +

2!
3 x 16
a2 z
=1-6z +4 2
=1-—6z2 +6z* — ...
Expansion is valid for |—4x2| <1
1
2 o L
o < 3
ol < =
2
2+ 3z L
————— = (2 + 3z)(1 - 52%) 2
s s

Considering (1 — 52%) " 7:



1 3
oot oo (2 LD,

212

5 (—5z*)" +
1.5, 3x25,
Slt T Tt

5, 75
_1+5z +?Z + ..

- 5, 175 ,
(2+3x)(1-52°) 2 =(2+3z)(1+ =z’ + ==z’ + ...

2 8
=2+3m+2<%)xz+3(2)zs+2(§)x“+3(%)x5+...
=243z + 52% + lsz +Ez + ..

2 4
a (335_1)—2:;2
3z —1)
_ 1
(-1)*(1 - 3z’
=(1-32z)2

This is now in the form (1 + X)", which is possible to expand.

The expression in part a has worked because the power is even. When you take an even power of a
negative number you get a positive answer.

b Note that 4/2z — 1
= /-1 -22)

But you cannot take the square root of the —1 to obtain a real number and, therefore, cannot write the
expression in the form (1 + X)". This function cannot be expanded using the binomial expansion.

2z -1 =[-(1-22)°
=(-1)*@1-22)"°
=—(1-22)"°

{1+ e + L eyt + L oy
= —1— 6z — 242 — 80z% — ...
(1 + )" can only be expanded if |z| < 1

But, if z = 3 then |z| = 3 > 1 and so the expansion is not valid.
(1-3z)~"*
=1+ (—4)(-32z) +M( 3z)” + ..
=1+ 12z + 90z® + ...

(2) )
1+ 2:1:)% =1+ (%) (2z) + 22_2(22:)

4
=1+3:r:-+-3)< 2 + ..
X 2

=1+3x+%x2+...

So
3
(1-3z)"* - (1+422)7
=1+12x+90x2+...—(1+3x+%x2+...)
3 2
=1—-1+12z — 3z + 90—5 z° + ...

177
=9z + TZDZ + ...



Question 7 mentions ‘small values’ of . If z is small, then you can usually say that powers of z that
are 3 or greater are so close to zero that you can neglect them.

1 -1
T = (1-=x)
-1)(-2
N E TS
=1l+z+z2+..
_ -1
T - 1+ 2x)
—1)(—2
=1+ (-1)(2z) + %(21:)2 + ...
=1-2z+42? + ...
a _ 2 _ 2
So " T2 a(l+z+a*+..)+b(1—2z+42° +..)
=-3+12z
Equating constants: =3 =a +b ........cc....... (1]
Equating coefficients of z: 12 =a — 2b ...... [2]
(1= 2]:
3b=-15
b=-5
Substituting b = —5 into [1]:
—-3=a-5
a=2
a (1+az)”
-3)(—4
=1+ (-3)(az) + %-(am)2 +...5b

=1- 3az + 6a’z? + ...
Using the fact that the coefficients of 2? and z are equal:

6a%? = —3a
6a’> +3a =0
3a(2a+1) =0

1
a—Oora——E

Buta<0

soa=-o
Expand using the letter a first, then substitute the correct value for a at the end. If you substitute
early in the working, then the algebra gets much harder!

(1+a2)™® =1+ (-3)(az) + —(_3)2(!_4) 2+ —(_3)(;;1)(“5) (az)’
-3)(—4)(-5)(—6

+ (=3)( 21(' )(—6)
=1 — 3azx + 6a’x? — 10a®2® + 15a%z* — ...

3 6 10 15
=1+ = 4 =z? | —g® =gt

(az)

(az)* + ...

2 4 8 16
=1+2z+—z2+223+—5z“+



2

10 (1+az)7 =1+

(5)(5)

%) (02) + ==5—=(0)" + .

1
=14+ =azx — gaza:2 — ..

N /N

w

2
So (3 — 2z)(1 + ax)s
2 1
=(3-2 —ax — —a’z? + ...
(3 —2x) (1+ 398~ g@E + )

Using the fact that the coefficient of z? is — 15:

1, 2 1 4
—— — 2| - = ——@? — - =—1
3( 9a> (3a) 3a 3a 5

a’+4a—45 =0
(a+9)(a—5) =0

a=—9o0ra=>5

n(n — 1)

5 (az)® + ...

11 a (1+ax)" =1+n(az)+

1
=1+anz + En(n —1)a%z? + ...

=1—24z + 3842 + ...
Equating coefficients of z: an = —24 ....... 1]

Equating coefficients of z?:
%n(n —1)a’ =384

n(n —1)a? =768 ...ooveeeciereciccieee 2]

24
n
Substituting into [2]:

n(n —1) (-%)2 — 768
576n(n — 1)

)
576(n — 1) = 768n
576n — 576 = 768n
192n = —576
1152

192

From [1]:a =

=768

Substituting into [1]:
—3a = —24
a=38

b Terminz®:

n(n—l)(n—?)( 3

ST E— azx)

_ (3 (45
3!

= —51202°

(82)°

Note that part b asks for the entire term and not just the coefficient. This means that you also
need to include the z* in your answer.



1

U‘lN

b (5-2z)" = [( z)]

£ 3)
[1+( 1)( ) =) (!_2) <—%m)2
L EDEAEY) 2)( -3 ( 2 ) +]

2 +4 2y Sy
=5t 5%t % T e

c.nlm

)

5
)

O‘l)—l

2
Valid for —g:c <1

and so for |z| < g

When taking the product of a function that needs to be expanded and another polynomial that is
already in expanded form, deal with the expansion first, on its own.

1+ 2z
(2z - 5)°

(2¢-5)° = [—5 (1 —~ %x)]_s

_ _%{1 +(-3) (—%x) + %(—%x)z

cocaen 2y )

16 4 , 16

125 625° 3125° 3125~
So (1 + 2z)(2z — 5)°

=(1+2x)(2z —5)"°

~ 16 24 , 16
_(sz)( 125 625° 3125°  3125° )

L (2 6\ (24 12\, ( 16 48,
T 125 125 625 3125 625 3125 3125

1 16 84 , 64

—— &L - 3 ces
125 1257 3125° 315"

Valid for —%z <1

5
and so for |z| < 3

= %{1 +(-2) (%2) + Fz;ﬁ(z—;)z + }
1
< .



2

Valid for <1

and so for |z| < v/2.

o soa = [s(1- 2]

1

=2 =z - —z2*+ ..

4

3
——z%<1

Valid for

8
. 21 %
and so for |2%| < 3

o< 3
3

ot p(2)

b (5)(5)-

—93—

2

Valid for <1

and so for |2?| < 3

lz| < v/3

V3

3 3

5
3l 3
1 2 5 3
727 T 22t T

9 5

1 1
1-2z)(2— =2 — =2 — —=2° — ...
6 72 2592

=2+ . 4 )z +
25 23
=2 —z+ —z%+

-
26

67

6 72 2592

) (

z° + ...

5
2592

G

2

R L



— %{1 +(-1) (_%) + (_1)2#(—%)2 + }

(1+32) 2 =1+ (-2)(3z) + (_2)2+3)(3x)2 -

=1-6z+ 272> — ...
b Using the results from part a:
1 1 1

2-2)"'1+32)7% = (5 +g+ gazz + ) (1—6z+272% —..)
o (-3)e+ (E-24 )24
2 \4 2 4 8
Lo 9,
2 4 8

Valid for E) <land 32| <1
. 1
so valid for |z| < 2 and |z| < 3

1
so valid for |z| < 3

= alz{l +(-2) (—%x) + (_2)2#(—53')2 + W(— %x)s}

575
T ot 16
Term in z°:
1 (=2)(=3)(-4) / 5 \* 4x125 , 500 ,
— ———————— — —  ee— 0 T e—
a? 3! a ad 32
_ 125 s
1 10 75 1 5
Note that at the point where — + —z + —a*+ ....= — + —z + ba?, you could look at solving
1 a  d at 4 4

1
==7 This gives a = 32. You need to look at the next term to confirm that only the positive value
a

is correct.



6

Using the fact that the coefficient of z? is three times the coefficient of z3:

2
—a\/g:?)x \/3 a®
72 16 x 27

7N
—
+
gl
~
AN
Il
| — |
| o
—~
[\ S
+
—
~—
—
-

“(2) (e3)
“509)

¢ 3003) {0 () PR E) S
SR S

d They are valid for different ranges of z, so the expansion is different.



T — 1 _ A + B
l1-=z)(1+22) 1-z 142
Te —1=A(1+2z)+ B(1 - xz)
Equating coefficients of :

[2] + [1]:
6 =34
A=2
Substituting into [1]:
7T=4-B
B=-3
Te —1 2 3

(l1-z)1+2z) 1-z 1+2z

Expand the two terms separately and then combine the results. If you try to do it all in one go, you
will end up with far too much crammed onto one line.

ﬁ =2(1-z)"
=2{1+(—1)( )+( )( )( z)2+w&m)3+...}
=24 2x + 2% + 223 + ...

T os =3(1+22)"
=3{1+(—1)(2x) (1 2)(2)+(1)(3ﬂ(2)+ }

=3 — 6z + 122% — 242° + ...
2 3

1—=zx 142z

=2+2zx+22% +22° + ... — (3 — 6z + 1227 — 242° + ..)
= —1+ 8z — 102% + 26z — ...
527 + A B C
2 - * 7 T3
(1-=z)°(1-3z) -2 (1-z) — T
522 + ¢ = A(1 —z)(1—3z) + B(1 - 3z) + C(1 — z)°

Letting x = 1:

6 =0—-2B+0

B =-3

Lettin :v—l'

8 4

2 Z0+0+=C

g ~UF0Fy

C =2
Equating coefficients of z?:
5 =34+C

5 =3A+2

34 =3

A =1

52° + 1 3 2

1-2P(1-32) 1-2 (127 1-32



1
1—2z

=(1-2)"

=1+ (-1)(-=) +

=1l+az+22+2°+..
3

— —3(1-—2)?
RESE ( )

=3 {1 + (—=2)(~z) + #(—@2 + M(—mf + }

=3+ 6z + 92% + 1223 + ...

=2(1—3z)"
1- 3z (1 - 32)

~1)(-2
i e+ 0D
=2+ 6z + 1822 + 54z® + ...
1 3 2

1-=z (1,93)2+1—3w

So

=l4+z+a®+a°+..— (3+6z+92” +122° +...) + (2 + 6z + 182 + 54z® + ...)
=z + 102® + 432° + ...

T2? + 4z + 4 B A Bz + C

(1—xz)(222 +1) Tz 2241
Tz’ +4x+4 = A2z +1) + (Bz + C)(1 — x)

Letting z = 1:
15=34+0

A=5
Letting z = 0:
4=A+C=5+C
C=-1

Equating coefficients of z2:

7T=2A-B=10—-B

B=3
7r’+4x+4 B e —1
1-z)222+1) 1-=z T
5 3z —1 a s | y1
E+2m2—+1 =5(1—-2z) +3z—-1)(22* +1)
1—2)" =14 (-1)(-2)+ (—1)2(!—2) (—2)? + (_1)(;!2)(_3)(—m)3+

=1l+a+a?+a®+..
(222 +1)" = (1+22%)"
=1+ (-1)(22?) + (*1)2#(2902)2 .
=1-22% +4z* + ...
5(1—2) ' +@Bz—1)(2z2 +1)"
=5{l+z+a’+2"+.}+(Bz—1){1-22" +42* + ...}
=5+ 5z + 52> +52° + ... + 3z — 1 — 62° + 222 + 122° — 4z* + ...
=4+ 84 7z — 2 + ...
Dividing —6z? — Tz + 19 by —6z? + z + 2 using long division:
(2z +1)(2 — 3z) = —62% 4+ z 4 2
1
—622 +x—|—2)m
—622 +z+2
—8x 4+ 17



19 — 7z — 6z? —14+ 17 — 8z
(2z + 1)(2 — 3z) (2z + 1)(2 — 3z)
17 — 8z
(2z + 1)(2 — 3z)
17 — 8z A B

(2z +1)(2—-3z) 2z+1 T
17 — 8z = A(2 — 3z) + B(2z + 1)

Splitting the proper fraction into partial fractions:

1
Letti =——
etting 3

7
21—§A+0

A=6
Equating constant terms:
17=2A+B
17=12+B
B=5
19 — 7z — 62 6 5

So =1+ +
(2z +1)(2 — 3x) 2z+1 2-3z

2
Although you could have substituted = — to get B, this would have involved more fractions
calculations. Once you have A it is simpler to compare coefficients to get B in this case.

6 5 _ -1 -1
l+m+m =1+6(2z+1) +5(2—3z)
- 3\
=1+6(2z+1)" +5(2—1)(1 - Ez)

-1
=1+4+6(2c+1)" + 2(1 - %x)

2
Coefficient of 22 = 6 (#(22)) + %[(_1)2# (_%)2]
21 A B

= -
(z — 4)(z + 3) x—4 z+3

21 =A(z +3)+ B(z — 4)
Letting z =3:

21=0-"7B
B=-3
Letting x = 4:
21="7A
A=3

21 3 3
(x—4)(z+3) z—-4 z+3
3 =3(z—-4)" -3(z+3)"
z—4 x+3

-1

@-9"=-4(1-3)

C i (-2) s LA 2y )



7+ 7 91 2

==t —z - —=z

4 48 576

622 — 24z + 15 A B o

@@ 27 Tr1 T2 ooy
62% — 24z + 15 = A(z — 2)° + B(z + 1)(z — 2) + C(z + 1)
Letting z = 2:

-9=0+0+3C

C=-3
Letting z =—1:

45=9A+0+0

A=5
Equating coefficients of z2:
6=A+B=5+18B

B=1

622 — 24z + 15 5 1 3

P + 2

(z+1)(z-2)° =+l -2 (52

5 n 1 3
z+1 x-2 (m72)2

et i) 20D
(1+z)"! :1+(—1):c+(_ ('_2)x2+..

=1—z+z%— ..
1) () A gy

:1+§+m75+...
19 a5

=l+z+ -2+
wsreat40-3)"305)°
75(1—x+w2—..)—%<1+§+%2+ >—%<1+x+—m2+...>
:E—6m+@m2—



END-OF-CHAPTER REVIEW EXERCISE 7

This exercise is for Pure Mathematics 3 students only.

1 (1—22)f =14 (—4)(-22 )+M( 22)? + w( o) 4.
=1+ 8z + 40x? + 160z3 + ... '
1 2 1 2 5
2 (1-65)7 =1+ (%) (~62) +—(§> 2(!_3) (~62)? + (3) (_3) (_3) (—62)° + ..

4
=1—2:v—4x2—?0x3-+—...

_s 3 2)\2
3 (1+42)7=1+ (—5) (2z)+T(2z)2+...
=1—3x+%1:2+...
0% 15 ,
2—-z)(1+2z) 2 =(2—12) 1—3x+?z + o

15
=2—z—6m+3w2+15m2—7z3+...

=2 — Tx + 1822 — ...
(-2)(-3)
_l 2 2
4 (1+22)7T—1+ (—%) (20) + ~—52—=2(22)" + ..
=1—x+%xz—,..

1
(1+3z)(1+22) 7 =(1+3z) (l—z—i—%mz—...)
=14+3c—2— 322 + ...
=1+2z—3m2+%x2—...

=1+2z—%:c2+...
. 1 2 2 2 2 2 2 3
5 (1+3z) 2 =1+ (_5) (3x)+T(3x) + 3 (8z)" + ...
_ 3 27 , 135 4
=1 2:c+ 8:c 16

6 102-2)7=10(27)(1- -)_2

- (-9 + EB2(-3) -

1
1 1 -
7 (4-5z) T =471 (1 - %z) ’



12 A B C
z2(2z — 3) =;+lx_2+ 2z — 3
12 = Az(2z — 3) + B(2z — 3) + Cz?
Letting x = 0:
12=0-3B+0
B=-4

Letting x =

| w

12:0+0+%C

16
C=—
3
Equating coefficients of z?:
0=24+C
16
Y ——
3
_ 8
3
12 8 4 16

22z-3) 3z 2  3(2z-3)

8z’ +4x+21 A +Bar:—l—C'
(x+2)(x2+5) =z+2 z2+5
822 + 4z + 21 = A (2? +5) + (Bz + C)(z + 2)
Letting z =—2:
32-8+21=9A+0

9A =45

A=5
Letting x = 0:
21 =5A+2C
20=21-25
C=-2
Equating coefficients of z?:
8=A+B=5+B
B=3
8z +4x+21 5 L 3=
(z+2)(22+5) =z+2 2245

72> -3z+2 A Bz+C
z (2% +1) z  z2+1

T2 —3x+2=A(2> +1) + (Bx + C)x

Letting z = 0:

2=A

Equating coefficients of z?:
7=A+B=2+8B

B=5

Equating coefficients of x:

-3=C

Tz? — 3z + 2
z (2?2 + 1)

5 —3
22 +1

2
= -
T

11 When the fraction is improper you usually use algebraic division before working out partial fractions.
In Question 11, the partial fraction form is given, so you can just multiply through by the
denominators and use a combination of substitution and equating coefficients.



12

13

9z3 — 1122 + 8z — 4 B C D
3 A4+ =+ ==+
z2(3z — 2) z

z2 3z —2

923 — 1122 + 8z — 4 = Az?*(3z — 2) + Bz(3z — 2) + C(3z — 2) + D=z?
Letting z = 0:

—4=0+0-2C+0

cC=2
2
Lett =—:
etting 3
8 44 16 4
- — 4+ = —4= =D
3 5 3 O+0—|—0+9
8 4
_2_-2ZD
9 9
D=-2

Equating coefficients of z3:
9=34

A=3

Equating coefficients of z?:

—-11=-2A+3B+D
-11=-6+3B -2

3B=-3

B=-1

9x3—11x2+8m—4:3_1+3_ 2
z2(3z — 2) z z2 3zr-—2

(z+2)(2z —1)=22 + 3z — 2

The fraction is improper, so dividing first:

2
2z? —|—39:—2j4w2 — b5z +3
4z% + 6z -4
—1lx+7
42? — 52 + 3 o 7—1lz
(zx+2)(2z—1) (z+2)(2z—1)
Splitting the proper fraction _ -z into partial fractions:
(z+2)(2z—1)
7T—1lz A B

= +
(z+2)(2z-1) =z+2 22-1
7—1lz = A(2z — 1) + B(z + 2)
Letting ¢ = —2:

42> — 52+ 3 . 29 3

CG@in@s-1) - 5(+2) b5@z-1)
(124?77

=1+ (-2) (—22%) + #(—2&)2 + .
=14 42 +122* + ...
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15

(1407 =14 (3) (607) + ~2g2 (6

=1+42% —8z* + ...

2

(1-22%)" — (1+62%)5 = (1 +42® + 122" +...) — (1 + 42® — 4a* + ...)

=16z + ...
Sok=6
. 4z% 412 A B C
! f(x = 2: _|_ + >
(z+1)(z-3)" =+l -3 (z-3)

422 +12=A(z — 3’ + Bz +1)(z — 3) + C(z + 1)
Letting z = 3:
48 =0+ 0 +4C
C =12
Letting x =—1:
16 =16A+0+0
A=1
Equating coefficients of z:

4=A+B=1+B

B=3
4P +12 1 3 12

f(w)_(:v+1)(:v—3)2_m+1+$*3+(m—3)2

l+z)'=1+2) ' =1+ (-)z+ D) + ..

2!
=l—-z+az>—..

_77$7CIJ +
B 3 9 7
2 1o o271 _ T\?
12(z — 3) % =12(-3) (1 3)
4 x (=2)(=3) ; =z\2
—5{”“”(*3)* —(-3) +
P S
==+ -=-z4+ =z
379779
1 12
Sof(z) = + 3
r+1 z-3 (z-3)°
z  x? 4 8
=(1- 2 = -t =zt =2 f ..
(l-z+z )+< i )+<3+9w+9w+>
E S R
T3 9" TE"
2z — Tz —1 A Bz +C

e_2@@+3 72 213
22 —Tx —1=A (2> +3) + (Bz + C)(z — 2)

Letting = 2:
—7=7TA+0
A=-1
Letting z = 0:
-1=34-2C
-1=-3-2C
2C = -2

C=-1
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Equating coefficients of z2:
2=A+B=-1+B

B=3
2% — Tz — 1 1 3z —1

- +
(z —2)(2® +3) z—2 2?43

1 3z — 1
_EJF 2 + 3
@-2"=(2"(1-3)"
{5 R
1 T 1,
——5 — Z — gm + ..

1 z? (-1)(-2) [ 22\’
=={1 -1 [ =— ~ 7 T
3{ o )<3>+ 2! ) *
_17m2+:1:4
3 9 o1
_ 1 z? z*
— 1) (22 = 1= - =4 = _
(3z —1)(2* + 3) (3z )<3 st 3 )
1 m3+x2+
= —=— =+ — 4.
3 3 9
=—=+ +$2—
T3
1 3z —1
Sof(z) = ———
of(z) -2 z2 4+ 3
= (2-Z_lpy +—++2—
S P
6 4 72
3z A Bz +C

= +
1+z)(1+222) 1+z 14222
3z =A(1+22%) + (Bx + C)(1+ =)

Letting z = —1:

—-3=34+4+0

A=-1
Letting z = 0:

0=A+C

c=1
Equating coefficients of z2:
0=2A+B
B=2

3z 1 2z +1

(1+z)(1+222) 14z 1+ 222

oyt =1 (e EUD o CVCACS
=l-gz+a?—a+..

(1+22%) " =1+ (-1) (22°) + M(Zzzf + (—1)(=2)(=3) (22)° + ..

2!
=1-—2x% +4z* — 825 + ...
(z+1)(1+22%) " =2 +1) (1 - 22> +42* — 825 +...)
=2z +1—42® — 222 + ...
=1+ 2z —22% — 423 + ...

3!



1 2z +1
1+ 14 222
:—(1—x+x2—m3—|—...)+(1+2m—2m2—4m3+...)
=3z — 322 — 3% + ...

Sof(z)=—




Further calculus

This chapter is for Pure Mathematics 3 students only.

1 b Using the chain rule:

tan"! 5z)
1

1+ (52)*
-5
"1+ 2522

el
X d—i(5x)

f Using the chain rule and then the quotient rule:
d tan-1 2z
— | tan
dx z+1
1 d 2z
I — 0 —
2¢ \? dzx\z+1
1+ (75)
+1

1 L @+1)@) - 200)

+(2_x1)2 (z +1)°
T+

2¢ + 2 — 2z
(z +1)* + (22)*
2

2 + 2z + 1 + 4x?
2

T 522 + 2z +1

2 a Using the product rule:

d
—(ztan'z) = (1) tan 'z + z x

dx 1+ 2

=tan !z 4 —
1+ z2

b Using the quotient rule:

d tan~! 2z
dzx T

1 gy
_w(mx2)—(l)tan 2

- 2

T

2 1
= m—— —tan~ 2x
z(1+42?) 2?
2z — (42 + 1)tan"! 2z

z?(1 + 42?)

¢ Using the product rule:



3

% (e® tan™! x)

=e" x +¢e® tan! z

14 22

()
=€ an~!
1+ 22

Using the chain rule:

d
dy . 1__1
2

dm T\ 2 x
1 (—) z
+ ) 2+ 3

_ 2

T 4+ 22
When z = 2:

y=tan! 1= z
4
dy 2 1
dz  4+4 4
Equation of tangent is:

de  1+1 2
Gradient of the normal at this point is 7N = -2
(3)
(gradient of tangent at £ = —1) x (gradient of normal at x = 1)

1
=—=—Xx-2=-1
2

The tangent at £ = —1 is perpendicular to the normal at z = 1.
™

z=—1lgivesy=tan ! (-1) = )

Equation of tangent is:

() =dern

4

™ 1 1
ytg=3%t 3
dy+m=2z+2
2 —dy=m—2........ [1]

Equation of normal is:
y- =21
dy—nm=—-8x+8
8 +4y=m+8 ..ol 2]
(1] +[2]:

10z =27+ 6
3+
5

T






Il

| =

N =
o~
wl
[y

II I

Il

LRSIl ) B

Il Il Il
W= W
/N

@lél mlél %l -

2dw=/ dx
16 + z2+42

e

~/

3

dx

1
2 4
z+4

1
[2tan! 22] 0;

(2tan™ 1 — 2 tan"! 0)

o (5,

wl';f
~—




Remember that if you rotate the region bounded by the z-axis, the curve with equation y = f(z) and

b
the lines z = a and = = b then the volume generated is V = / wy? da.

1
a V=/ my? de
-1

14
=1r/ S
-1 x2+1

= 4r[tan™! :1;]1_l

=4m (tan™' 1 — tan™! (1))
™ ™

=4 (3+7)

) =22



Remember that if the numerator is the derivative of the denominator then you can use logarithms.
You can take out factors to make sure that the numerator matches the derivative of the denominator.

If f(z) = 2° — 1 then f'(z) = 322
2
/ 62 de
z3 -1

2
=2/ ?a: dx
z° —1

=2Infe* — 1| +¢

e Iff(z) =2 — z? then f'(z) = —2z

z
/2_m2dz'

1 —2z
——5/2_x2d$

1
:—Eln|2—x2|+c

b Iff(z) =2® + 2 then f(x) = 32?

2 2
/ 3z de
0o x3+2
= [In|2* + 2|]:

=In10 —In2
=Inb

e Iff(z) =sinz then f'(z) =cosz

7 cosx
- dz
I sinx

6

~ Injsna]
=tnsin ()|~ mnfsin (5)]
- (F) = (3)

Iff(z) =e®* — e ® thenf'(z) =€* +e*
e’ +e’”
et —e™*
=Inle* —e*| +¢
=In(e*|e* - 1) + ¢
=Ine” +Inle?” — 1| + ¢
=Inje* -1 -z+c
Ifz <0thene®” —1<0and [e® — 1| =1—¢*

z et
So/%dz:ln(l—ezz)—m+c

Note that if > 0 then €** > 1 = 1 — ?* < 0 and the given answer requires the logarithm of a
negative number.



1—2cos2z
=1-2(2cos’z — 1)
=3 —4cos’z
- sin xz cos
So [ f —ond
,/1 1—2cos2z “
3

x

T sinzcosz
I 3 — 4cos’x
3

Iff(z) =3 — 4cos’z then f'(z) = 8cos x sinz

7 sinzcosx

So

z 3 — dcos?z
g[ln(3 4cos’z)| 4
3
1
~ 2(ln1-1n2)
1
=—=In2
8

If f(z) = 2® + 1 then f(z) = 2z

P
/ 4z dz — 4
o =2 +1

P

2/ 22 -4
0o xz2+1
[ln(a:2+1)]g—
In(p? +1) —In1=2

pP4+1=¢e?
p2=e2_l

S~ =




u=2z>—3

du

— —9

dx z
du =2z dx

zd:c=%du

I=/%dz
=/$du

1 1
=/Eu 2 du

1
=u?z +c¢

=+vzZ =3 +c
b u=1-—2z?
du
— — 4
dzx ‘
du = -4z dzx

zdx =—%du

/x\/l—Z:czda:
1
= —Zﬁdu
=—%/u7 du
1/2 2
=—Z guz +cC
1 3
:—3(1—2352)2 +c

e u=>5zx+1

du

5—5

5dz =du
_u-—1 S5c u—1
5 52+1  u

Work through the differentiation part first and calculate new limits before you start to integrate. This
means you can integrate without making any further calculations or rearrangements along the way.



x =sinf

dz
W =cosf

dz =cosfd@
z=0=>60=0

™

r=1=60==

2

1 2
/ = dx
0 1—2z

3 sin?

0 4/1—sin%8

-2
/2 = ecosede
o cosf

/?sinZGdO
0
T/(1 1
/0 (5 - Ecos 20) dé

cosfd@

2 0

™

T 0-0+0

us

4

du x_L 1 1
— - 2 T e — I —
dz 2 2VZ 23— u)

dz = —-2(3 — u)du
z=0=>u=3
r=4=u=1

[ s

/(3_u)x—2(3—u)d
/ (9 6u+u)du

/(——6+u)du

1
[9 In |u| —6u+ Euz]

1

3

{9mr—+-—@b3—m+®}

9
-4(0—&+5—9m3+48—5)

=-2(8—-91n3)
=18 1n3—16

xz =2cosf

= —2sinf

& &l&

=—2sinf6d@



_ = dcos? 0 .
_/: T (—2sin @) do

e —4/; cos? 6d 6

1 1.

——4[5 +zsm20]:
2

™ \/3' ™
“4(E+T‘Z‘°)
B
3 2
o )

When you see that the ‘lower’ limit is actually larger than the ‘upper’ limit, resist the temptation
to swap them over. If you swap them, you will change the sign of the integral.

u=zx—2
du _

dz

du =dx
r=1=u=-1
r=2=u=0

2
[
1 14 (z-2)

0 4
=/ du
-1 1+u2

= [4l;a.u“1 u.](i1

=0+nm=m

u=sinx

2 2

u’* =sin“x=1-— cos“x

cos? x =1 — u?
cos® zdx = (1 —u?)du
a:=%=>u=1

z=0=>u=0



£l
-
2

2sin’z cos® z dx

o~

1
2u*(1 — u?) du

o\:‘h

(2'u.2 — 2u4) du

Il
[ B e |
w|

e

|

o

e

Il
5le <

Remember that if you rotate the region bounded by the z-axis, the curve with equation y = f(z) and

b
the lines z = a and = = b then the volume generated is V = / my? dz.

u=Inz
du._l
dz =z
1
du = —=dz
T
r=1=u=0
r=e=>u=1
e (In 2
1r( 2) dz
1 T

r=T=>u=—1
Using the fact that the curve has rotational symmetry of order 2 about the origin:

Areas enclosed = 2 x area from Oto

m
= 2/ 3e“** sinz dzx
0

-1
=—/ 3e" du
1

= —2[3e"];’
=-2(3e! —3e)
6

= 6e — ==
e



2z — 5 _ A + B
(z+2)(z—1) =z+2 z-1
2c —5=A(x— 1)+ B(z + 2)
Letting x = 1:
-3=0+3B
B=-1
Letting x = —2:

—9=-34+0
A=3
2z —5 3 1
(z+2)(x—1) z+2 T z-1
2¢ — 5 .= L_ 1 de
(z+2)(xz—1) z+2 x-1

=3ln|lz+2|—Injlz—1+c¢

> +2c-5 A Bz +C

(x—3)(z2+1) z-3 * 22 +1
z? +2¢ —5=A(z?+1) + (Bz + C)(z — 3)

Letting ¢ = 3:
10=104+0
A=1
Letting « = 0:
-5=A4-3C=1-3C
C=2
Equating coefficients of z2:
1=A+B
B=0
2?42z -5 1 2

(z—3)(z2+1) :z—3+z2+1

z? +2z —5 dz_/( 1, _2 )dx
(¢ —3)(=2+1) z—3 22+1

=In|z—3|+2tan'z+¢

When you need to integrate a fraction, remember to check if the numerator is the derivative of
the denominator or some other standard form before rewriting with indices. In part d, the inverse
tan integral appeared alongside a logarithm. This is common with partial fractions of this type.

4z +5 A " B
2z+1)(z+2) 2z+1 z+2
4z +5 = A(z + 2) + B2z + 1)
Letting x = —2:
~3=0-3B
B=1

1
Letti =—=
ctting x 2

3
3 _EA+0
A=2
4x + 5 2 1

= +
r+1)(z+2) 2z+1 =z+2



/2 4z +5
—— (2
0o 2z+1)(z+2)

/2 2 N LA
o \Zz+1 z+2) %
=[In|2z + 1| + In|z + 2]}
=In5+In4—-0-1n2
=In5+1In2
=1n10

1-2z A B c

2~ + + 2

(z+1)(z+1)° 22+1 z+1  (2+41)
1-2z=A(x+1)? + B2z +1)(z+1) + C(2x + 1)
Letting ¢ = —1:

3=0+0-C

C=-3

Letting z = L
2 :%A+0+O
A=8

Equating coefficients of z2:
0 =A+2B=8+2B
B=-4
1-2z 8 4 3
e+1)(z+1)7 22+1 z+1  (g41)

/1 1-2z
—_—dz
0 2z+1)(xz+1)
/1 8 4 3
- - dz
0o \2z2+1 z+1 (z41)

_/l 3@+ )de
S \2z4+1 z+1

1
- [41n|2x+1| — 4|z + 1| +3(:c+1)‘1]0
=4ln3—4]n2+%—4ln1+41n1—3
3 3
—4ln= — 2
2 2
9 3
—9%9lne — =
1 2

(z=1)(z+2)=2*+z—2
1
o +z—-2)2? +2x+3
2’ +x—2
z+5
2?+2c+3 z+5
(x+2)(x—1) (z+2)(xz—1)
z+5
(@+2)(=-1)
z+5 A + B
(z+2)(z—-1) =z+2 z-1
z+5=A(x—1)+ B(z + 2)
Letting z = 1:
6 =0+ 3B
B=2
Letting © = —2:

Splitting the proper fraction into partial fractions:




z? +2x+3 =1_;+ 2

(z+2)(z—1) z+2 z-1
S 22 4+2x+3

/z Gro)z-1

3 1 2
= 1-—
/2. ( m+2+m—1)dz
=[z—lnje+2|+2mn|c—1|3
=3-In5+2In2—-2+In4—-2mn1

=1-In5+In4+1n4

16
=1+4+In—
+ 5

(z+1)(x+2)=2+3x+2

2
@ + 3z +2)22% + 5z + 1
2z + 6z +4
—z—3
+2c+3 z+3
@+2)e+) ~ @+2)E+D)
Splitting the proper fraction (ﬂith:-*'l) into partial fractions:

z+3 A + B

(x+2)(x+1) =z+2  z+1
z+3=A(x+1)+ Bz +2)

Letting z = —1:
2 =0+B
B=2
Letting ¢ = —2:
1=-4
A=-1

2
z° +2x + 3 —o4 1 2
(z+2)(z—-1) z+2 z-1
5 2% + 5z +1
1 (2+2)(z+1)

3 1 2
= 2 -

,/1 ( +m+2 :c+1)dz
=[2z+In|z 42| - 2|z + 1]}
=6+In5—-2In4—-2—-In3+2In2
=6+In5—-In16 -2 —-In3 +1In4

12
—4—_In—
5

(z+1)(2z—1)=22*+z—1

2
222+z—li422+2:1:—5
42? + 22 — 2
-3
42’ + 2z -5 3
@+D@Rz-1) ~ (@+)@z-1)

3

Splitting the proper fraction =y

into partial fractions:



3 _ A " B
(z+1)(2z—-1) =z+1 22z-1
3=A(2zx—-1)+B(z +1)
Letting z = —1:
3 =0-34
A=-1

Letting = =

| =

3
3=EB
B=2
3 _ 1 + 2
(z+1)(2x — 1) z+1 2z-1
2 4z’ +2x -5
L @iDEz-1)

2 1 2
= D —  — | d
[ ( Tl 2x—1) *
=[2z+In|z+1 —In|2z - 12

=4+4+mn3-In3-2-In2+Inl
=2—-1In2

When asked to integrate a fraction, check to see if the denominator factorises. In worked solution 4
the difference of two squares is used.

z+3V2 _ z+3v2 __4A _B
(-2 (z-V2)(x+v2) z-v2 z+2
z + 3v2=A(z + v2) + B(z — v/?2)
Letting = = /2:

4vZ =224

A=2

Letting = —/2:

22 =-22B

B=-1

c+3v2  z+3v2 2 1
#2-2) (@-VDE+v2) z-VZ z++32
/3‘/7:c+3\/§dm

27 (2% -2)

% 2 1
/zﬂ (:c—\/? - x+\/2)dz
= [2lnfe - vZ| ~nfe + V] 35
=21n(2v2) — In(4v2) — 2In(v/2) + In(3v2)
2442

B, 3

=In3

u=sinz

- =CO0sST

dz
du=coszdz
r=0=>u=0

z=%=>u=1



/ > COST dz
0o 9 -—sin’z
1
1
=/ —du
0 9 — ‘l.l.2

1 1
:/0 (3—u)(3+u)du
1 A B
G-w@+w 3-u 3tu
1=A(B+u)+ B(3—u)

Letting u = 3:
1 =64
1
6

Letting u = —3:
1 =6B
1
B==
6

1 1
/o GowGre

=/§1 (6(31—u) + 6(3:-u))du

1

1 1
= [—E].n|3 —ul+ Eln|3 +u|]u

1 1 1 1

= —Eln2+ Eln4+ Eln3— Eln3

1. 4
:—ln—

6 2

1
= =In2

6
u=e"
du—e’
dz
du = e*dz
d:c:d—u

u

In2 eZ:
/ dz
0o  (1+e*)(2e*+1)
_ /2 u? du
1 I+u)(2u+1) u

2 u
‘/1 Troeern ™
u A B
Qtw@utl) 1+u Zutl
u=A2u+1)+ B(l+u)

Letting u = —1:
1=-A
A=
Letting u = — <
1 1
— == =B
2 2



/2 ks d'u.—/z( r 1 du
1 I+wu+1) i \14+u 2u+1

2
= [ln|l+u|—%ln|2u+l|]
1

1 1
=ln3—51n5—ln2+51n3

1 1 1 1
= 51119— Eln5—31n4+31n3

1. 27

2 20



Remember that when a logarithm is involved in an integration by parts, it is usually best to choose the
logarithmic part as u. This is because it differentiates to give a power of z.

4 u=1n2:t:sod—u=l=l
dz

2z T
dv 1,
— =TsSOV=—=I

dz

/:r:ln2:cdz

du
—dx
vdx

z?In 2z — /lxz (l) dz
2 T

zzanz—/%zdz

Il Il |
[CY ST Y FST Y =N g
|

1
z%In2zx — Z:z:2 +c

d 1
ﬁ:sinh:sov:—;cos%
/:z:sinZa:d:c

1 1
=—3:ccos2:t—/—5cos2xdx
——la:cos2z+l cos 2z dx
2 2

1 1
= —Ex cos 2z + Zsin 2z + ¢

u
a u=zxrso—=1

v 1.
— =cos 3z so v = —sin3z
dz
.
6

I= x cos 3z dx

0
1 - z

= [—:c sinSz]“ —/°lsin3zd:z:
3 0 o 3
T

1 n
= ﬁ — [_ECOS&E]O
_r_1
18 9

1
=5gm-2)

Note that you need to apply the limits to any expression that is written outside of the integral. For

1
example, in worked solution 2 a, the expression for ‘uv’, —x sin 3z, which forms part of the
integration by parts formula, is placed in square brackets with limits.

Sometimes you can use integration by parts when there is only one function inside the integral.
Just multiply by 1 as shown in worked solution 2 d.

3 3
I=/ lnzdz=/ 1xInzdz
1 1



u.=ln:z:sod—u=l
dz =z
:—:—lsovzz

3 51
I=[zlnz]1—/ r=—dz
1 T

=3In3—Inl— [z

=3ln3-3+1
=3In3 -2
=In27 -2

I=[2(lnx)2dz

2
=/ 1 x (Inz)*dz
1
_ 2 du_ 2Inz
u= (Inz)” so - =

ﬂ—lsov—ar:
dz -

/21 x (Inz)’dz

1

= [z(lnz)z]j — /122ln:1:d:1:

2
=2(In2)’ —0—/ 2Inzdz

1

2
Using integration by parts again on / 2Inz da:
1

1
=ln — O e
u & SO dz z
g—:=2sov=2z
2
I=2(1n2)2—{[2zlnz]f—/ 2d:c}
1

=2(In2)* —4In2 + 0 + [2z]}
=2(In2)* —4In2+4 -2
=2(In2)* —4In2 +2
=2(n2 - 1)

w
I=[-¢€ cos:c]g—/ —e” coszdx
0
™
=—e”(—1)+1+/ e” coszdx
0

I=/ e sinxdx
0

u
u=e*so— =¢*

dx
dv .
— =sinzsov=—cosz
dz

w
Using integration by parts again on / e’ cosxdzx:
0

u
u=e* s0 = = ¢

dz

— =CcOSZT SOV =sIinz
dz



w
I=e"+1+ [ sina:];—/ e” sinzdx
0

I=e"+14+0-0-1

2l =e" +1
e" +1
I= 2

Two things are really important in worked solution 3 f. Firstly, if you use u = e” then you must do

the same again in the second integral. Try swapping at this stage and you will just get back to
where you started.

Secondly, it is important that you call the original integral something like ‘I’, so that you can solve
the equation later.
a y=z’Inz
y=0whenz=0orlnz=0

iie.whenz=0o0rz=1

Area=/ 2’ Inzdz
1

(1, N €1 4 (1
—[3:1: ln:z:]l /; 31: (z)dx

e
1
=z dz

@
w
|
.-\.

=1 I
&w w
—

e

Il
w

@
w
|
-

@ @
w
+ |
O] = O] =
@
w
+
o] =

O~ v w]l—= wl~ Wl

(2¢* +1)

b / rsinzdx
0

™
= [~z cos z]j —/ —coszdz
0

=m+0+ [sinz]j
=7+0

=7

y=0whenz = -2

0
V=/ ny’dz
-2
0
=7r/ e (x +2)dx
-2
du
u=x+ sodx
d'U_ —2z —_ 1 —2z
d:z:_e SOV = 2e

1 0 0 1
V=m [——(x + 2)e‘2’] - 7r/ ——e Zdz
2 i L, 2

1 0
=—7r+0+—1r/ e dzx
2 Joa

= -7+ 17r —le_zz '
- 2 2 _2

_ L
=-m— omt o
n(e* — 5)

=



END-OF-CHAPTER REVIEW EXERCISE 8

This exercise is for Pure Mathematics 3 students only.

Remember that you are likely to need integration by parts if your integrand is a product and neither
term in the product is the derivative of the other.

d
Using integration by parts with u = z and e,

dz
/ ' ze ™ dz
0

1

1
— [—lze‘z’] : /? —le_”dz
2 0 0 2

1

d
2 Using integration by parts with u = Inz and ZoT

dz
4 1
/ z 2 Ilnzdx
1

114

=4In4 — [41:2
1

=4ln4 -8+ 4
=4ln4—-4
=4(ln4 - 1)

3 u=1+3tanzx
du N
i = 3sec’x
du = 3sec’zdx

z=0=u=1

x=%=>u=4



5

\/i+§ta.na:

cos? x

=/° v1+ 3tanzx sec’zdx
0

o

1 4
:—/ Judu
1

4 1
/uzdu
1

1

r—
wlr
e
el
e
'S

— W= W= W= w
s~
wlg‘,
|
wlro
S—

cot 8 + tan @
__cosf  sinf
= Sinf ' cos@
_ cos® 0 +sin? 0
sin 6 cos @

1
sin @ cos 0

2

= 2sinfcos @
2

sin 26
= 2 cosec 20

Using the results from part i:

®

/ﬂ g cosec 20 dé@

6

=%ff(coto+tana)de

1 5 (cosf siné
_5/; (sin9+c059>d9
[

1 =
=5[1nsin0+lnse00]i
1. /V3) 1 1 2
_5m<7)+51n2_2(ln2+1n%>
1 V3 1 V3
-5‘“(7)“’1“5‘11(7)
=1n(§)+1n2
—ny3
=%ln3
r =2sinf
d9—2c050
z=0=6=0
m
=1 = -
T =0 5



—/ z dz
0 V4—2?
- 2
_ [T A0, cesods

0 \/4—4sin29

= os 6d6

ii Using the result from part i:

I:/74sm29d9
0

= /1 1
= 4| = — =cos20|df
/0 (2 2cos )d

(2 — 2cos 20) do

o\
£l Kl

= [20 — sin 20|}
T /3
=33 00
1
— =27 - 3V3)
i z=t+1
2=x—1
dz
E—Zt
dz = 2tdt
2t3dt = t*de = (z — 1)dz
t=0=z=1
t=2=>x=>5

2
I= / 4t* In(t* + 1) dt
0

5
= / 2(z—1)Inzdz
1
ii Using the results from part i and integration by parts:

5
I:/ 2(x—1)Inzdz

:[a:—l) ln.vlc]5 / a:—l) dz

1

5 —
~16In5 — / 2 2”+1d
1

=16In5 — (x—2-+——)da:
1 T

1 5
=16In5 — [51:2 —2z+lnz]
1

2 1
=161n5—?5+10—1n5+5—2+0
=15In5 -4

i 2 A B
= +
(z+1)(z+3) =z+1 z+3
2=A(z+3)+ B(z+1)
Letting ¢ = —1:
2=24
A=1
Letting x = —3:




2 o1 1
(c+1)(z+3) z+1 =z+3

ii Using the result from part i:

2 2 1 1\
((x+1)(:c+3)) =(x+1 _:1:+3)
1 2 L1
(@41 @E+D)E+3)  (z+3)°

1 _( 11 )+ 1
(z +1)? ¢+l x+3 (z +3)?
1 1 1 1

- + +
(x+1)7> =+l z+3  (z43)

iii
Be careful to separate functions involving powers of —1 from the rest. The functions involving
powers of —1 will be integrated using logarithms.

From the results in parts i and ii:
1
4
/ T VT ) dz
0 (z+1)°(z+3)

1 1 1 1 1
=/ >~ + + > | dz
0 [(z+1) z+1 z+3  (2+43)

=Al[(m+1)_2— LI +(z+3)‘2]dz

z+1 z+3

1
. [—(w+1)_1 _l.n|a:+1|+ln|:c+3|—(:c+3)_1]0

1 1 1
=—5-h2+h4-—=+1+hl-h3+z

1 1 1
=—5—Z+1+§+lng
—i+lnz

12 3
A |
12 2

6 6 4z

L T L
I sin x cos = + cos z sin =
2

/:; sinz
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tan 26 — tan 6

sin2§ siné
cos20 cosf

_ 2sinfcosf  sinf

cos 20 cos @
_ 2sinfcos’6  sinfcos26

~ “cos@cos20  cosBcos 20
_ 2 sin @ cos® @ — sin 6 cos 20

cos 6 cos 20
_ 2sinfcos® 6 — sin (2 cos® 6 — 1)

cos @ cos 260

sec 20

sin 0
os 0
= tan fsec 20

From the results in part i:

B

/?tanOSec20d0
0

=/“ (tan 260 — tan 6) df
0

Y Y

= [llnsec20 - lnsec0]
2 0

1 2
=mn2 —In == —-0+0
2n 7 +
1 1. 4
—51112—31!13
_lln3
S22

d
Although you will find more than one solution t d—: = 0, the diagram in the question shows that
you only need one solution.

Using the product rule:
d ::c 1 ;z
d_: = (2 — 2z)e?” + 5(2z—x2)ez

1 1

1 1
=2e7" — 2xe?” +zer — Emze?z

! 1
=e (2—2z+m—§zz)

Using the fact that M is a maximum point so at this point =0:

%
dz
1 2
2—2:c+z—5:c =0
22 +22—-4=0
(z+1)?-5=0

z=-1++5

For M,z >0
sox=—-1++5

d Lz
Using integration by parts with u = (2z — 2%) and d—: =er:

2 1
I= / (2z — z%)e?" dz
0
112 2 1
= [2(21- - zz)e7z] - / 2(2 — 2z)eT" dx
0 0

2
=0—0—4/ (1-=z)e?"dx
0



2 1
Using integration by parts again on 4 / (1 —z)er” da:
0
1 2 2
I=-4 [ZeTZ(l - x)] + 4/ 2e77(—1)dz
0 0

L 12
=8e+8—8[2e?z]
0

=8e + 8 — 16e + 16

=24 —8e
2
11 22 + 52+ 2)4a® + 5z + 3
4z® + 10z + 4
—5z—1
4z +5x+3 5¢ + 1
2% +5z+2 22 +5¢+2
5z + 1
S (22 +1)(z +2)
Splitting the proper fraction 4 into partial fractions:
2z +1)(z + 2)
5z + 1 A B

= ks
zr+1)(z+2) 2z+1 z+2
5z +1=A(z+2)+ B2z +1)
Letting x = —2:
—-9=-3B
B=3

1
Letting = = -3

3 3
e =24
2 2
A=-1
4x2+5x+3_ 1 3

=2+

2z% + 5z + 2 2z+1 42
/44m2+52:+3
0o 2x%+ 5z +2

4 1 3
D | e — e | d
/0(+2x+1 x+2)x

1 4
= [2z+31n|2x+1|—31n|z+2|]

0
:8+%l.n9—31n6+31n2

=8+ln3+3l.u%

=8+1n3-3In3
=8—-2In3
=8 —1n9

12 i

Although you will find more than one solution to % = 0, the diagram in the question shows that
you only need one solution.

Using the product rule:

d 3
—y=3lenz+x—=3zzlnz+m2
dz z

M is a minimum point, so at M, 3z? Inz + 2% = 0:

z}(3lnz +1)=0

1
=0orlnz=—-—
z orlnz 3



But from the diagram, z > 0

sor=e 3
1
_L 1
—elln -
y=e e 3 3
L 1
The coordinates of M are (e 3, —5)
ii Wheny=0:
2nz=0

z=0orz=1

2
Area:/ 22 lnzdz
1

Using integration by parts:

Area = [—x“ lnx] / l:z_
z

=4In2 - O——/

1
=4ln2 - -
i[5,
1
=4ln2—-=-(4—- =
i(4-3)
15
4In2 — %
13 i Using the quotient rule:
dy  2xz(1+ z%) — 2?(32?)
dz 1+ a%)?
_ 2z+4 22 - 32!
(1 +a3)?
2z -2t
(1 + 23)?
z — zt
Since M is a maximum point at M, —_——— =
(1+ 2®)
2t —zt =0
z(2—-2%) =0

z=0orz®=2
From the diagram x > 0

sox =12

P 2
i / Y dz=1
1 1+:r:3

- =1
/ 1+x3

g[ln'l—f-a: Ji=1
In(1+p*) —In2=3
In(1+p*)=3+1n2
1+p% = edti2 — gh2gd _ 93

p*=2e -1

= V26" —1=340(3s.f)




CROSS-TOPIC REVIEW EXERCISE 3

@ This exercise is for Pure Mathematics 3 students only.

1 (1-32)°
=1+ (-5)(-3z) +
=1+ 15z + 13522 +945m

= 5)( 6) (=9 6)( 7)

(—-32)" + (=32)" + .
Given that a is a complicated fraction in this question, keep it as a until the end.

Use the fact that/;dz = ltan'1 (2) +c.
z? + a? a a

)],

[VBtan~! (ay3)]}

_ V3tan” V3 -0
3

)

a

h
w
8
A
+
(=1
o
8
Il
W= W]
1
o+
©
=|
-
—
1

—~
w|x

°[Gels S

3

3 32z+2)°

=32(2%) (1 + %) -
~afir e (5)+ 23 B2 (3)

=4 —6x+62% — 523 + ...

=% 1+(_%)(‘%)+ 22! : (_%)2+
11 3,
=2 tEttat

Check the question carefully! This question only asks you to expand up to and including the term in

z?, whereas Questions 1 and 3 required one term more. Don’t waste precious time by taking the
expansion any further than you need to.

5 Using integration by parts:



8

.
2 .
/ 2% sinz dx
0

= [&*(— cosz)]o? —/ * —2zcoszdx
0

=0—0+2/‘zcoszdz
0

=2[:1:sin.1:]07 —2/ * sinz dz
0

"

=2 (% - 0) - 2[— cosa:]o%

=r+2(0-1)
—
2 (1 am)i-a)
(1+ 22)3
1\ [ 1 1\/ 1\/ 3
- (%) (22) + (5) 2(!_3) (22)? + (5) <_z) (_E) (22)* +
- 1+z—%x2+%z3—---

=1+(_;)(_,,+M_

1 3 5
=14 = =z + =z + ...
+2z+8a: +16a:+

(2) (2) (3)

(-z)® + ...

1 1
1+22)7(1—-2) 2 = (1 +z— %12 + %xs - ) (1 + %x + %mz + %13 + )

—1t(mt1)et (oo nt )t (b et e )+
= 2 R ) % 2 '8 72)°

3 3 15
=14 = =2 4 =23+ ..
+2z+8z +16z +

Using integration by parts:
1
/ (x+2)e > dz
0

1 —2z ! ! 1 —2z
= [—?(x+2)e ] —/(; —Ee dz

2
3 1] 1,7
1—2e2+2[—2e ]o
3 1, ,
"1 Y
.3 11
T 2 4e? 4
5 6 1
T4 4e? 4e?
5 7
T4 4e?
1
i (1-42)7

=1+ (—%) (—4z) + 2 5 (—4z)* + ...

=142z + 62 + ...



1+ 2z
V4 — 16z

1+ 2
VIV -4z

1
= 5(1+22)(1 — 42) T

= %(1 +2z) (1+2z+ 62" +...)

Coefficient of z?

1
—5(6+4)
=5

Note that you do not need to expand the entire expression. You just need to work out the
different ways in which you can form terms in 22, i.e. 1 x 6z% and 2z x 2z. Don’t forget to

multiply by the %

9 i (1+azx)?
=1+ (-2)(az) + #-(aa:)2 -

=1 - 2azx + 3a’z? — 4a%x® + ...

(=2)(=3)(-4)
!

3 (az)® + ...

Using the fact that the coefficients of z and z* are equal:

—2a = —4a3
40 —2a =0
2a (22> - 1) =0
a>0
2¢2 —-1=0
1
2_—
@ =3
1 V2
Q = w— e—
N
il (1+az)?=1-2az + 3a®z? — 4a32® +.
Viz\?
1 —
(145
2
=1—2(%)m+3<4) i
3 2
=1—\/Z$+51' -
0 i — 8sinmz —t
y= 8111211: an2:z:
dy _, 1 1,1
e e Rl

d:
At the maximum point, z = « and d—: =0:
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1 1 1
4 - — mmSect moy =
cos 2a 2sec 2a 0

1 1
8 cos 50 = sec? 5o
1 1
8COS m(t = =———
2 1
cos?=a
cos"‘lcx—1
2 8
cosla—l
2 2
la_1r
2 3
2
O = —
3

« 1 1
ii /0 (SSm E:c—tan 5:1:) dx

1 1
= [—16cos -Ez + 21n|cos Ex

I

1
=—16cos%+21n cos5a’+ 16 — 2In1

=—16c0s1-+-2lncos1+16
3 3
=—8+21n%+16
1
—8+2ln5

5 — 3z A + B
(z+1)@Bz+1) z+1 3z+1
5—3z =ABz+ 1)+ B(z +1)
Letting z = —1:
8=-24+0
A=-4

1
Letting z = -3

2
= ZB
6 0-%-3

B=9
5— 3z 49
(x+1)@Bz+1) z+1 3z+1

5 5_3z 5/ 4 9
—_2 % e = L S P
/o @+ D@z + 1) fo ( a:-+-1+3a:+1> z

=[-4ln|z + 1] + 3In|3z + 1|)]
=-4In6+31n16+4lnl1—3Inl

=3In16 —41In6
=3In2* —4In6
=4(31n2) —4In6
=4In2® —4In6
=4In8 —4In6

8
—4ln =

6

4
=4ln =

3

a z=sind
dz

Ti;=cos€
dz = cos6dé
zr=0=60=0

1 o, 1 m
z_5=>sm0_2=>0_6



Il
o~
el El

11
4(3 —560820) de
=/7(2—2cosze)da

0

= [26 — sin26]§

13 a / zlnzdz =30
1

Using integration by parts:

[llen:v] —/ (lzz X l) dz =30
2 1 1 2 T

a
L zlna—O—/ l-a:dat:30
2 1

2
% ’Ina — [%zz]: =30
%azlna— (%a2 — %) =30
% 2lna—%a2 =30—%

2a’Ina —a? =120 — 1
d’(2lna —1) =119

, 119
¢ T oma-1
a>1

- 119
=\ 2me-1

You can try various starting points and see what happens. Here, the start value of 5 is used simply
because it is a value greater than 1.

Using an41 = ”2111(1,,——1 with ag = 5:

a) =T7.3233
az = 6.3170
a3 = 6.6555
as = 6.5298
as = 6.5749
a7 = 6.5585
ag = 6.5644
ag = 6.5623
aypp = 65631
al = 6.5628
a2 = 6.5629

a = 6.56 to 2 decimal places.



2,2-%

14 i y=z‘e"
Using the product rule:
d;
d—: = 2ze? % — g2 ®
=e** (2z — 2?)
dy
AtM,— =0:
dx
2z — 22 =0
z(2—2)=0

z=0o0rz=2
z > 0 (from the diagram)

=2

The 2? term means that you need to use integration by parts twice.
Using integration by parts twice:

2
/ z?e’ dzx

0
) 2
= [—.'z:zez"”]0 - / —2ze’ * dx
0
2
:—4+0+2/ ze’ * dzx
0

2
=—4+42 [—mez"’]z — 2/ —¥ % dx
0

=-4-4+0+2[-e7)2

=-8+2(-1+¢?)
=2e? - 10
. 12 + 8z — 22 A Bz +C
15 i f(x)=

Z-n@+d) 2-z @ dia

12+ 8z —a® = A(4+2*) + (Bz + C)(2 — 2)

Letting = 2:

24 =8A+0

A=3

Letting = 0:

12 =44+ 2C

12=12+4+C

C=0

Equating coefficients of z?:

-1=A-B

-1=3-B

B=4
12 + 8z — o 3, 4
2-z)4+2%?) 2—-z 4+ z?

1124 8z — a2 1 3 4z
ii —_—dz = —_—t—d
o (2—2z)(4+2?) /(; (2—:13 4+:r:2) ‘
= [-3In|2 -z + 2In|4 + 2?|],
=-3In1+2mn5+3In2-2In4

=2In5+3In2—-2In4
=In25+In8 —In16

25 x 8
zl"( 6 )
25

=l (7)




16 i /1x1n(2x)d:c=1
1

Using integration by parts:
@ 1
[ In(2z)]° —/ 2 x =dz=1
1

aln2a—ln2—/ ldz =1
1

aln2a—In2— [z]] =1
aln2a—In2—-a+1=1
aln2¢a =In2+a

In2
In2a =1+ —
a

2a = exp (1 + ln_2>
a
1e 1+ In2
Q= = —
2P a
Note that exp(z) means the same as e*.

i In this worked solution, a starting value of 3 is used as it is greater than 1. Try some other starting

values for yourself and see how quickly they converge.

1 In2
Using a,41 = —exp (1 + ?> with gg = 3:

2
ap =1.7124
ap =2.0373
a3 = 1.9100
aq =1.9538
as = 1.9379
as = 1.9436
ar = 1.9416
ag = 1.9423
ag = 1.9420
ayp = 1.9421
a = 1.9421
a;p = 1.9421

a = 1.94 to 2 decimal places.
4+ 12z + 2? A B C
7 + + 2
B-—z)(1+2x)? 3-2 142z (1422)
4+ 122+ 2% = A1 +22)° + B3 —z)(1+22) + C(3 —=z)

17 i

Letting = 3:
49 =49A+0+0
A=1

. 1
Letungz-—;.
7 7
-7 =0+0+ EC
1

C=-5

Letting « = 0:
4=A+3B+3C
3
4=1+3B—- =
+3 >

3 9
3B=3+5==

3
B==
2
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4+ 122 + 2* 1 3 1

(B-z)(1+22)2 3-=2 i 2(1+2z) 201+ 22)°

1,3 1
3—z  2(1+22) 201+ 2z)

1
=(B-z) '+ g(l +22)7" — F+ 2x)°

3
25—3x+6:v2—...

(14 2z)7°

= %{1 + (—-2)(2z) + %(2@2 + }

R W

[\CY e

_ 3 _ 1 _
(3—2) 1—|—§(1—|—2m) 1—5(1+2:c) ?
1 1 1, 3 9 1 5
gw—i- 2793 +...>+ (2 3z + 6z ) <2 2z + 6z >

1 3 1 1 1 )
—<§+§—§>+<§—3+2>x+<2—7+6—6>x + ...
4
3

z? — 8z + 9 A n B n c
(1-2)2-2)° 1-z 2-z (2-2)
?—8z+9=A2—-2)"+B(1l—-2)(2—-2)+C(1—=z)
Letting z = 1:
2=A+0+0
A=2
Letting = 2:
-3=0+0-C
=3
Letting z = 0:
9=4A+2B+C
9=8+2B+3
2B = -2
B=-1
? —8z+9 2 1 3

fl=) = 2 - + 2
(=) 1-2z)2-2) l-2 2-=z (2-12)

I
/N
el
+

22 —8x+9 2 1 3
f(z) = = _ +
(=) 1-z)2-2)° 1-2 2-z (2-g)?
=2(1—-z) ' —(2—-2) ' +3(2—-2)
21 —z)"

=2 {1 + (-1)(—=z) + %(—xf + }

=242z + 222 + ...
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f1e o (3)- 426 )

- %{1 +(-2) (_%) + .(_2)2+3)(—%)2 + }

= +3z+922+
T4 4 16
2

l-z)'—2-2)"'+32-2)"

1 1 1 3 3
= 2 s ) T — — _2 “ee — — _2
(2422 + 22 +...) <2+4x+8x+ )+(4+4x+16x+ )
1 3 1 3 1 9\,
_(2_5+Z>+(2_Z+Z)m+(2_§+E)z+“'
—9+52:+392:2+
42 16

When the denominator has a quadratic factor that cannot be factorised, you will need to use this
form of partial fraction. When you try to find the values of A, B and C you will need to equate
coefficients at some point, because there are not enough factors that can be set to zero by choice
of x.

H(z) = br — 2 A +Bx+C’
_(z—l)(2zz—1)_z—1 222 — 1

52 — 2= A(22? — 1) + (Bx + C)(z — 1)
Letting x = 1:

3=A+0
A=3
Letting « = 0:
-2=—-A-C

C=-A+2=-1

Equating coefficients of z2:

0=24+B
0=6+B
B=-6
5z — 2 3 6z + 1
) = e z-1 27-1
5z — 2 3 6z +1
= 7= 2= -1
=3(z-1)"+ 6z +1)(1 - 22%)"
3z —1)"
=-31-2)"
=-3 {1 +(-1)(-=) + %(—zf + (—1)(;#(_1)3 + }

=-3—-3z —32% — 323 — ...
(6 +1)(1 — 227) ™"
= (6z + 1) {1 + (-1) (—22%) + #(—w)2 - }

= (6z + 1) {1+ 22 +4a* + ...}
=1+ 6z + 227 + 122° + ...
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21

3z —1)7" + (62 +1)(1 —222) "
=(-3-3z—32 - 3«3 —..) + (1 + 6z + 227 + 122° + ..
=—2+3z — 22 +9z% — ...
3 -2 =x3—2 =A+£+£+ D
2?22z —1) 22% —2? z 2 2zx-—1
28 — 2= Az?(2z — 1) + Bz(2z — 1) + C(2z — 1) + Dz?

Letting x =

Do | =

1 1

=-—2=0+0+0+=D

3 +0+ +4

1 15

D—E—S——T

Letting = 0:

-2=0+0-C+0

C=2

Equating coefficients of x:

0=-B+2C

B=4

Letting « = 1:

~1=A+B+C+D

—1:A+4+2—175

15 1
A——1—4—2+7—5
4

T

+4+ 2 _ L dx
z z2 2(2z-1)

1
2
1 4 15
- o 2272 L — ] d
(2+x+:c 2(2:::—1)) T

Note that all terms where the power is — 1 are left as fractions, so that logarithms can be used. All
other terms are rewritten using rules of indices.

2
= lat:+4ln|:::|—2:z:"1 —Eln|2z—l|
2 4 1
=1+4ln2—1—%ln3—%—41n1+2+%1n1
1 1
+4ln2—761n31+ zln3

+4In2 —4In3 + %ln.'i

2
In (2) + %ln3

I
ol olw lw ofw ] w

-
no

3

4 1
+21n3+zln3

9 1
—21nz+z].n3

Il

y=z’lnx
Using the product rule:

d 1
—y=2xlnx+:c2x;

dz

=2zlnz+z
dy
At M, T =0:

z(2lnz+1)=0
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= 1 I e —
z=0orlnz )

z > 0 at M (from the diagram)

1
The coordinates of M are (— -

Ve 2

Lower bound of region when y = 0.
z?lnz=0

rz=0orz=1

Shaded region is bounded by z =1 and z =e.

Using integration by parts:

/ 2 Inzdz
1

=3e3—0— . %zzdz
_ 1, 1,4]°
~3° [9‘”]
1 1
=§e3——e3+-§
2, 1
—ae +3
— (2 +1)

9

4
/4:nln:z:da:

2

4 1
_ 2 4 2
= [22’ Inz], /; (Zz X —x)dm

4
=32].n4—8ln2—/ 2zdzx
2

=32In2’ - 8In2 — [2%],
=641n2 — 8In2 — (16 — 4)
=56ln2 — 12

u = sin4x
d
ﬁ =4cosdx
-i—du = cosdx dx

1—u?=1-sin’4z
= cos? 4z
1
Z(l —u?) du = cos® 4z dx
z=0=>u=0

T - .
r=—=u=sin—=
24

ol
N | =

1

)
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"

1
- - 1
/ucos34a:d:1r:=/2 —(l—uz)du
0 o 4

4cosf@ + 3sinf = Rcosfcos a + Rsin 0 sin o
Rsina =3
Rcosa =4
R*=324+4=25
R=5
tana = 3
4
a =0.6435
4cosf + 3sinf = 5 cos(f — 0.6435)
a Using the result from part i:
5cos(6 — 0.6435) =2
cos(0 — 0.6435) = %
0 — 0.6435 = 1.159279... or 6 — 0.6435 = 5.1239058...
0=1.80 0=5.77

b Using the result from part i:

/ 04
(4cosf + 3sinb)

_ / 50 "
25cos? (6 — 0.6435)

= f 2sec’ (6 — 0.6435) df

= 2tan(f — 0.6435) + C




Vectors

This chapter is for Pure Mathematics 3 students only.

1 a From A and B you move right by 5 units and down by 3 units.

Bz(—:)

From B to C you move right by 5 units and up by 2 units.

2
-1
-7
2 a ( 3 ) because to get from E to F you move left by 7 units and up by 3.

bﬁﬁ'()

ﬁ=<2)
DF - DE= (g) - (“’): (‘37) — BF from parta.

2

3 You get from Q to R by first moving from @ to P and then from P to R.

Try to show the route that you have taken as clearly as possible.

o — —
So QR =QP +ﬁ£But then QP = —PQ so
QR=-PQ+ PR=PR- PQ

—

4 a XY -XA+AY
=-a+b

—_— = —

BC = BA+ AC
=-2a+2b
=2(—a+b)

—2XY

—
BC' is a multiple of ﬁ, so the vectors are parallel.

Remember that two vectors are multiples of one another if, and only if, they are parallel.

b Using the result from part a:

BC = 2X¥
- 150
1,—
[X¥| = 5|BC
=L

2



Note that A.B) is the component of E parallel to the z-axis, B.C" is the component of B

parallel to the y-axis and @ is the component of A—G) parallel to the z-axis. A—G) is given, so you
can work out vectors representing each side of the cuboid.

— =
AM = AB+ BM
—
=AB+%1%Z
12
(o)1
- 2

0 0
12

2
0

b AN = AD + DF + FN
=—15+17ﬁ*+%_é

0 1 12
= +1{0 +z 0
2 0

N B W o O

— —
a i BC—=BA+AH+ HC
=-p+q+s

Note that ﬁ is the same as C’? But C—'B) is —B—C) because the direction is reversed. You have
already calculated B_é in part i.

— —

EB=EF + FC + GH + HA + AB
=-p—-(-p+a+s)—-r—q+p
=-p+P-q-s-r—q+p
=p-r—s—2q

b For example, angle AHC = 45" (interior angle of a regular octagon = 135" and angle GHC =90") and
the exterior angle (at A) is 45° and so the line segments AB and HC are parallel.

|s| = Ipl + 2]q| cos45°

lp| = |al
Is| = |p| + [p| vVZ = (1 + v2) |p|
s=(14++2)p

k=1++2




— —
AM = MC
—_ = — —
AO+ OM = MO + OC
1 1
—c—&—a(a—i—b):—g(a—i—b)—&—a

a+b=a+c
b=c
The sides OA and BC are parallel.

OM — ME

1 1
5(a—|—b) = E(C-Fd)

at+b=c+d
But
b=c
at+tb=b+d
a=d

The sides OC and AB are parallel.



E:b—a
= (5i + 7k) — (5i + 3j)

=-3j+ 7k
|B| =4/(-3) +7 =58
Unit vector = %(—ﬁ + 7k)

Given that you need to underline vectors when you write them for yourself, it is best to write each
term as a fraction followed by the vector rather than a vector divided by the magnitude. For

1
example, Ea rather than %.

04 = o+ 38 =31

[AB| = |51 + Aj + 10k — (5i + 3j)
= /a-9 107
= /=37 + 100

Area = <[04|[4B]
- %¢3—4,/(,\ —3)2 +100 =534
V(A=3)" +100 =10

(A —3)* + 100 = 100
A=3

—
Height of cuboid = k component of CE
=2x1=2

ON =0C +CCG+GN
= 4j + 2k + 6i
= 6i+4j + 2k

MN = MO + ON
= —(4i+ 2j + k) + 6i + 4j + 2k
=2i+2j+k

|MN| =27+ 22 + 17 =0 =3

Unit vector = %(2i +2j+k)

-6 2 -8
i |ZBF4d—M= 6|-|21|l=|| -8||=vi28=8v2
0 0 0
5 13 -8
B =lc—bl=|{ -3 |- | 5 ||=|| -8 ||=8v2
\ 4 4 0
. (13 2 11
|AB|=b-a|=|| 5 |- |2]||=|| 3 ||=V1?+ 3+ 4" = 146
4 0 4
5 -6 11
DC|=lc—dl=|{ -3 || -6||=|| 3 ||=vITFF+& =yt
4 0 4

ii From the results in part i, opposite sides are parallel and equal in length, so ABCD is a parallelogram.
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S —
bi OM=0 +%AB= 5 +% 3 |=|3s
0 4 2
so M (7.5,3.5,2)
— =
i 0P=03+%ﬁ
13\ L, [[-6 13
={s|+3l{-¢]-{>
4 0 4
()53
- 3| R
4 —4 8

—
AB =b —a=(3i+4j+k) — (i —2j+ 5k) = 2i + 6j — 4k
—

|AB| = [2i + 6 — 4k| = A+ 36 + 16 = 1/56 = 2v/14

b |04|=vITTTB =30
—
|OB| =/9F16+1=+26
30 + 26 =56
So by Pythagoras’ theorem, OAB is a right-angled triangle.

¢ Area= % x /30 X /26 = /195

AB=b-—a=(Ti+4j— k) — (5i+j+2k)

=2i+3j— 3k
_>
AC=c—-a=(i+j+gk)— (5i+j+ 2k)
=—4i+ (¢—2)k
[aB[* = [acf

22 432 4 (=3)2 = (—4)® + (¢—2)°
16+ (g—2)* =22
(g—2)" =6
g=2+.6

If two magnitudes are equal then so are their squares. This saves you having to use square roots!

2 DB=-Tk+24i
[DB| = \/(-7)* + 242 =25 cm

b O_N):a))+§ﬁ
. 2 .
=20j + 7k + g(—7k+241)
=9.6i + 20j + 4.2k
=
%) - [04)
Vit +a = \/1+(1+a)2 +(-3)°
44+25+a® =1+ (1+a) + (-3)°
a?+29=a>+2a+1+1+9

2a =18
a=9

— . 1
a OP= /\53 and using the y-component, A = —.

'S



1 1
Hence, —6k = Z(Zk +13), k= -3

1 1
and checking 8 (1 + k) = Z(_32k) gives k = -5

H 3
b OP=| -2 |=3i-2j+4k
4
and
12
—
oQ=| -8 | =12i — 85+ 16k
16

_> . .
¢ PQ=9i-6j+ 12k and

}@\ =1/9% + (=6)* + 122 =329

0
Home is the null displacement | 0
0
13 -13
Total vector sumis | 8 | so to get home the displacement vectoris | —8
0 0

The distance home is 10\/(713)2 + (—8)® 4 0® = 10,/T69 + 64 = 153 cm to the nearest cm.



Remember that two vectors are perpendicular if, and only if, their scalar product is zero.

a a-b=2x7+8x(-1)+-2x3
=14-8-6=0
Perpendicular

b c¢-d=5x(-3)+12x(-1)+13x3
=-15-12+39=12

12 = /57 +127 +18%/(=3)" + (~1) + 3? cosf
12 = (13v/2) /19 cosf
cosf — —2
13,38
60 =81.4°(1d.p.)

Check the question for any indication that you need an acute angle. If your calculations produce an
obtuse result, you should subtract it from 180 to get the required acute angle.

c ef=4x(-4)+-9%x(-2)+-2x1
=-16+18-2=0
Perpendicular

OB-OA=-5x1+0x7+3x2

=1/(=5)" + 0% + 3¢/1% + 72 + 2% cos BOA

1 = +/34,/54 cos BOA
1
cos BOA = =———
V34,54
BOA =88.7°(1 to d.p.)

6a+ (—2)(4) + (5) (—-2)=0
a=3
a 5k*—-3(k+2)—(Tk+9)=0
5k* — 10k — 15 =0

K —2k—-3=0
(k+1)(k—3)=0
k=-lork=3
10 2
b oP=|-3 ,0_Q'= 4
23 -1

OP - 0G =10(2) + (-3) (4) + (23) (~1) = —15
0B = V102 + (~3)* + 232 = /638
0G| = /2 + 4 + (-1)* = va1

-15
0 =cos™! (—) =97.4" (to 1 decimal place)

V63821
NP =2j+3kand MP = —3i — 2j + k
andsoﬁ-l\ﬁ=2(—2)+3(l)=—1
Also |NP| = /13 and |MP| = vz

-1
So NPM = cos™! (m) =94.3" (to 1 decimal place)
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_> _3
a AN=|15

a-j=(4)(0) + (—8)() (1)) =~
la] = \/42 ) +12=81 =9
il =1

-8
0 = cos™? <?> =152.7° (to 1 decimal place)

a - b is a scalar and the dot product is a product of two vectors.

— s = ——
a OM =0D+ DG+ GM

— = 1=
= 0D+ DG + 5GF
— 4k + 4§+ 2
— 2§ 4 4j + 4k
— — =
NG = NB+ BC + CG
— 3§ — 4i + 4k
— _4i+3j+4k

b OM. NG =2(—4)+4(3)+4(4)=20

oM]| =6
NG| = vat

20
cos! (—) = 58.6° (to 1 decimal place
AT ( place)

—
AM = —77i + 30j + 36k and

|D§| =4/77 + 362 =85
— 1 1
so AN = 60j + 333: 60j + = (~77i + 36k)
77 36
.. ., 36,
3 i+60j+ 5

—
AM - AN = —77 (7%) + 30 (60) + 36 <%> = 3245

3245
MAN = cos ™! <—_) = 54.7° (to 1 decimal place)

254/13 /3889
r

4.5

4.5
cos ! (—) =74.5° (to 1 decimal place
3 x 1.54/14 ( P )

-3

b MN=| o

4.5

c W-W:O

3
PN=| 15
4.5 —p
3(—3) + 4.5(4.5 — p) =0



Remember that the vector equation takes the form

r = position vector of known point + ¢(direction vector).
a r=—j+5k+ A(2i+6j—k)
b r=A7i—-j-k)
¢ r="Ti+2j—3k+ A(3i—4k)

Remember that r = zi + yj + 2k, so you simply need to equate each of z, y, zwith the number of
is, js, ks respectively.

a =2\
y=—1+6A
z=5-—A

b z=7\
y=-A
z=-A

c z=T+3)\
y=2
z=-3—4\

9i+2j— 5k — (i+ 7j + k)
=8i—5j — 6k

1
= 5(16i - 105 — 12K)

So the direction vectors of the two lines, and hence the two lines themselves, are parallel.

a z=2+t
y=13+1¢
z=1—-1
b z=2¢
y =10+ 5¢
z=0
c z=1+2t
y=-3+3t
z =4t
1-0 1
a AB=| 1-4 |=|-3
6 —(—2) 8
0 1 t
SoOj+tﬁ= 4 |+t -3 |=| 4-3t
-2 8 -2+ 8t
and so
=t
y=4-3t
z=-2+8t

b At the point where L crosses the Ozy plane 2 =0
So-2+8t=0
1

Sot=



1 3 13
== y=4-2==2
Sox 4:,y 1 1

1 13
The point has coordinates (Z’ i 0) .

a r=(p+4)i+Ep-7Ji+0uwk
r=4i-7j+p(i+j+3k)
The direction is i + j + 3k, which is not a scalar multiple of 6i + j 4 3k, so the lines are not parallel.
b Direction vectors are:
a=i+j+3kandb=06i+j+ 3k
a-b=1x6+1x1+3x3=4y/1+1+9y/36+1+9 cosf
16 = 4/11+/46 cos @

16
0 =cos™! (—) =44.7° (to 1 decimal place
V114/46 ( P )
T 5 4
a y|l=1-31+t]| -1
z 2 -3
5—-4 4 1 4
—
b BA.-dp,=|-3-(-0)|-|-1]=14]-|-1]=11@)+4(-1)+0(=3)=0v
2—2 -3 0 -3
0-3 -3
—
a AB=|-1-1]|=1]-2
2—-5 -3
0 -3
— =
SoOB+tAB=| -1 | +t| -2
2 -3
-3t+3
—
b ON=| —-2t+1
-3t+5
—3t+2
—
and the CN = | -2t —1
—3t+2

—
Since C'N is perpendicular to L:
(=3t +2)(=3)+ (=2t —1)(=2) + (-3t +2)(-3) =0

22t — 10 =0
U
SOl = —
11
3 -3 18
—
ON=|1]|+=|-—2|==|1



There are two possible situations in which lines do not meet: they could be parallel or they could be
skew.

a Equating components for z:

AN+4=p+1=3A—pu=-3 ... (1]
Equating components for y:
SA+l=p+4=5A—-pu=3 ... (2]
[2] = [1]:

22 =6

A=3

p =9+ 3 from [1]

p=12
Looking at the components of z:
4A-3=9

2u+5=29#9

Equations are inconsistent, so the lines do not meet.
Direction vectors are 3i + 5j + 4k and i + j + 2k, which are not parallel.

The lines are skew.

b Direction vectors are a = 3i — 4j + 9k and b = —6i + 8j — 18k
b=-2a
The lines are parallel.
The lines also have the point with position vector i — 5j + 4k in common.

They are both equations of the same line.

24 A=11—pu=>A+p=9.... (1]
9—4AA=9—-2u=2A=f cceceue. 2]
Substituting [2] into [1]:

3IN=9

A=3

n=06
1+5A=p+ 16u
1+15=p+96

p=-80

Intersect at the point with position vector

2i + 9j + k + 3(i — 4j + 5k)
= 5i — 3j + 16k

If you are told that the lines meet, you do not need to check your solutions in the third equation.

a First pair:
16 — 12X =16 + 8u
=3\ =24 e 1]
—44+4X =28+ 8u
4\ — 8u =32
A=2u=8. e 2]

Substituting [1] into [2]:



M=—5

Point of intersection has position vector 16i — 4j — 6k + 2(—12i + 4j + 3k)
= —8i+4j

You can repeat this working for the first and third lines to get the point with position vector 4i — 3k.

The values of the parameters would be A =1, u = % For the second and third lines, the intersection

1
happens when p = -2, u = e giving the point with position vector 12j + 5k. Try this for yourself.

b The interior angles are the acute angles between lines.

First pair:
(—12i + 4j + 3k) . (81 + 8j + 5k) = /144 + 16 + 91/64 + 64 + 25 cos @
cos 6 = —-96 4+ 32+ 15
4/1694/153
6 =107.7°

Acute angle = 180" — 8 = 72.3" (to 1 decimal place)

Similarly for the other two pairs, giving the angles 55.8° for the first and third lines and 51.9° for the second
and third lines.

¢ The vector representing any given side is the difference between the position vectors of the endpoints.
4i — 3k — (—8i +4j)
=12i — 4j -3k
Length = 1/12* + (—4)? + (-3)’
=+/144+16+9=13
4i — 3k — (12j + 5k)
=4i—12j — 8k
Length = 1/4 + (~12)? + (-8)’
= /16 + 144 + 64 = /224 = 414
—8i + 4j — (12j + 5k)
= —8i — 8j — 5k
Length = 1/(~8) + (~8)* + (~5)*
=64+ 64+ 25 = /153 = 3/17
a Direction vector = 3i + 7j + 9k — (—i + 3j + 4k)
=4i+4j + 5k
r =3i+ 7j + 9k + A(4i + 4j + 5k)

b 1=3+4)

1
A=-3

243u=T+4X

2+3u=5
p=1

1+2p=3

9+5,\=173;é3

Inconsistent equations. The lines do not intersect.
a AB——2i+2j+4k

b r=—i+2j+9k+ A(—2i + 2j + 4K)



¢ (-214+2j+4k).(-i—2j+3k)=+/4+4+164/1+4+9 coséb
2—-4412

V2414

0 =156.9° (to 1 decimal place)

cosf =

d —i+2j+9Kk+ A(—2i+2j+4k) =i+ 3j + 4k + p(—i — 2j + 3k)

—1-22=1—p

220 —p=—-2.......... 1]
24+22=3-2u
22+ 2 =1 .. 2]
(2] - [11:

3u=3

p=1

Point of intersection has position vector
i+3j+4k+ (—i—2j+3k)
=j+7k



END-OF-CHAPTER REVIEW EXERCISE 9

This exercise is for Pure Mathematics 3 students only.

3m 2 3m — 2
1 a A—B> = 1 -3} = —2
1 7 —6
-2
3m — 2 4
( -2 = -m
—6 m(m+1)
m=2
. 4 -2
AB=| _2|20=|-3
-6 -7
4 -2
-21.|-3]=v16+4+36y/4+9+49cosOAB
-6 -7
—8 + 6 + 42 = /56 /62 cos OAB
OAB = cos™! (%) =47.2" (to 1 decimal place)

Remember that, when you take the scalar product of two vectors, the angle used in the definition
= |a| |b| cos 8 is the angle produced when the two vectors are drawn tail to tail:

VL

b A—C> =c—a
4 2 2
=|-2})—-13})=| -5
—6 7 -13
Equation of line:
2 2
r=|3|+A| -5
7 -13

Remember that you can use any positive or negative multiple of the direction vector. It will still be
an equation of the same line.

2 a OA-0B=(-2)(1)+(0)(~1)+(6) (4) =220
Vectors 07 and O‘B) are not perpendicular.

3
A_B)=b—a= -1

-2



i T=-2i+6k+A(3i—j—2k)

You can switch to column vectors if you find them easier to work with, as shown here.

-2 3 7 -3
0 |+s|-1}|=1|-12}|+¢t] 10
6 -2 7 -5
—2+35s=T7-3t
35+3t=9
S+t =3 i 1]
—5=—-12+10¢
s+ 10t =12 ............. 2]
6—25s=7-"5¢t
2s — 5t =—1...... 3]
[2] —[1]:
9t =9
t=1
Then from [1]:
§=2

Checking [3]:
25 —5t=4—-5=-—1
This is consistent, so the lines intersect.

Position vector of the point of intersection is:

-2 3
0 | +s| -1
6 -2
-2 3
= 0 +2| -1
6 -2
4
=1 -2
2

Point has coordinates (4, —2, 2).

a AH =40+ OE + EH
= —9i + 12k + 15j

= —9i + 15j + 12k
NH = NE + EH
=%ﬁ+ﬁf

1
e E(Si + 12k) + 15j
= 2.5i + 15j + 6k

b (-9 + 15§ + 12k) - (2.5i + 15j + 6k) = /BT + 225 + 144+/6.25 + 225 + 26 cos AHN
—22.5 + 225 4 72

V81 + 225 + 144/6.25 + 225 + 26

cos AHN =

AHN = 37.7° (to 1 decimal place)

—
¢ r=OA+)\H
=9i + A(—9i + 15j + 12k)
You could also use % of this direction vector, to get:

r = 9i + A(—3i + 5j + 4k)



4 a AB=b-a=|n-3
-3

—6

CB=b—-c=|n-9

-1

(49 + (n—3)" + (-3)* = (-6)" + (n — 9)* + (-1)°
16+n2—6n+9+9=36+n2—18n+81+1

12n + 34 =118
12n =84
n="7
., [
b AB=| 4
-3
—6
CB=| -2
-1
— —
AB.CB=24—-8+3=+I6 516 7 9y/36 + 47 1 cos ABC
ABC = cos™! <ﬁ) =62.4" (to 1 decimal place)
5 a (8i—2j+5k)-(i+2j+pk)=0
8—4+5p=0
5p=—4
4
p=-3

b i r=-3i+j+5k+A7i—j—k)

When trying to find the intersection of two lines, you will form three equations using just two
parameters. The two values you obtain must work in ALL three equations if there is to be an
intersection. If the values do not satisfy all three lines, then the lines do not meet.

—3i+j+5k+ A(7i—j— k) =i— 2j + 2k + p(i + 8 — 3K)

—3+TA=1+p
TA—p=4. . 1]
1-A=-2+8u
A+8u=3
TA+56p =21 ... 2]
(2] -[1]:
58u =17
p=4
A=3-8(4)=-29
k-components:
5-A=2-3u
A—3u=3

But, using the values obtained above
A—3u=-29—-12#3

Inconsistent equations, so the lines do not intersect.

6 a Using the fact that EI is perpendicular to Xg:
(—4i + pj — 6k) - (—10i — 2j — 10k + 4i — pj + 6k) =0
(—4i+pj—6k)-(—6i— (2+p)j—4k) =0
24 —p(2+p)+24=0
P’ +2p—48=0
(p+8)(p—6)=0



p=©6 or p=-—8

Butp >0

Sop=6

Rectangle, so

AC = AB + BO = —6i — 8j — 4k + (4i — 6j + 6k)
=—2i—14j + 2k

r=a+/\A_C)

= —4i + 6j — 6k + A(—2i — 14j + 2K)

—4i+ 6j — 6k + A\(—2i — 14j + 2k) = 3i + 7j + k + p(—4i — 4j — 3k)
—4-2X2=3—4u

6—14\=17—4p
14\ —4p= —1 ., 2]
—6+2A=1—3u

(2] -[1]:
122 =6
1

/\=E

[2] then gives:
7T—4p=-1
4u =28
p=2
2X + 3p =1+ 6 =7, which is consistent with equation [3].

1
The lines intersect at the point with position vector —4i + 6j — 6k + 5(—2i — 14j + 2k)
= —5i —j — 5k

(—2i — 14§ + 2k) - (—4i — 4j — 3k) = /A 196 + 44/16 + 16 + 9 cos §

cosf = o8
v/204+/41
6 =50.6" (to 1 decimal place)
o, (-2 2
AB-CB=| -4 | -| 4| =(-2)(2)+(-4)(—4) +(6) (-2)=0v
6 -2

—-10 -2
AD=| 20 | and BC=| 4

10 2
So B = SB—C)
Lines AD and BC are parallel.

il —
The midpoint of points A and B will have position vector 2 (EI + OB). That is, its position vector
is the mean of the position vectors of A and B.

Position vector of E

OF = =(OA + OD)

(4i + 2j — k — 6i + 22j + 9k)

(—2i + 24j + 8k)

=—i+12j+4k
Direction

o= o= o



—_—
EC = 2j + Tk — (—i + 12j + 4k)
=i-—10j + 3k
r = —i+12j + 4k + A(i — 10j + 3k)

AB=—Ti+j+7k
EB=—ﬁ+&+mk
(=7i+j+7k) - (—4i+8j + 12k) = /49 + 1+ 49/16 + 64 + 144 cos @
28 +8 + 84

V991224

cosf =
0 =36.3" (to 1 decimal place)_

—

AB:r—OA+MAB=—3i+j+8k+A(=Ti+j +7k)
—  —

CD:r=0C + uCD=5i — 2j — 2k + p (—4i + 8 + 12k)

Intersect if:
—3i+j+8k+ A(=T7i+j+ 7k) =5i — 2j — 2k + p(—4i + 8j + 12k)
—-3—-TA=5—4u
TA—4p= -8 ..cceeennn. (1]
1+A=-2+8u
A=8u= -3 .. 2]
8+TA= -2+ 12u
TA—12u= —10........... 3]
[2] + [1]:
8A—12p=—-11........... 4]
[4] —[3]:
A=-1
Then [1] gives:
-7 —4u=-8
1
F=1
Check:
. 1
1: 7(-1)-4 (Z) =—-8 Yes
(2] : —-1-8 1 =-3 Y
i 1)~ es

; 1
[3: 7(—1)—12 (Z) =—-10 Yes
Intersect at the point with position vector:
—3i+j+8k+A(-Ti+j+ 7k)

— —3i+j+8k— (~7i+j+7Kk)
—4i+k

The strategy here is to find a vector joining the point E to the line CD. You then need to work out
how to make sure that this vector is perpendicular to the original line. Once you have done that,
you find the magnitude of the joining vector.

Equation of CD:
r=>5i —2j — 2k + p (—4i + 8j + 12k)
Any point on CD will have a position vector that can be written in this form.
Let N be the foot of the perpendicular from E to CD. N lies on the line, so
N =5i — 2j — 2k + pu (—4i + 8j + 12k)
EN =5i — 2j — 2k + pu (—4i + 8j + 12k) — (5i + 3 + 4k)
= —4pi+ (8u —5)j + (12 — 6)k
For shortest distance, EN must be perpendicular to the line CD.



EN.-CD=0

(—4pi + (8 — 5)j + (12 — 6)K) . (—4i + 8j + 12k) =0
164 + 8(8p — 5) + 12(12u — 6) =0

2244 — 40 — 72 =0

112 1
=172
EN — -4 (l)i+ @8 (1) —5)j
2 2
+ (12 (l) - 6)k
2
=-2i—}
|EN| = vE+1=15
. —-05-9 -9.5
a PQ= 6—2 = 4
6.5—4 2.5
45-9 —4.5
PS=| —4a-2 |=| -
-35—-14 -7.5
b OR=0G+QR
Rhombus, so —I_%) = ﬁ
Ok =0Q + PS
-0.5 —4.5 -5
= 6 +| 6 =0
6.5 -7.5 -1
R(-5,0,-1)

¢ PQ-PS=-95x-45+4%x—6+25x —T5
=0
PQ is perpendicular to PS, so the shape is a rectangle.

PG| = o5 + 4 + 2.5 = 1125
|PT9’| =45 +6* + 7.5 = /1125

Perpendicular sides have the same length, so it is a square.

You will notice that column vectors are generally easier to write quickly. It is perfectly acceptable
to convert vectors written using i, j and k to column vectors.

Midpoint of QS has position vector

1/— — 1
5 (OQ + os) =312
3
T(2,1,1.5)
e i Forexample
r=v+A(t—v)
5 -3
r= 17.5 +A| —-16.5
—-13.5 15
-3 —14
ii ﬁﬁ: —-165]-| -2 | =424+33-75=0
15 -5

VT is perpendicular to PR and V lies on PR.
So V is the foot of the perpendicular from V to PR.

iii The point V is a point on a line through the centre of the square and perpendicular to the square.



VPQRS is a right, square-based pyramid with V as the vertex.

A=-1
3 3 0
9|-1f{-10]={19]|=p
2 3 -1

6

10 a

&l

7 =+/36 + 49 + 100 = /185

10
-6 3
c 7 ~10 | = /36 + 49 + 100+/9 + 100 + 9 cos 6
~10 3
cosg— 187030
V/185+/118

0 =143.0" (to 1 decimal place)
d Foot of perpendicular, N, is at (—3,29, —4)
—
QN =(-3,29,—4) — (—6,26,—11)

QN =(3,3,7)
[ON = V9T 979 = V67
OA + \AB

11 a I~

OA +
7 3
6 -5

b P lies on AB, so its position vector can be written in the form:

7 3
p={1]+A]| 4
6 -5
. 7 3 0
QP={1|+Ax| 4 |- -5
6 -5 7
7+ 3\
=1 6+4x
-1 —-5X
QP is perpendicular to AB, so:
7+3\ 3
6+4x |- 4 | =0
—1—-5X -5
214+9A+24+16A+5+25A =0
50\ = —50
A=-1
. 4
QP =| 2
4
This passes through Q, so the vector equation of PQ is
r= _0—3 + AE)—I_’)
0 4
r=|-5|+A|2
7 4

Note that P lies on AB and PQ is perpendicular to AB. So, P is the foot of the perpendicular to
the line AB from the point Q. The magnitude of QP is, therefore, the shortest distance required.



4
2) =I6+4+16=+36=6
4
0

3 4
12 ar=|2|+A]|2
5 3
A =0 gives:
3 3
r=(2 = p)
5 5
p=2
A = —1 gives:
3 4 q
r= (2 - 2)= 0
5 3 2
g=-1
b The lines intersect when:
3 4 0 7
21 +sf2)]=3])+t|1
5 3 1 7
3+4s="Tt
4s =Tt = -3 ........... 1]
24+2s=3+1
2s —t=1.ceune. 2]
5+3s=1+T7t
3s—Tt=—-4...... (3]
7(2] - [1]:
10s=10
s=1
Then [2] gives:
2—-t=1
t=1

3s—-Tt=3-T7T=-4
So, s =1 and ¢ = 1 satisfy all three equations.

So the lines intersect at the point with position vector:

3 4 3 4 7
21+s|2)|={2|+|2}|=1|4
5 3 5 3 8

The angle between two lines is the angle between their direction vectors.

4
2111 =vV16+4+9/49+1+49cosb
3
28 +2+21
cosf =

V29199

0 =17.9" (to 1 decimal place)




Differential equations

This chapter is for Pure Mathematics 3 students only.

ds
1 c 2 =
8" = cos (t+5)
d
szd—:dt :/cos(t + 5) dt

/szds=/cos(t+5)dt

1
353 =sin(t +5) + ¢

Remember that you do not need to include the constant of integration on both sides.

e ﬁ:y+1
dz T

1 dy

1
y+1lde =«
1 dy _[1
/madz—/zdx
1 1
d = —
/y+1 Y /

In|ly+1| =Infz| +c

d 1
Ify= —l,lhen—y =0and y+i =
dz z

So y = —1 s also a solution to the differential equation.

dy
2 a 2 —
cos mdz Y
ldy 1

ydz  cos’z

1dy 1
/ZE dz = / cos’z dz

1
-d z/seczxdx
[5

In|y| =tanz + ¢
Using the fact that y = 5 when z = 0:
In5=tan0+c
c=Inb
In|y =tanz +In 5

ln’%} =tanz

2): tanz

|5 ¢

etanz >0
yzsetanz

You should always consider when it might be possible to remove the modulus signs. Given that
any positive number to any power will give a positive result, you can often remove modulus signs



when your solution is in exponential form.

3
b xyﬂ=m —x
dz 1-./9
dy «*-=z
v1-v8) 5, =
dy 22—z
y(l—\/y)adzz:= = dz
3
/(y—y?)dy:/(zz—l)dz
1, 235 1,
2y —syz—az —x+c

Using the fact that y = 4 when z = 3:

8—%(32)=9—3+c

64 54
S8 — =
¢ 5 5
1, 25 1, 5
1, 2> 1, 54
2¥ "Y' T3 5
dy_;_,,
dm_e
d
rriel
d
ik

Using the fact that y = In 2 when = = 0:

er?2 =l +¢

=1+4c¢
c=1
eV =e”" +1
y =In(e* + 1)

Remember the basic laws of indices. In particular, 0t = gogb,

a % = 5y3z because ﬂ is the gradient function.

dx
b iﬁzw
y3 dz
1d
—3—ydz=/5xd:c
y3 dz
52
/y‘3dy=%+c
_l —Z—E_F
2y T Te

Using the fact that y = 1when z = 1:



—1—5+c
2 2
c=-3

1 ., 5a°

B
1 52°-6
292 2

2
u? = —
V=T —6
1
2 _ _
y 52% — 6
1
2 __

v 6 — 52

1 A B

2—-2z)(x+1) T 2-2 + z+1
1=A(z+1)+ B(2—=z)
Letting z =—1:

1=0+3B
1
B==
3
Letting x = 2:
1=34A+0
1
A==
3
1 1 1

= +
2-z)(z+1) 3(2-2z) 3(z+1)
Remind yourself about partial fractions. These were covered in Chapter 7.

dz

dt

1 dz 1
(2-z)(z+1) dt

1 dz
E———— T W
2-z)(xz+1) dt /

/( ! + ! )da:—t—i-c
32-z) 3(z+1) B
—%ln|2—1:|+%ln|:c+1|=t+c

=2-z)(z+1)

Using the fact that t = 0 when x = 0:

1 1
—Eln2+ 31n1—0+c

1
=—=In2
=73
1 1 1
—Eln|2—x|+§ln|x+l|—t+—§1n2
Injlz+1—In|2—z|+In2=3t

2 1
ln’M=3t
2—z
2(z+1) o
22—z

2z + 2 = 2e% — ze’
z(2+e%) =26 -2
2(e* - 1)

GEY
ii Astbecomes large:



d
— =0.001(100 — w)?

a
L3 _ 500

(100 — w)® dt
/(100 - w)“"‘;—':’dt = /0.001dt

/ (100 — w) 2 dw = / 0.001dt
(100 — w)™! =0.001t + ¢

! = i +c
100 —w 1000

Using the fact that { = 0 when w = 0:

1
1—00—0-!-6
1 t 1
=—+—
100 —w 1000 ' 100
1 t+10
100 —w 1000
1000
100 ~w = =5
1000
w=100 - +==75

2 = = cost
x(3z — 1) dt
At this point you need to spot that partial fractions are required to integrate the left-hand side.

4 _A+ B
z(3z—-1) =z 3z-1
4=A3z 1)+ Bz
Letting z = 0:
4=-A
A=-4
Letti = —:
uing z = <
1
4= =B
0+3
B=12
So the equation can be written as:
12 4\ dx _ ¢
21 z)a

12 4\ dx
/(m—;)adt—/costdt
4In|3z — 1| —4 In|z| =sint + ¢

3x—1‘ .
=sint +c¢

4 In

Using the fact that ¢ = 0.4 when t = 0:




4ln(%) =0+c

4lnw=sint+4ln(l)
T 2
23z -1
41n‘ Gz DI _ ne
23z -1
h‘L :lsint
T 4
2(3:1)—1)_ lsint
x —— 4

1.
=-sin ¢

6x — 2 = xex

1
x(G—eTsm) =2

2
T = -
6—ei ™t
dy «*2-1
W =T
v+lﬂ=x2_1
dz x
dy 2?2 —1
Y] ol g = [ e
/ye dz o / T :z:

/yewl%da::/(x— %) dz

Using integration by parts:
1
yevtl —/1 x e ldz = 51:2 —Injz|+¢

1
yevtl — evtl = Ezz —Inl|z|+¢

Remember that/u&dm = uv — /vd—udz.

dx dz
dy 1442
dz = 4+ z2
1 dy 1

1+y25= 4+ 22

1 d
1+y%dz 4+ 2?2
1 T
-1, _ Ztan-1(Z
tan y—2tan ()+c

2

y = tan (%tan‘1 (%) + c)

Using the fact that y = 1 when z = 0:

1 =tan (%(O) + c)

c=
1 [z ™
y = tan (Etan (5) + Z)

Remember that /

k!

———dz = —tan! (—) +ec.
a? + x2 a a



d
10 Pt 42y =1
dx
dy
3%Y _ 4 _
md:c 1-2y
1 dy
1-2ydex

— =In|1 — 2y =—%z Z+ec
1
In|1—2y| = - +B
z
11 ((ii—:: =4z cos’ t
1dz
—— =4cos’t
z dt o8
1 dz 2
——dt= t
/ e d /4cos dt
1 1
In|z| = /4 (5 + Ecos2t) dt
In |z| =/(2+2 cos 2t) dt
In|x|=2t+sin2t +c
= e2t+sin2t+c
Using the fact that z = 1 when ¢ = 0:
1=¢°
c=0
o — e2t+sin2t
In this solution you need to use the fact that cos 24 = 2cos? A — 1, which gives
1 1
s?A = = + —cos 2A.
co: 2 + 508
12 a u=t
du
E =2t
du = 2tdt
1
Edu =tdt
/te’z dt =/e“ (i) du
2
1
= Ee“ +c
1
= Eetz +c
b

Always watch out for opportunities to use the answer from the first part in later parts of any
question.

dz t(e‘2 +5)

dt 2

dz 2
2 t
dt

dz 2
2 t
/:t tdt—/te +5tdt

So, using the result from part a:

Using the fact that x =1 when t =0:



T’ = =—e + —1
N 6

13
Remember that if two quantities z and y are directly proportional then y = kz for some constant k.
dy
W kxy?
When z =1 and —3ﬂ—6~
= Y= ’dm_ .
6 =9k
2
k_
3
- = kay
dz
24y
d_ kx
/ d—yd /kzdz
—y‘1=§kx2+c
Using the fact that y = 3when z = 1:
1 1 1
_3_3k+0_3+c
c— 2
)
1 1, 2 -2
— - - —
y 3 3 3
3 3
L= gy R g
3y 4z 2 4
14 (3x+2x)3=k(3x —+—:z:)

3z + 22 dz
3x2 + ot dt

3z + 2z° dzx
_/3x2+:c4 dt = /kdt

6z + 42° dz
5 3z +z* dt dt_/kdt

Notice that this now means the is the derivative of the numerator, so you can use logarithms to
integrate.
1 2 4
51n|3:z: +at|=kt+ec
1
-5111(33:2 +a:4) =kt+c
Using the fact that t = 0 when = = 1:
1
Eln 4=0+c
c=1In2
1
51n(3z2 +az') =kt +1n2

1
Now using the fact thatt = 3 when z = 2:



15

16

1 1
51112875]64‘1112

1 1 1 1
zk 2n 8 2n 2n7

k=In7
1
Eln(3ac2 +m4) =tln7+1n2
In (3z° + z*) =2tIn 7+ 2In 2

In72 —In 2% +a*
4
7t _ 3z + z*
- 4
a u=Inzx
du_l
de =z
1
—dz =du
T

1
/ dz
zlnz
1
=/—du
u

=In|ul+¢
=ln|lnz|+c
dy

Y
b Inzg— ==
nmdm T

1 dy 1
yde zhhz

1 dy 1
——dz = d
/ydz: m /wlnx o

Using the result from part a:

Injy=In|lnz| + ¢

|y‘ _ eln\lnz\ e
y>0
y= beln\lnz\

where b = e°

dm
E = —005m
1 dm
—— =-0.05
m dt
Ldm g, —/0.05dt
m dt

In |m| = —0.05¢ + ¢
Using the fact that m = 65 when ¢ = 0:

In 65 =¢
m >0

Inm = —0.05¢ + In 65

m — e—0.05t+In 65

— 670‘0‘% eln 65
— 65670.05t

When the mass remaining is 6 mg:
65870.0& =6

6
o005t _ 2

65

6

.05t =In —
"85

6
t=-201n i 48 hours (to the nearest hour)



In part a the change is a decrease, so the rate of change is negative.

dh
— = —kh%, k>0
dt
b
In part b the change is an increase, so the rate of change is positive.
dn
E =kn,k>0
c
In part c the change is a decrease, so the rate of change is negative.
dv
i —kv(v+1),k>0
d
In part d the change is a decrease, so the rate of change is negative.
v =—kV,k>0
dt
e
In part e the change is an increase, so the rate of change is positive.
a _ kC3, k>0
dt
f

k
If two quantities,  and y, are inversely proportional then y = =

d_ k
t
ez
dz
a —=-k k
T VT, k>0
dz
b E——kﬁ
_ldz
T 23——k
_Lldzx
/z: 2Edt—/—kdt
1
2z = —kt+c
Using the fact that z = 6.25 when t = 0:
24/6.25=0+c¢
c=5H
1
27 = —kt+5

Using the fact that ¢ = 4 when ¢t = 120:
2y =120k +5

1
k=T
L 1
= ——t
22 120 +5

— 240/Z =t — 600
t = 600 — 240,/Z

¢ half=3.125



t = 600 — 2404/3.125
= 176 seconds (to 3 significant figures)

a d—A=Im4,k>(]
di
dA
b =
wry =kA
1 dA
Adt

Note that A > 0.

lﬂclt _/kdt

lnA kt + c
A = eftte = Agekt
Using the fact that A = 12when t = 0:
12 = Age’
A =12¢"

If you know that you will be taking logarithms of positive numbers then there is no need to use the
modulus function.

¢ A=12e"

Using the fact that A = 48 when ¢ = 25:
48 = 12¢%*
Sk _ 4

25k =1n4
k= 2Lln4
A= 12e( IM)

When t = 60:

1
A= 12e(¥h4)w = $334 per kg (to 3 significant figures)

dz
a = =k(100-2),k>0
b ‘(li_z — k(100 — z)
1 dz
100 — z dt

1 dx
/100—::: dt /kdt
—In|100 —z| =kt + ¢
Using the fact that ¢ = 25 when ¢ = 0:
—-In75=c¢
—In|100 — 2| =kt —In75
In 100 — z| =In75 — kt
100 —z = ™M = 75e
z =100 — 75

¢ z=100— 75¢*
Using the fact that z = 85 when t = 180:



85 = 100 — 75e 180k

75180k _ 15
1
—180k _ 2
€ 5
1
~180k=In==~In5
180k =In5
1
k===ln5
1
z =100 — 75¢ (™)
When t = 195:
~(=1n5)(195)
x =100 — 75e \1m0 =86.9°C

2 =100 — 75" 5 100 — 75 x 0
—100°C

Dom

- oo o o -.A

15cm

Using similar triangles:

—

ol"
Wl =
o &l=

-
Il

<
Il
W]~
3
3
M)
-

wlr
>
\/
L
>

Il
[]
3
/

Il
W]~
3
%=1 "N
——
>
w

<

|
] S
3

<

dv

_4 2_4 2
T = o) = gmh

1
Remember that the volume of a right cone with base radius 7 and height h is §7rr2h.

Using the chain rule:

v dV » dh
dt ~ dh dt
4 , dh
—-16 = 37rh X rr
dh 144 36

at - ank? Th



o
dh
Ko = =36
h

Using the fact that h = 15 when t = 0:

0= = (L
T3 \37 ¢

1
c= §w153 = 11257

1/1
t = <§7rh3 - 11257r>

36
T h?
= =—11125 — —
36 3
dP
a —=kP, k>0
a >
1dP
P dt
1 dP
——dt = [ kdt
P di /
InP=kt+c
P = ekt+c
P = Ae
Using the fact that P = Fywhen ¢ = 0:
Po = Aeo =A
P = Pyet

¢ Using the fact that P = 1.5P when t = 2:

15P0 = P(]e%
e?F =15
2k =In1.5

1

p_ Poe(%hﬂj)t

P = 3Pywhen

%hms)t

3P0 = P()e(
e(%lnl.S)t _3

1
(5111 1.5) t=In3

In3
t= L - 5.42 minutes (to 3 significant figures)

1

dr k
a = —

datF
. dr
Using the fact that T 1.4 when r = 7.84:
k
N
k=1.4,784=3.92
dr  3.92
a



dr  3.92

b —_ =
dt NG
Ldr
— =3.92
" E

1
[ri = [so2a
dt

3

2 2
5“ =3.92t + ¢

Using the fact that r = 7.84 when t = 4:

2
5(21.952) =15.68 + ¢
c=—1.045

3

2 2
gra =3.92t — 1.045...

3

77 =5.88t — 1.568
r= \%(5.8815 —1.568)°

¢ At the start, t = 0:

r=4/(0 — 1.568)

4
V= gﬂ'r

4
=370~ 1.568)°

3

=10.3 cm® (to 3 significant figures)

T = temperatures

t = time
dT
—_— =—k(T -7
T ( )
1 dT
T—7dt
1 dT
—— —dt = | —kdt
T—-7 dt /

In|T -7 =-kt+c
Using the fact that T' = 94 when t = 0:
In87 =c¢
In|T -7 =—kt +1n87
T 7= efkt+ln87
T =7+ 87e*
Using the fact that T' = 54 when ¢ = 10:

54 =7 + 87e 10k

47
—10k _ =0
¢ T
47
— 10k =In —
" 87
k:fllnﬂ
10 87
77Llnﬂ)t
T =7+ 87e ( 0 8
When T = 18:

18— 74 87e CmRT)!



"5
= —————— = 33.58 minutes past 6.00 pm
EG
10 87
So she can put the curry into the refrigerator at 6.34 pm.
dm
9 —_—=—
dt hm
1 dm
ma "
R / —kdt
m dt
Inm = -kt + ¢
m = e Me*
m = Ae ™
Using the fact the m =mg when t = 0:
mo =Ae’ = A
A =my
m= moe“"‘

1
Using the fact that m = Emo when ¢t = 5700:

lmo = mge 5700k
2
1
~5700k _ _
¢ Ty
1
—5700k=1n5 =—In2
_ In2
5700
In2
(=)
m = mge ‘570
When t = 2500:
n2
m= moe—(m)(zm) =0.74my
Approximately 74 % of the original amount would be present.
10 a _ k,k>0
dt
dL
/‘E =kdt = /kdt
L=kt+c
Using the fact that L = 20 when ¢ = 0:
20=c
L =kt+20
Using the fact that L = 26 when ¢ = 20:
26 = 20k + 20
6 3
ST
L= 3 t+20
~ 10

11
In Question 11 it is important to note that the temperature of the liquid starts below the

temperature outside. Therefore, the difference between the temperature of the liquid and the
temperature outside needs to be 24 — T' so that it is positive.



dT

at

1 dT
24— T dt

1 dT
/—24_Tﬂdt—/kdt

~In[24 —T| =kt +c

= k(24— T)

24-T = Ae™™
T =24— Ae ™
Using the fact that T'=4 when ¢ = 0:
4=24-A
A=20

T =24 — 20e ¥
Using the fact that T'= 11 when t = 2:

11 = 24 — 20e %

o 13
20
13
—2k=In —
"320
1.1 1. 2
k:f—ln—3=—n 0

220 2 13

=In

1 20
T =24 20 (32 %)
When T = 20:

ef(éln %)t _ i

In —

t= — 20 __ 7.47 minutes (to 3 s.f.)

1 20
b T—24— 200 (3™ %) 24— 20(0) = 24°C

dn
12 a — =k k
” Vi, k>0

2nz =kt +c
2yn=kt+c
b Using the fact that n = 0 when t = 0:
0=0+c¢
c=0
2ym =kt
Using the fact that n = 3600 when t = 6:
24/3600 = 6k
120 = 6k
k=20
2y/m =20t
When n = 6800:
24/6800 = 20t
4/6800
10

9 complete months are required.

t =

¢ Whenn =14000:



24/14000 = 20¢
t=11.8

The number of customers reaches 14 000 during the twelfth month.

dP
13 a — =kP
dt
1dP
P dt
1 dP
——dt = [ kdt
[#%e=]
InP=Fkt+c
P = AeM
Using the fact that P = 5000 when ¢ = 0:
5000 = Ae’ = A
P =5000¢"

Using the fact that P = 1000000 when t = 3.5:
1000000 = 5000e3°*

e3%% =200
3.5k =1n 200
1
k=—In2
35 n 200

P — 500072

When P = 10000:
( L 1n200)t
10000 = 5000e\55

e(%lnzoo)t _s

1
<§1n 200) t=In2

In 2
t=—2%  _0.458 (to 3s.f)

L 10200
35

b The model assumes that there is no limit to the number of bacteria, which is unrealistic.



END-OF-CHAPTER REVIEW EXERCISE 10

This exercise is for Pure Mathematics 3 students only.

1 ﬂ — vtz
dz

d
eV Y — z2e2z

dx
/e_yﬂdm = /mzez" dz
dz
Using integration by parts (twice):

1 1
—e ¥ = —z%® — /Eeh (2z) dz

2
- 1,2 2
—e”=3:ce‘— ze“* dx
1 1 1
e Y = —2a22 ) _na2T a2z
e 2ze {zxe /2e d:c}
1

1 1
—e ¥ = 37 e — Ezeh + Ze’” +c

Using the fact that y = 0 when z = 0:

1
-1=0+0+—-+c

4
¢ 5
4
1 1 5
—e Y = E1:2623 Exek + ZeZ:c . Z
5 1 1
eV = Z . ExZer + Eerz _ ZeZz
1
y=—1In (% - 3:1:2032‘ + Ea:e2z Zezz)

When using integration by parts twice, it is often best to use various types of bracket because you will
normally need to embed pairs of brackets within other brackets. In worked solution 1, curly brackets
are used to separate embedded calculations.

2 a dz  z(2500 — z)
dt 5000
5000 dx

- 1
x(2500 — ) dt

J
z(2500 — z) dt

Using partial fractions:
5000 _ A n B
(2500 —x) =z 2500 -z
5000 = A(2500 — z) + Bz

Letting = 0:
5000 = 25004
A=2

Letting = = 2500:

5000 = 0 + 2500B
B=2

2 2 dx
/(?Jr 2500—x)$dt_/1dt
2In|z| —2In|2500 —z| =t +c
T
2In | o= =t +e
Using the fact that z = 500 when t = 0:



500
2000
¢=2In0.25

21In c

x 1
21“{2500—73'_”21“2

4z
2111‘2500—2:

4z
2500 — =

4z
2500 — z

t t
4x = 2500e? — ze?

o~

g

_t
)

ol -

e

t t
(4 + e7)z = 2500e7

2500e>
xr = .
4+e?

_ 2500e 2 N 25100 — 2500

b z

4 +e?
Read the — symbol used as ‘tends to’.
dy
32 1 4
z ty
3

y ﬂ:
1+yt de

3
/y_ﬁdF/lM
1+ytde

1
Zln(1+y4) =z+c
]n(1+y4)=4m+B
1 +y4 — e¥ztB — Oz
Using the fact that y = 2when z = 0:
1+16=Ce"=C

C=17
yt =17e* — 1
dy
a d_m = kx\/g
Using the fact that (3, 4) the gradient is - 5:
—5 = 3kvI =6k
5
k=——m
6
_ldy 5 a:
2 e— T — w—
dx 6

2
Using the fact that y = 4 when z = 3:
45
4__E+C

93
MR

. 93

n g 2 —

W=t

24,/9 = 93 — 547



dy 5

Friaiar

At (-3, 4) :

dy 5

= = —5(-3)v2
=5

You need to use partial fractions first.

50 A B
(5—x)(10 — z) 5—:6 10—z
50 = A(10 — z) + B(5 — z)

Letting = = 10:
50=0-5B
B=-10
Letting ¢ = 5:
50 =54
A=10
50 10 10

(5—:::)(10—3:) 5-z 10—z

o= =)

=-10In(5 — z) + 10In(10 — z) + ¢

Note that you do not need to use the modulus function because £ < 5 and both 5 — z and 10 — z
are positive.

. dz
i r =k(5 — z)(10 — z)

Using the fact that % =1whenz =0:

1 =50k
‘f;' =(5-2)(10 - z)
50‘31—’; (5 — )(10 — 2)

50 de
(5 —z)(10 — z)ﬁ -

_/(5—:1:)(10—:1:) T /ldt

—10In(5 —z) + 10In(10 — z) =t + ¢

101n(1°_z) =t+c
5—=x

Using the fact that 2 = 0 when ¢ = 0:




10ln2 =c¢
101n<150_m> —t4+10In2

101n <%> =t

10—z _el_'o
2(5—2z)

10 — z = 10e™ — 2zew

T <2e1_0 — 1> =10ew — 10

10 <el_0 — 1>

T = -
2w —1

10(e1_0—1> 1

iii = 2—%7:5gramsast%oo

2e0 —1
dy  xe”
dz 5yt
d
5y4—y = ze”®

dz

d
/5y4—y dz :/mezdm
dz

Using integration by parts on the right-hand integral:

y5:/xezd:c::ce’f/e’”dm

Yy =ze® —e® +¢
Using the fact that y = 4 when z = 0:
1024 =0—-1+c

c =1025
Y5 = ze® — e” + 1025
When x = 3.5:

y = +/(3.5e3% — €35 +1025) = 4.06 (to 3 significant figures)

Ew/y4—1:2x+ln|w\+c



Using the fact that y = /3 when z = 1:

1
SVI-T=2+mml+c
c=+2-2
1
5\/y4—1=2x+ln|:c|+\/2'—2

8 a dh
- = HB—h).k>0
1 dh

8—h dt
1 dh
——dt = [ kdt
8—h dt /
—In|8—h|=kt+c
In|8 —h|=—kt+c
8—h=Ae™
h=8— Ae™
Using the fact that h = 0.5 when ¢ = 0:
0.5=28— Ae’
A=175
h=8—T5e"
Using the fact that h = 2 when t = 5:
2=8—75e%*
6

5K e = (0.8
¢ 75

—5k =1n0.8
1
— —=Ino.
k=—=In08
h=8 - 7.50(7208)t

Note that when multiplying an equation containing an arbitrary constant, you should show that
the constant would be modified too. In worked solution a, ¢’ is used to show that c has changed to
a different arbitrary constant.

Note that In 0.8 is negative. Indeed, In z is negative if z < 1.

( %-I.n 08)t

e —0ast—

h — 8 metres

9 ﬂ — e3(zty)
dz
Ly s
ey dx

d
e—3y_y — e3:z

/e_s”% dz =/e3" dz

1 1
—38_35’ = §e3z +c
e—3y — _e3:t + ¢’

Using the fact that y = Owhen z = 0:

l1=-1+¢
=2
—3y =1In(2 — &%)

1
y= —gln(Z — %)

10 a — = —kxt



b ——— Kt
z dt
/iﬂdt=/—ktdt
z dt
—kt?
Inz = > +c

¢ Using the result from part b:

K2
x = Ae 2

Using the fact that x = 150 when ¢ = 0:
150 = Ae’

hl
z =150e™2

Using the fact that = 120 when ¢ = 10:
120 = 150e 5%

e 0k — 0.8
k= ! In0.8
= —zgln0.
. 15()‘3(Elx:o,z;)¢2
When z = 1:
(Llno.z;)tz 1
e\ 100 = —
150
(Lmo.s)t2 1
R

t = 47.4s (to 3 significant figures)

11 a
If you notice that you are going to need partial fractions, then it is best to work them out at the
beginning, so that they don’t interrupt the actual solution.
1 _ A + B
P5-P) P 5-P
1=A(5-P)+ BP
Letting P = 0:
1=54
1
A==
5
Letting P = 5:
=0+5B
1
B=—
5
1 1 1

[7557= [ (5 +555)

1 1
—-gln|P|—gln|5—P|+c

b dP
= =P(5-P)
1 dpP

P(-P) dt

/;Edt=/1dt
P(5—P) dt

1 1
glanl—glnls—Pl =t+c
Using the fact that P = 3 whent = 0:



1 1
Eln 13| — gln 12| =¢

1 1 1.3
=In|P| - =In[s — P| =t + =ln
1 2P
-] —— ) — {
5 (3(5—1)))

In (L) _ 5t
3G_P)
2P
— O
3(5- P)
2P = (15 — 3P)e™
2P = 15¢% — 3Pe"
P(2 + 3€%) = 15€%

5t

_ 15e*
24 3edt
5t
P=2 B st
2 + 3eb 3
12
Note that P is the number of millions. So a population of 50 million means that P = 50.
100 dP
_ bk
P(100 — P) dt
100 A + B
P(100—P) P  100-P
100 = A(100 — P) + BP
Letting P = 0:
100 = 1004
A=1
Letting P = 100:
100 = 100B
B=1

1+ 1 dP_k
P 100—P) dt

1 1 dP
/(F+ 100—P>Tdt=/kdt

In|P| —1In|100 — P| =kt +c
Using the fact that P = 50 when ¢ = 0:
In50 —In50 =0+ ¢
c=0
In|P| —In|100 — P| = kt
Using the fact that P = 60 when ¢ = 10:
In60 — In 40 = 10k

1
k= l—oln 1.5
1
In|P| —1n|100 — P| = (ﬁln 1.5) t
P 1
In (100_—P) = (Eln 1.5) t
1
P _ e(;m.s)z
100 — P

P= 100e(n_lolnl'5)‘ _ Pe(%l’”'s)‘
P (1 + e(%lnl.S)t) _ moe(l—lolnl.s):

100e( 7= 19)t

Pee
1+ e(%m.s)z



When t = 25:
P = 73.4 million (to 3 significant figures)

13 a u=ax?
du
— 0
dz *
zdx = 1du
T2
/xsina:zdx
1
=/Esinudu
——lcosu+c
T2

= 1cos:z:2 +c
T2

b dy z sin
dz =y
y—y=:zsi11:1:2
dz
d
/yd—:dz=/zsinz2dz
1 1
Eyz = —gcos z? +c
Using the fact that y =—1when z = 0:
1 1 te
2 2
c=1

1 1 2
Ey = —Ecosx +1

14 dy _ tanz
dz eV
dy

3y —
eV = = tanx
dz

/e"""ﬁ dz =/tanzdx
dz

%esy =In|secz| +c

Using the fact that y = Owhen z = 0:

1
§=1n1+c
c—l
3
1 1
—e¥¥ =1n -
3 |secz|+3

e¥ =3|secz| + 1

1
y= Eln(3]seca:| +1)

= %ln (1 - 3In|cosz|)

Remember that

/tanzd:z:
sinx
=/ dz
cos T
—sinz
=—/ dz
cos T

=—In|cosz|+ ¢
=In|secz| + ¢




d
15 a d—:: = kz(2000 — z)

d
Using the fact that d—: = 50 when z = 500:
50 = 500%(1500)
1

~ 15000
dz 1

T~ 15000
15000 dz
2(2000 — z) dt

15000 A B
2(2000 —z) =@ %000 -=
15000 = A(2000 — z) + Bz
Letting z = 0:
15000 = 20004
15

A==
2

Letting = = 2000:

15000 = 2000B

p-L
2

15 15 dz

2z 2(2000 —z) /) dt
15 1 1 dz
— — 4 — ) —dt= [ 1dt
2 <m+2000—$> dt _/

15
7(ln |z] —In|2000 — z|) =t + ¢

2000 — z)

Using the fact that z = 500 when ¢ = 0:

15
7(111 500 — In 1500) = ¢

15 1

c=—In-=

2 3
15 15 1
?(ln |z| — In 2000 — z|) = ¢ + ?ln 3

15 1
t= ?<ln|x\ —1n 2000 — z| — In g)

15 3z
t=—In|——
2 2000 — z

b When z = 1900:
151 < 3(1900)

t= 5 1o m) = 30.3 hours (to 3 significant figures)
dy
16 —Z =12
Tz 4
1 dy 1
1-y(Q+y dz =
1 A B

1-y(+ty -y 11y
1=A1+y)+B(1l -y

Letting y = 1:
1=24
1
A==
2

Lettingy = —1:



17

1
2

1 1

1-yQQ+y 2
11 1 \dy_
2\1-y 1+y/dz =

1/ 1 1 dy 1

/E(Ty‘LTy)Ed“_/Zd”

1
3(-Inf1 =y +Inf1+y]) =lnf| +c

1. |[1+y
=In |[——| =1
3 ‘1_ n|z|+c
Using the fact that y = O when z = 2:
—%lnl:ln2+c
¢c=—In2
1 1+y|
[14+y =z
l1+y =
1—-y 2
l+y o
1-y 4

For Question 17 you will need to use the fact that sin?4 =

dz . 2
@—(m+2)sm 26

1 x 9
— 2% _in?2
z+r2d8 °o°

1 dz . 9
/z—HEda—/SIn 20d6

In |z + 2| :/(% - %cos40) dé

1 1
1n|:z:+2| =50—§sin40+c
Using the fact that z = 0 when 6 = 0:
In2=0-0+c¢c
In|z + 2| :%0— %sin49+ln2
7r-
7
™
In |z + 2| =§—0+ln2

When 6 =

x

z—ev ™ _2-0961

N | =

N | =

cos2A .



Complex numbers

This chapter is for Pure Mathematics 3 students only.

1 a -ldd=Tddx -1
=144 x v/—1
=12i

d +/-16 + /=81
= 16vV-1 + B1v-1
=4i+ 9
=13i

2 b %i- (iV2)°
=9i - #(v2)°
=9i - %i(v3)’V2
=9i - (-1)i(2v2)
=9i + 2iv/2

=(9+2v2)i

Remember that

ir=-1
P =i=—i
it= ()" =(-1)?=1

When simplifying powers of i greater than 4, use these facts to help you simplify.

For example, i’ = iti%i = 1(—1)i = —i.
d >
6i
_ 5
6(—1)
5
6
64
3 a =+ 2—5 =0
64
25
64
r =+ —2—5
64
=44 [mmy/"1
A
— 18






zf =5+ 3i
Zf—lz
=5+ 3i — (1 + 2i)
=4+i

FAl 5—3i
= 1+2i
~ (5-3i)(1 - 2i)
(14 2i)(1—2i)
5 — 10i — 3i + 6i
1 — 4i?
_ 5+6(-1) —13i
o 1-4(-1)
-1 - 13i

Two methods are shown here: worked solution b uses completing the square and worked solution e
uses the quadratic formula. These methods are, in fact, the same thing because the quadratic formula
is derived using completing the square.

2 4+4z4+5=0

(z42)?°-4+5=0

(z+2)7%=-1

z+2=4i
z=-2%i

322 4+824+410=0

—8 + /82 — 4(3)(10)

2(3)
—8 + /64 — 120

6
—8 & /—56
6

-8 +iv/4+/14

6
—8 + 2iy/14
6
4 14 .

——+t —i

3 3
(z + 2y) +i(3z —y) =1+ 10i
Equating real parts:

Equating imaginary parts:
3z —y=10

[1] +[2]:
Te =21
z=3
3+2y=1
2y =-2
y=-1



(x+y—4)+2zi=(5—y)i
Equating real parts:
z+y—4=0

Equating imaginary parts:
2r=5—y
22+ y=25 .o [2]
(2] —[11:
z=1
1+y=4
y=3
(z—y) + @2z —yi=-1

Equating real parts:

20 —y=0......... [2]
(2] —[1]:
=1
l—y=-1
y=2
(7 — 3i)°

= (7 — 3i)(7 — 3i)
=49 — 21i — 21i + 92
— 49 + 9(—1) — 42i
=40 — 42

13(1 +1)
2+ 3i
~13(1 +1)(2 - 3i)
(2 +3i)(2 - 31)
13(2 — 3i + 2i — 3i%)
4 — 9
26 — 39i 4 26i + 39
B 4+9
65 —13i
13
=5—1i

(545
1 4./86 . 4><6i2

B T T
1 4f 24
*25 25 ' 25
4\/'
_25+ 2%

5(5+3%:) —2(5 -%:)+@

:5(*%+ ) ( >*5

B 4f 2 46 s
-~ 5 "5 s

4 4
:_5+5+_5f__5f

=0



1 2
Hence 3 + gi is a solution to the equation 522 — 2z +5=10

b
Remember that if z is the root of a quadratic equation then z* is also a root.
The other solution is the complex conjugate, % - %i
b a+pB=1+4+5i4+1-5i
=2
af = (1 + 5i)(1 — 5i)
=1 - 25i
=26

22 —224+26=0

The tip given in the coursebook has been used here.

d a+8
=—5
(5 AT NG
af = (-5 - T‘) (—5+ T‘)
SORGE
=\3) =
25 31
=TtT
56
=T
=14

22+ 52+14=0

z+4 = 3iz*

Letz=z +1iy

(z + iy) + 4 = 3i(z — iy)
Equating real parts:
z+4=23y
z—3y=—4..... [1]
Equating imaginary parts:

Y=3T o [2]
Substituting [2] into [1]:
z—3(3z) =—4
r—9x =-4
—8x=—4
v = 1
2
3
¥=3



10

w(3 — 5i) =13 +1
134
Y= 3T"h
(13 +1)(3 + 5i)
(3 5)(3 + 5))
39 + 65i + 3i 4 5¢2
9 — 251
39 — 5+ 68i
97125
34 1 68i
34
— 142

5 — i4/3 is also a root of the equation.
a=5+13

B=5-iy3

o+ =10

af =25 -1(v3)*
=2543=28

22 —10z+28=0

240 = current x (48 + 36i)

240
48 + 361

240(48 — 36i)
(48 + 36i)(48 — 36i)
240(48 — 36i)

48 + 367
240(48 — 36i)
3600

48 — 36i

15

current =

3.2—2.47 amperes



333330 1 %3 4 3
-1 Re(z)

-2 X

b u=>5—2i
u =5+ 2i
—u=-5+2i

As soon as you draw the Argand diagram it is immediately clear that the point you need has co-ordinates
(=5, —2).

So the complex number is —5 — 2i.

a Im(z) A

5-/1"

1 Re(2)

b You can see from the Argand diagram that the co-ordinates of the midpoint will be (—3, 2). So the complex
number will be —3 + 2i.

Alternatively, you can take the means of real and imaginary parts to get:

1+ (-7) +i(5+(—1)>

Remember that the midpoint of two points A and B, with coordinates (z1, ¥1) and (2, y2)is

(leﬁ’ %) . This is the equivalent to taking the means of real parts and imaginary parts in

complex numbers.



4

>

c lm(z) A

N
Il
-]
+
—
wn

=

15

0 8 Re(2)

1
Arg(8 + 15i) =6 = tan™! (?5) =1.08
8 + 15i| = /8% + 15% = /289 = 17

Draw an Argand diagram to help you with your calculations such as finding arguments, working out
angles and solving geometry problems.

i First consider the complex number 1 — i:

Im(z) A

Any positive multiple of a complex number has the same argument.

Arg k(1 —i)] = 7
k(1 = §)] =k[1 =] = ky/22 + (-1)? = kv2

a Point 4:
2 =-143

1] = y/(-1)* + 3* = VIO

argz=m—tan"! 3 =1.89
—1 + 3i = 4/10(cos(1.89) + isin(1.89))
Point B:

2 =3+1
|z2| = v/3% + 12 = /10
1
arg z = tan! (5) =0.322
3+ i = /10 (cos(0.322) + i sin(0.322))
Point C:
z3 = 1-3i

23] = /14 (-3)" = VIO

argz=—tan ' 3=-1.25
1 — 3i = 1/10(cos(—1.25) + isin(—1.25))



b AB=|3+i—(—1+3i)
= |42
=16+4
=20

AC =1 - 3i — (—1 + 3i)|
=2 — i
=4+36
= V40

BC =|1-3i— (3+i)|
=|-2 — 4
— VAT T6
=20

Note that BC? + AB? = 20 + 20 = 40 = AC? and AB = BC so the triangle is right-angled and isosceles.

al_lal

2| |al

Remember that

Z(4 — 9i) =8 + 3i
_ 8+3i
49
843

|4 — 9if?
843

42 4 (-9)?
i
97
argz? =2argz

=2 (arg(8 + 3i) — arg(4 — 9i))

3 9
— -1 2) = e
= 2tan (8) 2 tan ( 4)

=3.02

z

|2 = 2"

Remember that

arg (z122) = arg z1 + arg z

ar(ﬂ)—arz—arz
gzz g 21 g22.

a |lw| =5
argw = E

-

6

w = be



=14/2

z=a+ bi

T b
tan () =
B_b
3  a
ay/3 =3b
G=/3b oo [2]

Substituting [2] into [1]:

(v3b)* + b =25

4b® = 25
25
b= =
4
2
b=+ _5:ii
4 2
but argz > 0,s0b >0
5
b= =
2
53
a z=r7(cosf + isin 6)
z* =r(cosf — isin0)
22" = 1*(cos @ + isin@)(cos § — isin )

(
=r?(cos? § — i? sin? )
r%(cos? 6 + sin? 6)

= p?



cos 0 + isin 6)

b z=r
* cosf — isin )

(
(

z r(cos6 + isin @

Zr=r

r(cos@ — isin @
r(cos 0 + isin §)(cos 6 + isin )
r(cos 6 — isin 0)(cos 6 + isin )

cos® 0 + 2isin @ cos 0 + i% sin? 9

— = ==

cos? 6 — i? sin” 6
cos® § — sin? 0 + (2sin f cos 0)i

B cos? 6 + sin? 0
= cos 26 + isin 20
10 a z=r(cosf+isinb)
22 = r*(cos @ + isin 6)(cos 6 + isin 6)
72 (cos® 6 + 2isin 6 cos 6 + i* sin® 6)
= r? (cos® 6 — sin® § + isin 26)
72 (cos 20 + i sin 20)

z=r(cosf +isin6)
1 1
- = 0+isinf) - ——
z r(cos + isin6) r(cos 6 + isin )
cosf —isinf
r(cos 0 + isin 0)(cos O — isin 6)
cosf —isinf

r(cos? 6 + sin? )

=7(cosf + isinf) —
=7 (cosf +isinf) —

1 1
=r(cosf + isinf) — —cosf + —sin i
r 7



a (—i)p )+ (=) +(-i)+k=0
#(-)+2—-i+k=0
i-14+i+k=0

k=1
b
Always remember that, if zis a root, then z* will also be a root, provided the polynomial has a degree
of at least two.
z = (-i)*=i
z —iand z + iare factors of f(z) = 2* + 22 + z + 1.
Dividing:
z+1
24+0z+1)2 +2 +z+1
24022 +2
2+1
2Z2+1
0
B+2+24+1=(2+1)(2+1)
z = —11s the third root and is real.
Remember that you can use long division to find the third factor. The examples in the coursebook
use an expansion technique, but mention that long division is possible. The alternative method has
been used here, so that you can see it in action.
a (z-5)°=8
z2—5=+/8
=2v1
2-5=2x1, 2x_1+"/§, 2><_1_T"/g
z2="1, 5+ (=1 +1iv/3), 54 (=1 —1iy/3)
z=1T, 4 +i4/3, 4-i/3
1
c (2 e
(22 + 3) ”
1
3
2z2+3 = o
1,
= —VI
V1
1 —1+iy/3 1 —-1-iy3
2z4+3=-x1, 1 X 3 , 1 X 3
11 —1+i —-1—i
DY * S /S et S
4 8 8
z__ll 25 iv3 _25_i\/§
-8’ 16 16’ 16 16
222+2+3=0

—1+ 4/1%2 — 4(2)(3)
- 2(2)
—14+4/=23
4

-1 +1i4/23
4




zZ =

—1+iy/23 —1—iy23
4 ) 2y = T

V2
argz =7 — tan~? (-Ts) =1.78
arg z = — arg z1 because the roots are complex conjugates.
1\* (v&B)
=l = \/ (-3) + (%)
/1 + 23
V16 16
(24 26
Vi 4
_
2

72 = %(cos 1.78 + isin 1.78)

= 4(&5(—1.78) + isin(—1.78))

Remember that if z; and z; are complex conjugate roots of the same equation then
arg(z1) = — arg(z).

Dividing:
22425
z—3)2% —322+252— 75
28 — 322
252 — 75
252 — 75
0
2% — 322 + 252 — 75 = (z — 3)(2% + 25)
z=3
or z = 44/=25 = +5i

x? + 2xyi + i2y® = 55 + 48i
Equating real parts:

z? — y? =55 ... [1]
Equating imaginary parts:
2zy = 48

24
Y= 7 .................... [2]

Substituting into [1]:

z? — (2)2 =55
T
(z*)* — 576 = 552
(2?)* — 552% — 576 =0
(= — 64)(z* +9) =0
z==8orz==43i

z is real and positive, so z = 8

24
y=% = 3
Dividing:

22 —6z+ 10
2z +1)22% — 1122 + 14z + 10




228 4 22
— 1222 4 142
—122% — 62
20z + 10
20z + 10
0

228 — 1122 + 1424 10 = (22 + 1)(2? — 62 + 10)

1
2= —=
2

or

(z—3)>—9+10=0

(z—3)7% =-1
z—3=4i
z=3+i

1
z=-5,3+13-i

z = 3iis a root, so z = —3i is also a root.
(2 — 3i)(z + 3i) = 22 + 9 is a factor of 2* — 223 + 1422 — 182+ 45 =0
Dividing:

22 —22+45

224 02+9)2% — 228 + 1422 — 182+ 45
24+ 02° 4+ 922
— 223 + 522 — 182
—22% + 022 — 182
522 4+ 0z + 45
522 + 0z + 45
0
2t —22° £ 1422 — 182+ 45 = (2% +9)(2? — 22+ 5)
z = %3i as before
or 22—-22+5=0
(z—1°=1+45=0
(z—1)7%=—4
(z—1)=+y/—4
z—1==2
z=14+2

z=3i,—3i,1+2i,1—2i

b (z +iy)* =7+ (6v/2)i
z? + 2zyi + 2y = 7+ (6V/2)i
Equating real and imaginary parts:

22—y =T . (1]
2wy = 64/2
2
e [2]
X

Substituting into [1]:
z? - <ﬂ> ’ =7
T
(2%)* — 18 = 7a?
(2*)? — 72> — 18 =0
(z2 - 9)(z> +2)=0
r==+3 or



z and y are real numbers.

z=3,y=+2

or

z=-3,y=—v2

Square roots are:
+(3 +iv2)

Square roots are of the form

z=+—e1
But
—e' 1 = (—l)e 1
. i Bix
—e MeT =e 4
i ~3im
Soz= %eT or %eT

Remember that your argument needs to lie between —7 and 7 and the modulus needs to be
positive. You can use the fact that e*™ = —1 to change the sign of a complex number.

Complex conjugate = 2—i.

(2+i)P —122+i)’ +p2+i)+¢=0
8+12i+6i +i® —12(4+4i+1¥)+2p+pi+g=0
Equating real and imaginary parts:
8-6-48+12+2p+4qg=0

p=37
Then from [1]:

T4 +q=34
qg=—40

Keep reminding yourself that if two polynomials are factors of another polynomial then so is their
product.

22 —1222+372—40=0
(z—=(2+))(z—(2-1)

=22 —z(2-i+2+i)+(4+1)
=2 —4z+5

is a factor of z° — 122% + 37z — 40
Dividing;



z—8
22— 42+5)2% —122% + 372 — 40
22 —42% + 52
—82% 432z — 40
—822 + 322 — 40
0
23 — 1227 + 372 — 40 = (z — 8)(2> — 4z + 5)
2=8,2+1i,2—1i

Im(z)A
2 .
1 A X B
0 T T T T T T T xC_Iﬁ
1 2 3 4 5 6 7 8 9Re(®
-1 A X 4
~2 4

10 2% — 2% +202% — 162+ 64 = (2% + a)(2% + bz + 4)

Considering the constant term:

4a =64
a=16
Considering the number coefficients of 23
b=-1
24— 2% 42022 — 162+ 64 = (22 + 16)(2% — 2 + 4)
z =44
or

1 iy/15
z=—=*
2 2
L iv15 1 i4/15
z741,—41,2—|— 5 '3 3



a arg(z—2+ 3i)
—arg{z— (2-3)} = 15

So this is a half line from (2, —3) at an angle of L radians.

12

c z+6—i| =7
l[z—(-6+1) =7
So this is a circle, radius 7, centre (—6, 1).

a Perpendicular bisector of (2, 1) and (4, 3).

¢ |z—(—4+5i) <2
This is the inside of a circle, radius 2, centre (—4, 5).

Im(z) A

7 6 5 4 3 2 _'110 1 2 3Re(@
-2

Note that part ¢ uses an inequality. This means that the locus required is, in fact, all circles with
radius less than or equal to 2, so you need to shade the entire disc.

The loci required are:
For |z| = 4, a circle, centre (0, 0) and radius 4.

For |z + 2| = |z — 4|, the perpendicular bisector of the points z = —2 and z = 4. This is the line with equation
z=1.



>

1+i15

1-iy15

The loci intersect when:

22+ y? =16
z=1
1+y? =16
y? =15

y==+y15

z=1=%1i4/15

This is the perpendicular bisector of the points (0, 0) and (0, —8). It is the line y = —4.

Im(z) A

A

Re(2)

sk
©0,-4)

0, -8)%

y= -4

This is the circle with radius 3 and centre (3, —6).

Im(z) A

\

>

—10

1 2 3 4 5

6

7 Re(2)

(x=3P+ (@ +62=9

The Cartesian equation is:



(z-3)"+(y+6)7>=9

arg(z — (-4 — 2i)) = 5%

5
This is a half line from (—4, —2) at an angle ?”.
|z — 5i| =4
This is a circle, radius 4, centre (0, 5).

Im(z) A

¢ (0,5

5?7-; o Re(z)
(a2 TR >

The diagram shows that the two loci do not intersect. So there is no complex number, z, that satisfies both loci.

This is a circle, radius 24/5, centre (8, 16).

Im(z) A
201
10 T //
/
/
/
/
/
/
/
/
! A
0 10 Re(2)

The centre of the circle lies at a distance

V/8% + 162
= /64 + 256

=+/320
=645
=845
from (0, 0).

The greatest and least values of |z| are, therefore,
84/5 % (radius)

=85+25

= 6+/5 (minimum)

or



104/5 (maximum)

The diagram is vital here. You can see, very easily, where the greatest and least values lie.

|2| = 13: Circle centre (0, 0) and radius 13.

arg (z — 12) = %: Half line from (12, 0) and angle g, which is the half line with equation z = 12 that lies above the
real axis only.

Im(z) 4 z=12+ 51

>

T T T )
5 10 J15Re(z)

The loci intersect when:
z? + y* =169

z=12
144 +y? =169

y? =25

y==%5
y>0
y=>5
z=12+ 5i
|z + 3 — 2i| = 4: Circle, centre (—3, 2) and radius 4.

arg(z+1) = Z. Half line from —1 with angle %, which is the line with gradient 1, from the point z = —1 above
the real axis, i.e.y=x + 1.

Im(z2) A

Z

>
W’ Re(2)

The loci intersect when:
(z+3)+(y—2)>=16
Substituting y = = + 1:
(z+3)+(z—-1)>*=16
222 + 4z +10=16
222 +4x —6=0

a? +22-3=0

(z+3)(z—1)=0
z=lorz=-3
y=2o0ry=-—2

y>0
r=1landy=2



z=1+2i
10 a Circle, centre (5, 5), radius 5.
(-5 +(y—5)7=25

b Im@)A

o Re(z)

Note that, because the radius is 5 and both the z and y-coordinates of the centre are also 5, the
circle has both axes as tangents.

¢ Given that the circle is neatly contained between the real and imaginary axes, the diagram shows that the least

and greatest values of arg z are 0 and % respectively.



END-OF-CHAPTER REVIEW EXERCISE 11

This exercise is for Pure Mathematics 3 students only.

5 —2i
1+3i
~(5—2i) (1 —3i)
T (1431) (1 - 30)
5 —15i — 2i + 6i
a 1-9i2
_—1-17

o 1+9

117

10 10

Remember that this method always involves the expansion of a difference between two squares in
the denominator. You can use the fact that z? — a? = (z — a)(z + a) to save some working.

b w? — 2w+ 26 =0
(w—1>—-1+26=0

(w—1)*=-25
w—1=4b5i
w=1%5i

¢ |z— (—1+ 5i)| = 2 would give a circle, centre (—1, 5) and radius 2. With the inequality you need the inside of
the circle.

>

Im(z) A

1 T O 1 »~
4 3 2 - 1 2 3 Re(2)

2 a z=k— 61

z¥=k+6i

zz* = (k — 6i)(k + 6i)
= k?* — 36
=Kk*+ 36

z k — 61

Z*  k+6i

(k- 6i)(k — 6i)
(K + 6i)(k — 6i)
k? — 12ki + 36i

k2 — 36i2
kK —36—12ki
K +36
K —36 12ki
T K +36 K +36




Sim

u=4en
w = 2e'™

/s
uw = Se”(?“)
17,

=8e%

1

7
— T 27
12

s

= Se
7.
— w— T

=8e n

Notice how subtracting 27 from the argument — pushes the argument back into the correct
interval. This doesn’t change the actual complex number, because it is exactly one sweep around
the Argand diagram.

1 e Zeiﬂ(%_l)
w

7.
—— T

=2e n

w=1++2i
w¥*=1-2i

>
-1 o Re(z)

1 @

1+2i
_ —(3+i)(1—2i)
T (14 2i)(1 - 2i)

=34 6i—i+ 2
N 1— 4i

_ —5+5i

T 1+4
=-1+i

2=

arg(—1+1i) =7 — tan"1(1)

L 7r_31r

“TTIT
u 3 . 3
; = \/?(COS (T) +1sin (T))

z¥=2+5i
2+ 5i=2x+ 1+ (4 + y)i
Equating real parts:

20 +1=2
_1
=3

Equating imaginary parts:



dr+y=>5
2+4+y=5
y=3

z=2-—05i
z*¥=2+45i
—z=-2+5i

Notice that —z is the reflection of z * in the imaginary axis. Also z and z * have the same real part,
so z * lies vertically above z on the Argand diagram. Similarly z * and —z have the same imaginary
part, so —z lies directly to the left of z * on the Argand diagram. Given that the sides joining each
of these pairs of points lie, respectively, vertically and horizontally, the triangle must be right-
angled.

>

Im(z) A

T

4
3
2

L

1 T T T 1
3219\ 1 1 3
=17 Re(2)
2
=3
4
_5- p A

i z* 2 + 5i
-z —2+5i
(2 + 5i)(—2 — 5i)
(-2 + 51)(—2 — 5i)

 —4 - 20i — 251
N 4 — 25§
21— 20i
29
21 20i
29 29
) ‘21 20|  [/21 2+ 20\*
129 ~ 29| \\29 29
1
= m=+/212 + 202
79 +
. V/BAl )
==
21 20i a2
arg(Z_Q—E) = tan (_21>— 0.761
21 20i

35" 59 cos(—0.761) + isin (—0.761)

224+ (4/3)z+13=0
(z+2V3)° -124+13=0
(z+2v3)" =1
2+ 2/3 =+
z2=—-23+i



The vectors are reflections in the real axis.

Two complex conjugates will always have the same modulus.

2 =-2V/3+i
2 =-2/3—1i

21| = |z2| = 4/ (2v3)" + 12 = V13

1
=7—tan! [ — ) =2.86
argz) =7 an (2\/3_)

argz; = —argz; = —2.86

z2=43— 4

|z = \/4\/3 )"+ (—4)° _m_f 8

5: 8e = =2\/§e_7_ 12
2v/2en
i
=22 7

Remember that r(cos 8 + isin §) = re’

—2 — 2i = 3iw
w=x+ iy
(z —iy) — 2 — 2i = 3i(z + iy)
z—iy—2—2i=3xi—3y
Equating real parts:

z—2= -3y
T4+3Y=2. v (1]
Equating imaginary parts:
-y—2=3z
Jz+y=—-2............ (2]
3 x [1]:

8y =8

y=1
Substituting into [1]:
z+3=2

= -1

w=-1+1i



b i |z—3—3i]=2:Circle, centre (3, 3) and radius 2.

arg(z —3 —3i) = %: Half line from (3, 3) with angle g
Im(z) A

>

o Re(z)

il Half line gradient = ta: % =43

Equation of the half line:

y—3=+3(x-3)
y=+3z+3-3V/3 ... (1]

Equation of the circle:

(2-3°+(@w—3"=4 . (2]

Substituting into [1]:
(z —3)* + (V3z — 3/3)" =4
2?2 — 6z +9+32% — 18x + 27 =4
422 — 24z +32=0
2> —6z+8=0
(z—4)(z—2)=0
r=2o0rzx=4
Half line, soxz > 3
r=4
y=+v34)+3-3/3=3+.3
z=4+(3+3)i

Remember that by solving Question 8a you are actually finding the square root of 7 — 6v/2i.

(z+iy)>=7— (6vZ) i

a? + 2zyi + i%y? =7 — (6v2) i

2? —y? +2zyi =7— (6vZ)i
Equating real parts:

22—y’ =T, [1]
Equating imaginary parts:
2zy = —6/2
zy = —3v2
3v2
== B
Substituting into [1]:
2
xz — (—ﬂ) - 7
z
18
2 -
rr — z—z =7

(:::2)2 —7z2 —18=0
(=2 —9)(2®2 +2)=0

22 =9oraz? =-2



z = 43 (no real roots to z* = —2)
= 3,?/ = _\/7
z=-3y=+2

b i f(z)=22"—-42>-52-3
£(3) =54—36—15—-3=0
z — 3 is a factor of f(2) by the factor theorem.
ii Dividing:
222 +2z+1
z—3)22% —422 —52—3
22° — 622
22% — 5z
22° — 6z
z—3
z—3
0
22 — 422 —52—-3=(2-3)(222 +2z+1)
22 +22+1=0 or z=3

—2+ /22 — 4(2)(1)

2(2)
~2+ 4
4
243

T4

z =

1
2=3, = 4 =i, —= — =i

2 2 2 2

21 +1i
9 a 2z = ti

21
_214i
C5-3i
(21 +1)(5 + 3i)
(5 — 3i)(5 + 3i)
105 + 68i + 3i?
- 25+ 9
102 + 68i
=—
=3+2i

b (3z+1)°=-27
(3z+1)* = -33(1)
32+1=-3v1

32+1=-3x1,

d
w X
ST
=N =
+
-
Nla
SN—
|
w
X
|
I~
|
-
5
~——

3z+1=-3,

1
NI

3

w
™
Il
|
N

o= Nl- jw
|

oS Ml

=1

=
+

1 i 1 i
Remember that the complex cube roots of 1 are 1, -3 - % nd -3~ %
10 a i f(w)=2w"+50 2w +w—6
f(—3) =2(-3)" +5(-3)* —2(-3)* + (-3) - 6
=162—-135—-18—-3—-6=0



b i

11

w + 3 is a factor f(w) by the factor theorem.

The question gives that w = 1 is a root, so w—1is also a factor of f(w) by the factor theorem.
(w+ 3)(w — 1) = w? + 2w — 3 is also a factor of f(w).
Dividing:
2u? +w+ 2
w? + 2w — 3)2ut + 50 — 2u? +w— 6
2wt + 4w’ — 6w’

w + 4w’ +w
w® + 2u? — 3w
2u? + 4w — 6
2w + 4w — 6
0

2u! + 5w — 20 +w—6=0
(w? +2w—3)(2w? +w+2) =0
(w+3)(w-1)2w* +w+2)=0
w=-3orw=1

-1+ 4/12 — 4(2)(2)
2(2)
_ —1+4/-15
=—F
1 iy/15

g A=
S

Circle, radius 1, centre (—1,+/3).
Im(z) A

or w=

S~ Re(2)

~
~

The circle has radius 1 and the z-ordinate of the centre is —1. This means that the imaginary
axis is a tangent to the circle.

. . . . . ™
Minimum argument occurs when the circle touches the imaginary axis: arg z = 7

Maximum argument occurs when the circle touches the dotted line shown in the diagram.

Notice that the argument of the complex number at the centre of the circle is

I 4 tan! (=
2 73
_E X
2 6
Given that the centre lies half way between the imaginary axis and the dotted line, add another %
. . m m w 5w
So the maximum argument is 3 + r + i
3 VT,
z= _E + Tl



3 VTN 3 7.
(-5-‘1-71) +p<—5+71> qg=0
9 3y7. 7, 3 VT, B
- it gt gptrgita=
9 3v7. 7 3 N

1 2T g gPtryita=o

Equating real parts:

1 3
— _ =z =0
5 ~Pta
29— 3p=—1 ... (1]
Equating imaginary parts:

3T V7
S X0

5 TP

p fr
The from [1]:
29—9=-1
2¢=28
qg=4

3 VT,
‘5 T
B _3 2 + \/7 2
o 2 2
_ 9+7
V4 4
=1
=2
22 =-1

2= —1x1, f1x(fl+4¥§
2 2
1 .v3 1, .43
= byt gty
Im(z) A
4 B

The triangle is equilateral.

Y

~

N

-



z* VB +i
_ (BB
(VB +1)(V5 i)
_ 5— 251+
5—1i2
_ 4 —2,/5i
6
_2_ 5
3 3
= O Re)
573
=1
arg (%— %) = tan! (#) = —0.841

¢ Note that if w and w * are roots of a polynomial then (z — w) and z — w * will both be factors. In

turn, (z — w)(z — w*) will also be a factor.

GBI GeR)-
G2 DG
zz—§z+(§—%)=0

4

k—4i  (k—4i)(2k +1i)
2k—i  (2k —i)(2k +1)
2K — Thi — 4
4R -2
_ 2K +4—Tki
4+ 1
_2k2 44 Tki
TAR + 1 4k +1
Equating imaginary parts:
Tk 7
M1 5
—35k = 28k% + 7
28k% + 35k +7=0
4K* 45k +1=0
(4k+1)(k+1)=0
k is an integer, so
k=-1

13 a

b - -1-4 1+4i

-2 -1 2+1i
From part a:




14

28 +4 6
) =135
6T,
Z—g-l—gl

7
arg z = tan~! <E> =0.862

w=a + bi
w*=a— bi
3(a + bi) + 2i(a — bi) =17 + 8i

Equating real parts:

3a — 2bi? = 17

30 +2b =17 ccovriiiiiin [1]
Equating imaginary parts:
b+2a=8 i [2]

2 x [1] 6a+4b=34 ... [3]
3 x [2] 6a+9b=24..... [4]
(4] - [3]:

5b = —10

b=-2
—6+2a=38

a="T7
w="7-—2i

arg (z — 2i) = %: Half line from (0, 2), with angle %

The equation of this half line:

3
gradient = tan (1) = £
6 3
3
Y= %w +2,z>0

|z — 3| = |z — 3i|: Perpendicular bisector of the points (0, 3) and (3, 0).
This is the line with equation y = z.

The two lines intersect when:

3
T <1 — ﬁ) =2
3
2
Tr =
(1-%)
3
B 6
3-V3
_ 6
V=33
So the complex number represented by P is:
6 6

z= + i
3—v3 3-8
ar< 6 + 6 i)
E\3-v3  3-3

™
=tan 1= —
an 1

‘3—6\/3 ! 3—6¢§i’_ \/<3—6\/§>2 i (3—6\/§)2 =0.69

im

z=6.69e7




15

16

u+ 2v = 2i = ju + 2iv = 2i®

iU+ 2iv=—2 .. (1]
W+v=3 . iirrieiiinnns [2]
[2] =[1]:
v(l—2i) =5
5
'TT-a
o 5(1+2i)
(1 —2i)(1 + 2i)
5410
T 1-—4i2
5+ 10i
T 5
=1+2i
u=2i—2v
=2i—2—4i
=-2-2i

|z + i| = 1: Circle centre (0, —1) radius 1.

Note that the real axis will be a tangent to this circle.

arg (w—2) = 3%: Half line from the point (2,0) with angle 3%

Im(z) A

|2 — w| is the distance between the points representing the complex numbers z and w.

The dotted line shows a direction that is perpendicular to the line but passes through the circle. The
minimum distance between the half line and circle is the distance between the centre of the circle and the
point where the dotted line meets the half line, less the radius of the circle.
T
= i — — 1
3sin ( 1 )
3v2

===_1

2

(L+1i)+1i
i(1+4)+2
o 1+42i
T 14241
142
o1+
(1+2i)(1-1)
(L)1)




. z+1i
1] z =

iz+2
i22 +2z=2z+1
iZ24+2—-1i=0
Letz=2a +1iy

i(z+iy)’+z4+iy—i=0

i(z? + 2zyi +i2y%) +x+iy—i=0

iz? 4+ 2zyi®? — iy +x+iy—i=0
Equating real parts:

—2zy+z=0
z(1-2y)=0
1
z=0 or y= 3
Reap part of zis negative, so z # 0.
1
Soy= 7

Equating imaginary parts:

2’ -y’ +y—1=0

) 12+1 o
v 2 2

3
2_ 2
T
sy Y3
2
z<0
3
2
3 1
z:—£—|——i

2 2




CROSS-TOPIC REVIEW EXERCISE 4

@ This exercise is for Pure Mathematics 3 students only.

1 a E:b—a
1 -5
=|7]-1o0
2 3
6
=| 7
-1
r— OA+ \AB
-5 6
r=| 0 |-A| 7
3 -1

The direction vectors of both lines will be perpendicular. This means that the scalar product of
the two direction vectors will be zero.

Using the fact that the lines are perpendicular:

6 m
71-13]=0
-1 9
6m+21-9=0
6m = —12
m=—2

ii Lines intersect if:

-5 6 4 -2
0 |+s| 7 |=1]|2 }+t| 3
3 -1 -3 9
—5+6s=4-2t

65+ 2t =9 . ccecciirrin [1]

7s =2+ 3t

T8 =3 =2 cceiviiinnniin [2]
3—5=-3+09t
S+t =6 oo, (3]

3[1]18s+6t=27....... [4]
2(2]14s—6t=4......... [5]
4] + [5]:

325 =31

2

32

Then from [2]:

31
7(3—2)—3t—2

s =

27 64
32 32
153
=3
51
=3

Trying in [3]:



31 459 490
s+9t—3—2+5—3—2#6
Equations are inconsistent, so the lines do not meet.
dy o
zya =
&
y? +4dzx

y dy (1
/y2+4dzdz_/zdm

%ln|y2+4|=ln|z|+c

+4

<

Il
8=

Using the fact that y = Owhen z = 1:
1
51114: Inl+c¢c
c= 1ln4—1n2
=3 =

%lnly2 +4|=In|z|+1n2
In|y* + 4| = 2In|z| +2In2
y2+4=e21n|z|+ln4 — glndgna?
y? +4 = 42?
y? =42’ —4
Yy =4(2-1)

If a point lies on a line with a given equation then the position vector of the point can be written
in the form of the line’s equation.

1 1
r=|-1]+X]|38
2 1
Using the fact that P(p, g, —1) lies on the line:
24+A=-1
A=-3
Position vector of P is:
1 1 -2
-1 -3|8]|=1{-25
2 1 -1
P(-2,-25,-1)
p=-2
g=-25
—10
1
-5
= /(=10) + 12 + (-5)*
=100+ 1+25
= /126

3l

&l

Unit vector in direction of OQ is:



1
—] 1
V126 5
-1
/126 10
- 126
-5
-1
~ VBV14 10
126
-5
-1
V14 10
42
-5
-2
" OP=| 25
-1
-10
0G=1| 1
-5
-2 —-10
—25 | - 1 =+/4+625+1+4/100+1+ 25 cos@
-1 =5
20-25+5
cosf =
V4 +625+ 14100+ 1+ 25
=0
They are perpendicular.
Triangle area = %'O—};' I&Q)‘ = %\/4 +625 +1/100 + 1 + 25
1
= 5\/630\/126
1 —
= 3,/70\/!&/!5\/14
= %,/7‘0@
= VAV
= 635
z=+/3+i
2| = /(V3)? + 12
=3+1
=2
arg z = tan™! (L) =2
g 73 6

If you are unsure when calculating arguments, draw an Argand diagram to help you.

2= 3 +i
z2*¥= 3 -1
a 2z+42z*%
=2(V3+i)+v3-i
=2/3+2+/3—1i
=3/3+i

Remember to make the denominator real by multiplying top and bottom by the complex
conjugate of the denominator.



iz*

i(v3-1)
V3 +i
H(v3-1) (VB )
(V3+1) (vVB—i)
i(3—2y3i+1)
3 — i
3i—2/3i% —i
3+1
24/3 + 2i
4
V3ol

-2 9

il iz*=i(v3-1i)
=/3i - 2

=1+ 43
Im(z) A
3_

o] BB

argiz * = tan!

(%)

Angle AOB:%
dx
in 20— = 1 2
sin edG (z +1)cos26
1 de cos 20

ac—i—l@ sin 260
1 dz cos 260
——df = de
/9:+1 de /sin26

1
Injz+1| = Eln|sin20| +c

Using the fact that § = % when z = 0:

1 1_——11 (.Il—)—FC
n n
2 St 6

1
c:f—lnlz l1n2
2 2 2

1 1
Injz+1| = 51n|sin20\ + 51112

sin 26 > 0 in the given domain.

1
Inlz+1| = Eln (2 sin 20)

z+1=1+2sin260
T =+/2sin260 — 1



10
b 3 2
PQ=q-p=|2]| - =1 -2
0 5 -5
PG| = va+a+25 = 33
. ~1
QR=| -3
5
QR = vIF9F 25 = V35
C Py 2
QP=| 2
5
. -1
QR=| -3
5
-2 ~1
-3 | =v4+4+25y/1+9+25cosf
5
cosf— 2-6+25
V33435
6=51.8°
180° — 51.8° = 128.2°
(1 + 2i)°
| U = —
2+1i
1+ 4i + 4i2
-
(1+4i—4)(2—1)
242 -1)
(=3 + 4i)(2 — i)
B 42
—6 + 3i + 8i — 4i?
- 411
2411
5
211,
5T
ERCRC)
5 5
4 121
“Vm T
125
“\ 25
=5
|z —ul=+/5

Circle, centre v and radius /5.



Note that because the radius of the circle is just a little more than the imaginary part of u, the
circle dips below the real axis very slightly.

3209 1 2
Re(z)

i u=2+2i
lu| = /22 + 22 = /B=22

2 g
—tan ! (= | = =
argu an (2) 7y

i |z—1| <|z— i is the set of all points closer to the point (1, 0) than the point (0, 1), i.e. it is the region below
the line y = z.

|z — (2 + 2i)| < 1is the inside of a circle, centre (2, 2) and radius 1.
So shading the part of the circle that lies below the line y = x:

Note that the centre of this circle lies on the perpendicular bisector of (1,0) and (0, 1).

iii Im(z) A

V8

-
-
-
-
-
- d

-

>

Re(z)

From the diagram it can be seen that the required modulus is d.

d? = -12=7

d=7
dz
E—k(ZO—x)

dx
Using the fact that P 1whenz = 0:



1 =20k

1
k—%—0.0S
dz
— =0.05(20 —
o 0.05(20 — z)
.. dz
ii —_— = 0.05(20 —
— = 0.05(20 -~ )
1 dz
30—z 00

1 dz

—In|20 — z| = 0.05t + ¢
Using the fact that ¢ = 0 whent = 0:
—In20=c
—1n|20 — 2| = 0.05t — In 20
In|20 — z| = —0.05¢ + In 20
20—z = e—0.05¢eln20
20 — ¢ = 20e 005t
z = 20 — 20e 005
iii When t =10:
z =20 — 20e-0.05(10)
= 7.9grams (to1decimal place)

iV z =20 — 20e7%%* - 20 — 0 = 20.

z gets closer and closer to 20.

10 a L; has the same direction vector as L;:

-2 1
r=1| 1 |+p{0
-1 3

or

r=-2i+j—k+ p(i+ 3k)

-3 1
b Notethat { ¥ |- |0 ]|=-3+0+3=0
1 3
-3
Therefore, the vector k is perpendicular to the line L;.
1

You need to find the equation of a line through P, perpendicular to the line L;, and find out
where this line meets L;. The shortest distance from P to L; will be the distance from P to this
point of intersection.

Perpendicular line through P:

—2 -3
r=\{1|+s| k
-1 1
At point of intersection with Ly :
-2 -3 -2 1
1 |+s| kE |=]0 )+t

-1 1 1 3



Substituting [2] into [1] and then making consistent with [3] to ensure intersection:

3
—Z4t=0
=+

t=—
k

Then from [3]:

|
= o] w
Il
/N
o] w
N———
[ ]
_l’_
—
no
_l’_
|
N——
n

o] =

¢—-+ +——
_ [9¥2B+T
- 25

35
25
T

5



R (l - 0.57)
z

- 0.57

SEEE

8]~

1
R

1dR 1

InR=Inz - 057z +c
Using the fact that R = 16.8 when z = 0.5:

In16.8 = In0.5 — 0.57(0.5) + ¢
¢ =1n33.6 +0.285
InR=Inz — 0.57z + In 33.6 + 0.285

InR=Inz — 057z + 3.80
R = eln z—0.57z+3.80

— 2e380-0572

i R = 7380057z

ﬂ — 8330—0.571: _ 0_57ze3.80—0.57z
dz

At the maximum value, —:

dz
e3.80—0.57z _ 0.57:263'80_0'57: =0

e380-05T2 (1 _ 0.57x) =0

1
¥ = 057
1 3.80-1
= ——e380-1 _ 28,
557 8.850
i _9\/3'4—91
V3—i
(9v3 + 9) (V3 +i)
(V3 -i) (VB +i)
27+ 9431+ 94/3i + 9
3—i2
18+ 184/3i
- 4
9  9V3.
PR
9\ [9,3)\°
"“'—\/(5) (%)
_ [
V4 4
_ [32
V4
= BT
=9

Remember that you can add or subtract 27 from the argument of any complex number without
changing it.

Square roots are:

1 1

i - ir -
(9e7) ’ and (%T—z«) ’



i Sir

=3es and 3¢ s

13 dy  6ye™
dz 2+ e

1dy  6e*”
yde 2+e*

1 3z
/-ﬂda:/ b 4z

y dz 2 +e%
Inly| =2mIn2+€*|+c

Using the fact that y = 36 when z = 0:

In36 =2In(2+1) +c
c=In36 -2In3=1In4
In|y| = 2In |2 + €**| + In4

Inly =ln (2+¢*)’ + In4
In|y| = In4(2 +e3’°)2
y=4(2 +¢¥)’

7 0 7
Woagp_|1]|-|2|=|=
27 7 20
Line AB has equation:
0 7
r=(2}|+A]| -1
7 20
Lines intersect when:
0 7 1 8
2| +s| -1|= 2 +t| -1
7 20 —10 3
Ts=1+ 8t
Ts —8t=1.cooevrrnnnn [1]
2—-85=2-1t
s—t=0
S8=1 teerrrrrreerrrrreeannnnns [2]
7+ 20s=—10 + 3t
208 — 3t = —17 .......... [3]

Substituting [2] into [1]:

78 —8s=—s5=1
s=-—-1=t

Checking in [3]:

-20 — 3(-1) =-17

0 7 -7
Positionvectoris { 2 | — | -1 | = 3
7 20 -13
7 8
b —1]-{-1]=+v49+1+400/64+ 1+ 9cosb
20 3
cos 6 — 56 + 1+ 60
V45074
6= 50.1°

If you get an obtuse angle, which will happen if the scalar product is negative, subtract your
answer from 180" to get the acute angle that you need.



15 x%:y(l—&rz)
1dy 1— 227
yde =z

9.2
/lﬂdzz-/l LLap.
y dz x

ln|y|=/(%—2m)dz

Inly =ln|z| —2* +¢
Using the fact that y = 2when z = 1:
In2=In1-1+c¢
c=1+In2
Inly=In|z| —2>+1+1n2
Injy =In2|z| —2? +1
yzemzzel—z’
y = 2ze

_ 631 36+9
1+ 2i V1i+4

V45

VB
=9
=3
(6 3i)(1 - 2i)
T U0 -2)
6 — 12i — 3i + 6i°

1-2?

16 i |ul

1—4i2
—15i
= TE" =3
m™
arg(u) = —5

i arg(z—u)= % represents the half-line from (0, —3).

Im(z) A
2 .
1 .
—>
6
Re(z)
~ >
0 \\ Re(z)
\\
b Y
3_ \
L
4

iii |z— (1+1)u| =1 represents the circle, centre 3 — 3i , radius 1.



I I I I I )

1Pl 1203 4
Re(2)

~2 4

3

_4_

Greatest |z| = \/32 +(=3)° +1=3V2+1
Im(z) A
I \ I I I I )

24+ (m-1)(-5—-—m)—1(m+7) =0
—2-5m-m?+54+m-m-T7=0
m?24+5m+4=0

(m+1)(m+4)=0

m=-1,—4
2 3 1
b 71
—2m 4 m+ 11
1 5
4= 2
2™ 2
—8=m—-5
m= —3
1
—
¢ AB= (6)
-1
Line AB:



18

1
r=| -5+t 1
6 4

Intersect when:

2 1 1

1 +s|-6|=|-5]|+¢

5 -1 6
24s=1+1t

1—-6s=-5+t

65 +t=06 .ceuurrnnnnee. [2]
5—5=6+4t
s+4t=—-1.cc... [3]
1] + [2]:

7s=15

5

=7
Then from [1]:
5

2 —t=-1
7

12
7
Trying in [3]:
5 48 53
=+ —=—-#-1
stdi=zty=77

Equations are inconsistent, so the lines do not intersect.

t =

22 + 4i
(2-1)°
(22 + 4i)(2 4 i)
2 -1)%(2+i)
(22 +4i) (4 + 4i+ %)
(4-2)°
(22 + 4i)(3 + 4i)
52
66 + 88i + 12i + 161
25
50 + 100i
25
2+ 4

i wtp=(2+p) +4i

arg (w + p) = tan™! <i> _3n
glwTr = 21p)
4

2+p
4=-2—-p
p=—6



Note that the centre must lie on the real axis, at (a, 0), say. The distance from the origin to (a, 0)
must be the same as the distance from S to (a, 0), because both the origin and S lie on the circle,
the same distance from the centre.

|a| = |w — a]

a® = |w— af?

a® =|(2 - a) + 4if
a®=(2-a) +16
a?=a’>—4a+4+16

4a = 20
a=25
Radius=a =5

Centre is (5, 0).

Circle has equation |z — 5| = 5

You will notice the need to factorise a denominator and use partial fractions in worked solution 19.

dy
T = 4o 3y + 10y + 3)

1 dy
By +1)(y+3) de
/;ﬂdz=/4zdz
By +1)(y+3) dz
1 _ A n B
By+1)(y+3) 3y+1 y+3
1=A(y+3)+BBy+1)

Letting y = —3:
1=0-8B

1
B=-—-

8



20

—
I
b

h S
Il
oo w w] oo

3 1
/8(3y+1) OEE) = [awda

1 1 N
§1n|3y+1\ - §1n|y+3| =2z"+¢
Using the fact that y = 1 when z = 0:
1 1
§1n4— §1n4: 0+c
c=0

1 1
§In|3y+ 1] — §In|y+ 3| = 222

1 1
=1 ?’y_Jr = 22
8 y+3
n‘3y+1}:16x2
3
3y+1 _elﬁwz
y+3

3y +1= yeliiz2 + 361612
Yy (3 _ e16ac2> — 3elﬁz2 —1

3el6” — 1

y= 3 — elﬁx2

. dV

1 — = —kvh k>0
dt VA

1

—7r’h

3
1
= gﬂ'(h tan60°)°h

= %w(h\/ﬁ)Qh
= mh?

By the chain rule:
dv. dvV  dh
& dan @

dh

—kVh = 3mh? —

_ 3
%: kx/ﬁ:—Aif? whereA:£>O
dt 3mwh? 3T

dh 3
L an
at ’

2dh
h>—=-A
dt

Sdh
/hz—dt: /fAdt
dt

2 %
th = —At+c

|4

Using the fact that h = H when ¢t = 0:
2 I
3H2 =C
5 5
%h? = —At + %H?
Using the fact that A = 0 when ¢t = 60:
2 2
0 = —604 + gHz
1 5

A=—H>
150



2. 3 1 2 2 2
gh: ——mH:t+gHz
5 5

‘= 60H~ — 60h2

5
H?
1
il When h = EH:
5

2

60H? — 60(%11)

5

H~?

1
60 — 60(5>
1
49.4 (to1decimal place)

[

9 2
—

21 a AB=|-1|-15

R

rzoj-l-z\A—B)
2 7
r=|5}+A]| -6
7 -9

7 1

b | 6] |3]|=va0F36+8IyT+9F4cosh

-9 2
718 — 18
V166+/14
6 =127.0°

cosf =

22 i u=3—1i
u*=3+i
u*—u=3+1i-(3-1)
=2i

L.
T T ™

a4 0 2 4
Re(z)

-1 y

The quadrilateral is a parallelogram.

i u*  3+i

v 3-1
_ (B+1i)(8+1i)
GG +)

9+ 6i+i2




23

24

ST RS
+
o] e
L)

&
o
/N

arg (3—1’1) — arg(3 + i) — arg(3 — i)

E

|

-

/
wlw ] w

-+
g|
VR
— — v‘
Il
ot
g|
/-: w

Il
X}
B
L
N N W
w] =
——

1
because —tan~! (_5) =

wt = (1+ (vD))*
=1+ 4v3i +6(v3)" + 4(V3)® + (VZ)*
=1+ 4/7i + 121 + 821 + 4i*
=1-12+4+ (4vV2Z - 8V2)i
= -7 —4/3i
w? = (1+ (vV2)i)’ =1+ 2vTi + (VB
=1+4+2V2%i-2
=—1+23i
ut +ut +2u+6
=-7T-4vVB-1+2VZ+2(1+VEH) +6
=-T-1+2+6+(—4+2+2)V3
=0
u is a root as required.

Second complex root is u* = 1 — (v2) i.

z— (1 + \/fl) and z — (1 — \/7) are factors of p (z) by the factor theorem.
(z—1 - v2i) (z— 1+ v/2i) is a factor of p (z).
22 — 2+ 2V2i— 2+ 1 — v/2i — 2z + v/2i — 2i% is a factor of p (z).
2% — 2z + 3is a factor of p (z)
Dividing:
22+22+2

2 —2243)A +03 +22+22+6
24— 228 + 322

22% — 222 + 22

22° — 422 + 62
22 —42+6
222 —42+6
0
A+ 2 +2246=(22-22+3) (2 +22+2)=0
z2=1++2i
or
22 4+22+2=0
(z+1)-142=0
(z+1)=-1
z+1=Hi
z=-1%i

The vector k is a unit vector with length 1 cm. Three of these are required to reach N from O.



h=3
—
b ON=j+3k
— _
ON| = vT+9 =10
—
Unit vector in direction of ON

1,
Z—ﬁ(J+3k)
c MN = —5i — 3j+ 3k
ME = 5i — 4j + 3k
(—5i—3j+3k) - (5i — 4j + 3k) = v25 197925 1 16 7 9 cosd

0 —-25+12+9
CosSlU — —————
/43 /50
0=94.9°

d MF =5i+3k
r:O—]W)+)\W
r = 5i+4j + A(5i + 3k)

dy 6xe®®
25 = = —
dz y?
d
y? d—z = 6ze™
2 AY _ 3z
/y d—dm—/ﬁa:e dz
x
Using integration by parts:
1 1 1
§y3 = g(ﬁxe“) - / 5(6) e’ dz
1 3 3. 3z
gy =2xe’® — | 2¢" dz
1 2
§y3 — 21’632 _ _eSI +ec
y? = 6xe3® — 2% + ¢
Using the fact that y = 2 when z = 0:
8§ = 0-2+¢
c’=10
y? = 6z’ — 2% 410
When z = 0.5:
y= \76 (0.5) €305) — 2¢305) 4 10 = 2.44 (to 2 decimal places)
26 i (z +iy)’ =7 6v2

z? + 2zyi + y?i2 = 7 — 64/2

Equating real and imaginary parts:

Ty = —3/2



22 =9orz? =-2

x is real.
z=3or -3
y=—\/70r\/7

Square roots are:
3 —2iand -3 + V2i
ii a |w—(1+ 2i)|=1:circle, centre (1, 2), radius 1.
3
arg(z—1) = " half-line, above and to the left of the point (1, 0).

Im(z) A
3

-1

b This is the shortest distance between the two loci. Given that the half line has gradient 1 and the radius of
the circle is 1, the diagram shows that this shortest distance is:

[Distance from (0, 1) to (1, 2)] - [radius of the circle]

=+2-1
27 a Ifthe lines intersect:
-2 1 —4 -1
3 +s| —-1]|= 5 +t
0 2 2 1
—2+s=—-4-1t
s+t=-2.... 1]
3-s5=5
§=—2....... (2]
2s=2+1
28—t =2 e 3]
Substituting [2] into [1]:
t=0
Checking equation [3]:
28 —t=—-4+#2

The equations are inconsistent, so the lines do not intersect.

Notice that you have done almost all of the work for this part in part a. You now just need to make
sure that the third equation matches.

—2+s=—-4-1

Substituting [2] into [1]:
t=0



These values must also work in equation [3].

2s —t=—4=m

m=—4
1 -1
c —1]-1 0 |=vI+1+4y/T+T1cosb
2 1
cosf —1T0+2
VBv2
6="73.2"°
: AN N(1800 — N)
dt 3600
3600  dN

N(1800 — N) dt

[T
N(1800 — N) dt
3600 A B

N18W0_N) N 1800 _N
3600 = A(1800 — N) + BN

Letting N = 0:
3600 = 18004
A=2

Letting N = 1800:

3600 = 0 + 1800B
B=2
3600 2 2

N18W0—N) N 1800 _ N

J(2+ ) M= [ra
N 1800—-N/) dt

21In|N| — 2In 1800 — N| = t + ¢

21n L{thrc
1800 — N
Using the fact that N = 300 when ¢t = 0:
1
2lng—0—|—c
c=2In—
5
91 N 1
n 00— N :t+2lng
N 1
21n m‘—zlng:t
5N
21n m =1t
In 75]\[ :i
1800 — N 2
5N L
1800-N O

t t

5N = 1800e — Ne?
<5 T e?) N = 1800e7

~ 1800e?

5+ e2

N

1800e2

t

54+e:

i 51800 as t — 00




29 i (z +iy)> =1 —2\6i
x? + 2zyi + y%2 =1 — 2/6i

Equating real and imaginary parts:

-y’ =1 .. [1]
2zy = —2/6
zy =—6
y= —g ......... 2]

Substituting [2] into [1]:

2
532,(,&) -1
T
6
2__:1

T o
(9:2)2—6:9:2

(m2)2 -z —-6=0
(2 —=3) (2> +2) =0
z?=3orz? =-2
x is real.
z=+/30r —/3
y=—v2or+v2
Square roots are:

V3 — V2iand —/3 + V2i

i This is the inside of the circle, radius 2, centre (0, 3).

Im(z) A

(0, 3)

Greatest argument is:

™
4] —_
+2

2
— si -1 —
sin (3) =+

=2.30

e

dv

30 i —
dt

= (flow in) — (flow out)



dv

=80 — kV
dt
1 dv_1
80— kV dt

1 av
/sokaEdt_/ldt

1
—zln\SO—kV\ =t+c

In|80 — kV| = —kt + ¢
Using the fact the V =0when ¢t = 0:
In80 =¢
In |80 — kV| = —kt + In 80
80 — kV = e Meln80
80 — kV = 80e ¥
kV = 80 — 80e ™

V=< (80 — 80e )

k
Using ki1 = ﬂ with k) = 0.1:
25
k1 = 0.1243
ko = 0.1352
ks = 0.1389
ks = 0.1401
ks = 0.1404
ks = 0.1405
k7 = 0.1406
ks = 0.1406
ko = 0.1406

k = 0.14 (to 2 significant figures)

1

[ _ —0.14¢
V=512 (80 — 80e147)
When ¢ = 20:

1

- _ —0.14(20) ) — 3
V=512 (80 — 80e ) = 540 cm
et s 0ast— o0

80 3
Vﬁm—fﬂlcm



PURE MATHEMATICS 2 PRACTICE EXAM-STYLE PAPER

All worked solutions within this resource have been written by the author. In examinations, the way marks are awarded
may be different.

1 Using the quotient rule:

d (cosz)
dz \sinz
sin z(— sinx) — cos z(cos x)
sin’z
s 2 2
sin“x + cos“x
2

sin
1

— e —
sin’z
= —cosec’z

x

2 |3z — 1| = |2z|
3z —1=2z or 3z —1=—-2x
z=1 bx =1

z>=>lorzx

N
o] =

3 32:_3z+l:10
(3*)’ —3(3*) —10=0
(3* —5)(3* +2) =0
3* =50r3 = -2

3 >0
3*=5
In3* =In5
zln3=1In5

T = ii—; = 1.46 to 3 significant figures

4 a p(z)=2a*+82% +pz—25

By the remainder theorem:

p(l)=R
1+8+p—-25=R
p—16=R.... [1]
Again, by the remainder theorem:
p(-2)=-R
—-8+32-2p—-25=—-R
-1-2p=—-R

1+2p=R....[2]
[1] =[2]



p—16=1+2p
p=—17
p(z) = 2% + 82% — 17z — 25
Remainder when p(z) is divided by  + 3 = p(—3) by the remainder theorem.
p(~3) = —27+72+51 - 25 =11

2

Using n41 = Jseca, with 1 = 1
xz = 1.2003
x3 = 1.1794
x4 = 1.1895
x5 = 1.1849
xg = 1.1871
z7 = 1.1861
zg = 1.1865
x9 = 1.1863

a = 1.19 to 2 decimal places

82
Tr =
3sece
9 8x2
€T =
3secz

3z? secz = 8z°
z*(3secz —8) =0

z>0

8
SsecCr = —
3

3
COST = =—
8

x = 1.1863996 to 7 decimal places

z =1In(2t + 1)
da:_ 2
de 2t + 1
y=1t—e*
dy
—Z =1 — 2%
at ¢
dy dy dt 9 2t +1
— T — _:1_2t
- ST () x =

(1—2e*) (2t +1)

Gradient att = 0:

(1-2°1) 1
2 T2

Gradient of normal = —

t=0=z=In1=0
t=0=y=0—-¢"=-1
Equation of normal:
y—(=1) =2(z - 0)
y+1=2zx
y=2x—1

8sinf + 6 cos = Rsinfcosa + R cosfsina



Rcosa =8

Rsina =6
R? =6% + 8% =100
R=10

t I e—

an o 3

o = 36.87" to 2 decimal places
8sinf + 6 cos @ = 10sin(f + 36.87")

Using the result from part a:

10sin(6 + 36.87°) =7

7
in(0 87" = —
sin(6 + 36.87") =
0+ 36.87°
= 44.42700... or 135.57299...
0="7.56",98.7"

10sin(6 + 36.87°) + 3

has greatest value

10+3=13
cos 3z
= cos(2z + z)

=cos2xcosx — sin2z sinx

= (2cos? — 1) cosz — 2sinz cos zsin
=2cos®z — cosz — 2sin’ zcosx
=2cos®z — cosz — 2(1 — cos® z) cos =
=2cos’x —cosx — 2cosz + 2cos®
=4cos’z — 3cosz

From part a:
4cos® z =cos3z + 3coszx

1
cos® x = Z(COS 3z + 3cosx)

.
2
/ cos’zdz
0

Es

= / —(cosBz + 3cosz)dx

1 3
EECARRA
_ 1
N 12




PURE MATHEMATICS 3 PRACTICE EXAM-STYLE PAPER

This exercise is for Pure Mathematics 3 students only.

All worked solutions within this resource have been written by the author. In examinations, the way marks are awarded
may be different.

1 eZz _ 2z+5
111621 =In 2z+5
2 = (z +5)In2

2z =2In2+5In2
(2-1n2)z=>5In2

51ln2 .
T= oy = 2.652 to 3 decimal places
2
When using integration by parts, you usually choose to differentiate powers of  so that they
eventually reduce to a constant. However, if there is a In « term you need to differentiate it so choose
u=Inz
Using integration by parts:

5
/ zInzdz
0

5 5
= [1zzlnm] —/ 122 X ld:z:
2 0 0
25 5
:_ln - - -
) 5—-0 | zxdx
25 1,71°
= 21n5— [Zx ]0
25 25
=25 - =
) 5 n +0
25
—T(2ln5—1)
25
=T(ln52—1)
=%75(1n25—1)

3 f(z)=22% 92 +ax+b

By the factor theorem:

f(4) =0
128 — 144 +4a+b=0
4a+b=16........... [1]
By the remainder theorem:
f(1) = -12
2-94+a+b=-12
a+b=-5........ [2]
(1] -[2]:
3a =21
a="T
Then from [2]:
T+b=-5

b=-12



2sin(z —60°) =3 cosz
2 (sinzcos60” — coszsin60°) =3 cosz

2 (%) sinz — 2 (%) cosx =3cosx

sinz — v/3cosz = 3cosx
sing = (3+\/3) cos T

i
in T =3+‘/3
Cos™

tanz =3+ /3

z="781"orz="781" — 180" = —101.9

Here, we have used the fact that the tangent function repeats all values every 180°. If you have one
solution then you can find others by adding or subtracting 180°.

y? =42 —2* +5
dy 3
2y$ =8z — 4z
dy 8z — 4z°
dz 2y
At P and at Q:
8z — 4x°
2y
8z —4z® =0
4z (2—2?) =0
z=0o0rz=%2
AtP,z=—2
v =4(-vD)' - (-vD)' +5
=8—-4+5=9
y=3
P(-V2,3)
Q (v2, —3), using symmetry about both axes.
PQ* = [VI- (V)" + B~ (-3
= (2v2)* + (6)’
=8+36=44
PQ = V44 =211

722 — 5z + 27 A Bz +C
a f(z)= =
(x—2)(x2+5) =z—2 z*+5
72? — 5z + 27 = A (2* +5) + (Bz + C)(z — 2)
Letting ¢ = 2:
28-10+27=94+0
A=5
Letting « = 0:
27 =5A-2C
27 =25-2C
c=-1
Equating coefficients of z?:
7T=A+B
7=5+B
B=2

=0

f(z) = T’ —5x+27 5 L2l
S (z—2)(«2+5) -2 a2+5




5 +2:1:—1
x—2 2245

522+ (e 1)(5+4)
305" e ()
303"

=_%{1+( 1)( 2) (1)2#( 2) +}

_ 5 5, 5.,
== - e-zalt..

(2 - 1)(1 + %2)_1

_ l(zx . {1 +(-1) (zs_Z) + }
L2z — 1) (1 - %2 +)
{ 1+2x+——§$3+ }
-5(1-

) —(2:v - 1)(1 + ”’—52)_1

5 5 5, 1 @ 2,
E—Zw Em +)+g{ 1+2a:+?—g:c +}
Y N VY G P (R
N 2 5 4 5 8 25

y=2xsin2x

Using the product rule:

d
v _ sin 2z + 2z cos 2z
dz

2
ﬁ = 2cos 2z + 2cos 2z — 4z sin 2z
=4 cos 2z — 4z sin 2z

d’y dy

2 2

T m—2:c$+2(1+2:c )y

= 2% (4 cos 2z — 4z sin 2z) — 2z (sin 2z + 2z cos 2z) + 2 (1 + 22?) zsin 2z
= 4z? cos 2z — 4z sin 2z — 2z sin 2z — 42? cos 2z + 2z sin 2z + 423 sin 2z
-0

Using integration by parts:

=

/ * z sin 2zdx
0

1 -
= [——x cos 2x] —/3 —lcos 2zdx
2 o Jo 2

s 1,
= _Z(_l) +0+ [zsm2x]

N Y

wla

0

u+w=>5+ 10i
3u+4+3w=15+30i....... [2]
[2] - [1]:



9

3w + iw = 301
w(3 + i) = 30
30i
3+
_30i(3 - )
(34198 -1)
~ 90i — 303
92
~90i+ 30
= —
=3+ 9
u=>5+10i —w
=5+4+10i -3 —9i
=2+i

z:ﬁ(cos_TW+isin_T7r)

=1-i
Z¥=1+1i
2 =(1-i)
=1-2i+i
=2
Im(z) A
1 B

2 ! Re(2)

Longest side = BC

BC?*=12+32=10
BC = /10

(5i+7j+pk)-(i—2j+pk)=0
5-14+p*=0
P=9

p==3

ii If the lines intersect:

5 1 0 3

0} +s| —6

2 1 3 1
5+s=3t

Il
'S
+



2+s=3+1t
S—t=1.irrrieeeennnnn. [3]
[3] - [1]:
2t =6
t=3
Then from [3]:
s—3=1

s=4
Checking in [2]:

6s + 9t

=24+ 27# -4

Then equations are inconsistent, so the lines do not intersect.

dz
dt
1 dz

100 — z dt

1 dz
/_1007mad$_/adt

—In|100 —z| =at + ¢
Using the fact that z = 25 when ¢ = 0:

—In75=0+c¢c
c=—InT75
—In|100 —z| =at —InT75
In|100 — 2| —In75 = —at
100 — =
75
Assuming z < 100:

(1002 .
m __
75 @

10 a = (100 — x)

=

In = —at

100 — z
75
100 — z = 75~
z =100 — 7he™
Using the fact that x = 500 when ¢t = 2:

500 = 100 — 75e 2
a=0.2-—0.15¢"2*

€ Using ant1 = 0.2 — 0.15e72% with ap = 0.1:

a; = 0.07719
ay = 0.07146
a3 = 0.06998
ay = 0.06959
as = 0.06949
ag = 0.06946

a = 0.069 to 2 significant figures

d z =100 — 75e0.06%
When t = 30:

z =100 — 75e~*069(0)
=90.5"C
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